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Prejace 

There has been a great impetus given during the last few years to 
the application of mathematical analysis for the solution of technical 
problems. This interest in the use of mathematics by the technologist 
is a result of the remarkable developments that have appeared in the 
various branches of engineering and physics as a result of close col- 
laboration of theory and experiment in the research laboratories of 
industrial plants and elsewhere. 

A half a century ago, engineers regarded the differential and 
integral calculus as a mystery beyond the reach of the majority. 
However, at present, the engineering student takes the calculus in his 
stride. The use of complex quantities in the solution of electrical and 
mechanical problems has brought the engineer to at least a superficial 
study of the rudiments of the complex variable. Other studies of the 
behavior of systems of technical importance have ushered in matrix 
algebra, operational methods, the study of orthogonal functions, 
partial differential .quations, and other mathematical techniques into 
the required mathematical equipment of a person who uses mathe- 
matics to solve technical problems of various kinds, such as acoustical, 
electrical, aeronautical, mechanical, thermal, etc. 

During the past five years, the author has given a course in applied 
mathematics at the Graduate School of Engineering of Harvard Uni- 
versity. This course is designed to acquaint graduate students in 
engineering and physics with the mathc-matical methods used in solving 
technical problems. 

By its nature, this course appeals to a group of students of very 
diversified interests, and it was found that although many excellent 
texts exist, nevertheless most of them are not directly concerned with 
actual applications of mathematics to technical problems, or if they 
are, they are somewhat too specialized in different fields. Accord- 
ingly, the author found it necessary to prepare some mimeographed 
lecture notes from which this book has been developed. 

Since this text is intended to illustrate the use of mathematical 
analysis in the srfiution of technical problems, it must be remembered 
that lack of space does not permit the inclusion of rigorous proofs for 
all the mathematical statements discussed. However, the bibliog- 
raphies at the end of each chapter contain references to treatises on 
pure mathematics where the reader who desires more rigorous discus- 
sions of certain theorems and statements will readily find them. 
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APPLIED MATHEMATICS FOR ENGINEERS 
AND PHYSICISTS 


CHAPTER I 
INFINITE SERIES 


1, Introduction. This chapter will bo devoted to the exposition of 
some of the properties of infinite series. Particular attention will 
be given to power series. The subject of infinite series is of extreme 
importance in applied mathematics. Infinite series make possible 
the numerical solution of many important physical problems. The 
solutions of certain differential equations that occur frequently in 
the mathematical solution of many physical problems are expressed 
in terms of infinite series, and a study of the proi)ertie\s of these solu- 
tions requires a 1 aowledge of the manner in which infinite series may 
be manipulated. Hence it is essential that students of applied science 
acquire an intelligent understanding of the subjec^t. 

In this chapter some of the fundamental notions and concepts of 
infinite series will be discussed. The algebra and calculus of series 
will be developed, and some of the practical uses of series will be used 
as illustrations of the general principles. 

2. Definitions. In this section wc shall consider some fundamental 
definitions of tV.e subject of infinite scries. 

Sequence. A sequence is a succession of terms formed according 
to some fixed rule or law. For example, 

(2.1) 1, 4, 9, 16, 25 


and 

( 2 . 2 ) 


2 

^ ’ 1 • 2’ r • 2 • 3 


are sequences. 

Series. A series is the indicated sum of the? terms of a sequence. 
That is, from the foregoing sequences we obtain the series 

1+4 + 9 + 16 + 25 
l 


(2.3) 
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and 

(2.4) X + 0^2 + 

If the number of terms is limited, the sequence or series is said to 
be finite. If the number of terms is unlimited, the sequence or series 
is said to be an infinite sequence or series. 

The general term, or nth term, is the expression that indicates the 
law of formation of the terms of the series. For example, in the 
preceding illustrations the general terms are 


where n! is the factorial number given by 

(2.6) n! = 1 • 2 • 3 • . . . • (n - 1) • n 

3. The Geometric Series. Consider the series of n terms 


(3-1) >Sn = u + ar + ar^ + • • • + 

This series is called the geometric series. A simple expression for 
Sn may be obtained for the sum Sn of the geometric series in the 
following manner. 

Multiply (3.1) by r. We thus obtain 

(3.2) nSn = (ar ar^ ar^ ar”) 

Let us now subtract (3.1) from (3.2). This gives 

(3.3) rSn — Sn — (ar” — a) 


Hence 

(3.4) 


a(l — r”) 


a __ ar” 

(1 r) (1 - r) 


Now if |r| < 1, then r” decreases in numerical value as n increases 
and we write 

(3.5) lim r” = 0 

n--> 00 


From (3.4) we then have 

(3.6) lim Sn = -pr^\ = ^ 

n— > 00 (1 

Hence, if |r| < 1, the sum Sn of a geometric series approaches a 
limit as the number of terms is increased indefinitely. In this case 
the series is said to be convergent. 
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If |r*| > 1, then will become infinite as n increases indefinitely. 
Hence, from (3.4) the sum Sn v ill become infinite. In this case the 
series is said to be divergent. 

If r = —1, we encounter an unusual situation. In that case the 
geometric series becomes 

(3.7) — u -f- a — a * * * 

In this case if n is even, the sum is zero. If n is odd, the sum is a. As 
n Increases indefinitely, the sum does not increase indefinitely and 
it docs not approach a limit. A series of this sort is called an oscillating 
series. 

If we place a = 1 and r = | in the general geometric series, we 
obtain 

(3.8) >Sn==l+2“*”4"l“ ' * ’ 2^^ 

and we have 

(3.9) lim Sn = = 2 

r?— ^ oo ^ "S' 

4, Convergent and Divergent Series. Let us consider the series 

(4.1) Sn = Ui U2 + U3 -jr * * • + 

The variable Sn denoting the sum of the series is a function of n. 
If we now allow the number of terms, w, to increase without limit, one 
of two things may happen. 

Case 1. Sn approaches a limit S indicated by 

(4.2) lim Sn == S 

In this case the infinite series is said to be convergent and to con- 
verge to the value S or to have the value S. 

Case II. In this case Sn approaches no limit. The infinite series 
is then said to be divergent. 

For CAample, the series 

1 + 2 + 3 + 4 + 5+ • • • 

2-2 + 2 -2 + ' • • 

are said to be di /ergent. 

In applied mathematics, convergent series are of utmost impor- 
tance; it is thus necessary to have a means of testing a series for 
convergence or divergence. 

6. General Theorems. The folloAving theorems whose proofs are 
omitted are of importance in the study of the convergence of series. 
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Theorem I. If Sn is a variable that always increases as n increases 
but never exceeds some definite fixed number then as n increases 
without limit Sn will approach a limit S which is not greater than A . 
This statement may be illustrated by Fig. 5.1. 

The points determined by the values /Si, /S 2 , /Ss, etc., approach the 

point S where 

'~t t srt~ ( 5 . 1 ) 


Fig. 5 . 1 . 


lim Sn = S 

n— > 00 


and S is less than or equal to A. 

This theorem enables us to establish the convergence of certain 
series. P'or example, let us consider the series 


(5.2) 




1 


1 • 2 ■*" 1 • 2 • 3 

If we neglect the first term, we may write 
1 . 1 


1 


+ 


(5.3) 


+ ^^1 + 


(Sn = 1 + 


1 • 2 i ■ 2 . 3 

Now let us consider the series defined by 


+ 


+ ^ + 


(5.4) Un = 1 + 2 + 2 ^ + • • • + 2^1 + 


Now since the corresponding terms of the series Sn are less than 
the corresponding terms of the series Un with the exception of the first 
two terms, it is obvious that 

(5.5) Sn < Un 

Now the series Un is a geometric series with a = 1 and r = 
Hence, Un < 2 no matter how large n may be. 

It follows therefore that Un is a variable that always increases as 
n increases })ut remains less than 2. Hence Sn approaches a limit as n 
becomes infinite, and this limit is less than 2. It is thus apparent 
that the series (5.2) is convergent and that its value is less than 3. 
It will be shown later that the value of the infinite series (5.2) is the 
constant e = 2.71828 . . . the base of the natural logarithm system. 

Another fundamental theorem of great importance in testing for 
convergence will now be stated. 

Theorem II. If Sn is a variable that always decreases as n 
increases but is never less than a certain number B, then as n increases 
without limit Sn will approach a limit which is not less than B. 

Let us consider the convergent series 

(5.6) fi*!! = + W 2 + ^3 + • • • + + • • • 
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lini S„ = S 

n — ► "j 

Now consider that the points determined by the values Si, S2, S3, 
etc., are plotted on a directed line. Then these points as n increases 
will approach the point determined by S. It is thus evident that 

(5.8) lim = 0 

n— > 00 

That is, in a convergent series, the terms must approach zero as a 
limit. If, however, the nth term of a series does not approach zero as n 
becomes infinite, we know at once that the series is divergent. 

Although (5.8) is a necessary condition for convergence, it is not 
sufficient. That is, even if the ?ith term does approach zero we cannot 
state that the series is convergent. Consider the series 

( 6 . 9 ) = | + 

Here we have 

(5.10) lim Un = lim 1 = 0 

71— > 00 n — > 00 n 

Therefore (5.8) ' fulfilled. However, we shall prove later that this 
series is divergent. 

Although the use of the preceding theorems in determining the 
convergence or divergence of series is fundamental, we shall now turn 
to the deA'elopment of special tests that are, as a rule, easier to apply 
than these theorems, 

6. The Comparison Test. In many cases, the question of the con- 
vergence or divergence of a given series may be answered by comparing 
the given sene'" with one whose character is known. 

Let it be required to test the series 

(6.1) [7 ==» 7^1 'W 2 + W 3 + * * ' + 4 * • ' 

where all tue terms of (6.1) are positive. 

Now if a series of positive terms 

(6.2) y = 2^1 + l;» + ^^3 “b * • • + ‘ * 

already known t ) be converg nt can be found whose terms are never 
less than the corresponding terms in the series (6.1), then (6.1) is a 
convergent series and its sum does not exceed that of (6.2). 

To prove this statement, let 

(6.3) [/» = + Wa + • • * + Un 
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and 

(6.4) Fn = + • * * + ^ « 

Since by hypothesis (6.4) is convergent, we have 

(6.5) lim F« = F 

n— ♦ 00 

Now since 

(6.6) Fn < F and ?/„ < Fn 
it follows that 

(6.7) C/n < F 

Therefore by Theorem I of Art. 5, U,, approaches a limit and the 
series (6.1) is convergent. 

As an example of this test, consider the series 

( 6 . 8 ) + ^ + • • • 

This series can be compared with the series 

(6.9) F = l+ “ + ^ + ^+ ^+ ‘ ' • 

The latter series is a geometric series that is known to be con- 
vergent. Now the terms of (6.9) are never less than the corresponding 
terms of (6.8), Hence it follows that the series (6.8) is convergent. 

Test for Divergences. By the use of the comparison principle, it is 
also possible to test a series for divergence. Let 

(6.10) (7 = Wi -f- ^2 'F “Wg * ’ ’ 

be a series of positive terms to be tested which are never less than th(' 
corresponding terms of a series of positive terms 

( 6 . 11 ) W V)i + Wi + wz + • * • 

which is known to be divergent. Then (6.10) is a divergent series. 

By the use of this principle, we may prove that the harmonic series 

(6.12) [l = l+i + | + *+ . . . +1+ . . . 

is divergent. This may be done by rewriting (6.12) in the form 

(6.13) t7 = l+ i + (i + i) + (i + i+ H-i) + 

(i + • • • + ^) + • • • 
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Let us now compare this series with the series 

(6.14) W = i + i + {i + i) ■] {i + i + i + i) + 

(iV + • • • + A) + • • ' 

Now the terms of (6J3) are never less than the terms of (6.14). 
But the series (0. 14) is divergent since the sum of the terms in each 
parenthesis is i; hence the sum of these terms increases without limit 
as the number of terms becomes infinite. Hence the series (6.13) is 
divergent. 

7. Cauchy’s Integral Test. The comparison test requires that at 
least a few types of convergent series be known. For the establish- 
ment of such types and for the test of many series of positive terms, 
Cauchy’s integral test is useful. This test may be stated in the 
following manner. Let 

(7.1) “Wi + ^2 + ^3 + * * * = ^ 

n=l 

be a series of positive terms such that 

(7.2) l 

Now if there exists a positive decreasing function /(n), for n > 1, 

such that /(n) = ?/«, then the 
given series converges if the 
integral 

(7.3) I=^pfin)dn 

exists; the scries diverges if the 
Integral does not exist. 

The proof of this test is de- 
duced simply from Fig. 7.1. We 
may think of each term Un of the 
series as representing the area of a rectangle of base unity and height 
f{n). The sum of the y reas of the first n inscribed rectangles is less than 
the integral 

kJA) 

Hence 

(7.5) Ms + <13 + M4 + • • • + M»+i < /i"^V(«) dn 
Now since /(^t) is positive, we have 

fM dn < f{n) dn — I 



(7.6) 
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Hence we have 

(7.7) X ^ dn == I 

n-2 •' 

And if the integral I exists, the series converges. We also have from 
the figure, the relation 

(7.8) 

1 •' 

Hence if the integral does not exist, the series diverges. As an example 
of the application of this test, consider the series 


(7-9) + 3^ + ' +7^0^ ~ If 

n — l 

To appl}^ Cauchy’s integral tejst we let 

(7.10) 

Now we have 

log nl if p = 1 

It is thus seen that I exists if p > 1 and does not exist if p < 1. 
Hence the scries converges if p > 1 and diverges if p < 1 . This series 
is a very useful one to use in comparison with others. 

8. Cauchy’s Ratio Test. In the infinite geometric series 

(8.1) /S = a + ar + ar^ + • • • + ar^ + • • • 

the ratio of the consecutive general terms ar” and is the common 
ratio r. We have seen that this series is convergent when \r\ < 1 and 
divergent for other values. We shall now consider a ratio test that 
may be applied to any series. Let 

(8.2) aS = Wl + ^2 + ^3 + • • ' + Wn + Un+1 + ’ ' * 



be an infinite series of positive terms. 

Consider consecutive general terms Un and Wn+i, and form the test 
ratio. 



= test ratio 


(8.3) 
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Now find the limit of this test ratio when n becomes infinite. Let this 
be 


(8.4) 


p - lim ^ 

U — ► 00 


We then have 

I. When p < 1, the series is convergent. 

II. When p > 1, the series is divergent. 

III. When p == 1, the test gives no information. 

Proof. I. When p < 1. By the definition of a limit we can 
choose n so large, say n = m, that when n ^ m the ratio (w«+i/u«) 
will differ from p by as little as we please and therefore be less than a 
proper fraction. Hence 


(8.5) 


Um^l < u„,r 

Um+2 < UmT^ 
Um+z < 


It therefore follows that after the term each term of the series 
(8.2) is less than the corresponding term of the geometric series 

(8.(V + r + + • • • ) 

But since r < the series (8.0) and therefore also the series (8.2) is 
convergent. 

II. If p > 1, the same line of reasoning as in I shows that the series 
is divergent. 

III. If p =- 1, the test fails. For example, consider the p series 
given by (7.9) above. In this case, we have 

(8.7) Te»l ..ti„ - (fe-) - - (l - 

and we have 

(8.8, P - Jim (, - 4-.)’ - (1). - I 

Hence W( have p = 1 no matter what value p may have. But in 
Sec. 7 it was demonstrated that when p > I the series (converges and 
when p < 1 tlu- scries diverges. It is thus evident that p can equal 
mity both for convergent and divergent series. 

We note that for convergence it is not enough that the test ratio 
is less than unity for all values of n. The test requires that the limit 
of the test ratio i.hall be less man unity. For example, in the series 


1 +i+|+5+ 


oo 



2 

n 


«=i 


(8.9) 
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the test ratio is always less than unity. The limit, however, equals 
unity. 

9. Alternating Series. A series whose terms are alternately posi- 
tive and negative is called an alternating series. Consider the alter- 
nating series 

(9.1) S - ui — Ui + Us — Ui + • • • 

If each term of the series is numerically less than the one it precedes 
and if 

(9.2) lim Un = 0 

n— ♦ CO 

then the series is convergent. 

Proof, When n is even, Sn may be written in the form 

(9.3) Sn = (Ui — U 2 ) + (Uz — W 4 ) + • • * + {Un-l - Wn) 

(9.4) Sn = IV 1 — {U 2 — tia) — • • * — {Un~2 “ Un-l) — Un 

Each expression in parenthesis is positive. Therefore, when n 
increases through even values, (9.3) shows that Sn increases and (9.4) 
shows that Sn is always less than Ui. Therefore Sn approaches a limit 
L. But Sn-\-i also approaches this limit L, since 

(9.5) = Sn + Un-irl 
and 

(9.6) lim UnAri = 0 

n— > 00 

Hence when n increases through all integral values, Sn L and the 
series is convergent. An important consequence of this proof is given 
in the following statement: 

The error made by terminating a convergent alternating series at 
any term does not exceed numerically the valmj of the first of the 
terms discarded. 

For example, it will be shown in a later section that the sum of th 
series 

(9.7) S-l-i + i- i + i- ' — =ln2 = .693 

to three decimal places. Now the sum of the first 10 terms of the 
series (9.7) is .646, and the value of the series differs from this by less 
than one-eleventh. 

10. Absolute Convergence. A series is said to be absolutely or 
unconditionally convergent when the series formed from it by making 
all its terms positive is convergent. Other convergent series are said 
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to be conditionally convergent. For example, the series 


11 


( 10 . 1 ) + + ^ 

is absolutely convergent since the series 

( 1 ^* 2 ) ^ + 22 h ^ 5 + ’ ‘ * 

is convergent. The alternating series 

(10.3) l-i + i-i + i- ••• - In 2 

is conditionally convergent since the harmonic series is divergent. 

In a conditionally convergent series, it is not always allowable to 
change the order of the terms or to group the terms together in paren- 
theses in an arbitrary manner. These operations may alter the sum 
of such a series, or may change a convergent scries irto a divergent 
series, or vice versa. As an example, let us again consider the con- 
vergent series 

(10.4) l- 2 f 3 ~i+’’'+ (2n + 1) “ (2n + 2) + ' ‘ ' 

The sum of tiiis series is cciual to the limit of the expression 


(10.5) 


S 


n = 00 

“2( 


1 


1 


2n -j- 1 ^n -f“ 2^ 


Let us write the terms of this series in another way putting two 
negative terras after each positive term in the following manner: 


( 10 . 6 ) + . . .+ 

1 

(4n + 2) 

This series converges, and its sum is given by 




(2n + 1) 

1 - • • • 

(4n + 4) ^ 


(10.7) 


iS = 


00 



1 

2n + 1 


-i 

4n + 2 4w + 4/ 


Now from the identity 

2n + 1 “ 4n + 2 “ 4n + 4 


2V2n + 1 


1 


2n + 2, 





12 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. I 


it is evident that the sum of the series (10.6) is half of the sum of the 
series (10.4). 

In general, given a scries that is convergent but not absolutely 
convergent, it is possible to arrange the terms in vsuch a way that the 
new series converges toward any preassigned number A whatsoever. 

A series with some positive and some negative terms is convergent 
if the series deduced from it by making all the signs positive is con- 
vergent. The proof of this statement is omitted. 

11. Power Series. A series of the form 


(11.1) S = clq UiX -j- ^2^^ _|_ . . . 


where the coefficients ao, Ui, a 2 , * • * arc independent of is called 
a power scries in x. A power series in x may conv^erge for all values 
of X or for no value of x except x = 0; or it may converge for some 
values of x different from 0 and be divergent for other values. 

Interval of Convergence, l.et us take the ratio of the (n + l)th 
to the nth term of the power series (11.1). We thus obtain 


( 11 . 2 ) 


\ a:" / '^ \ an / 


Let us consider the case where the coefficients of the series are such 
that 

(11.3) lim = L 

n — > 00 an 


where L is a definite number. We thus see that the test ratio of 
Sec. 8 is given by 

( 11 . 4 ) p = xL 

By Cauchy’s ratio test we have two cases. 

I. If L == 0, the series (11.1) converges for all values of x since 
in this case p = 0. 

II. If L is not zero, the series will converge when xL is numerically 
less than 1, that is, when x lies in the interval 

(U.5) 


and will diverge for values of x outside this interval. This interval is 
called the interval of convergence. The end points of this interval 
must be examined separately. 

As an example, consider the power series 


2 ! + £! _ + 
22 ^ 3.2 42 ^ 


( 11 . 6 ) 
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Wc then have 


(12.12) Si{x)S2{x) = sinh x ccjsh x 


" + (,2! + ^t) (-4! + 3!2! + ' 


X “f + 


1 

2 


2x “h 


(2xy , (2x)& 


3! 


+ 




+ 


= i siiih 2x 


Since the original series converges for all values of x so does the i)roducl. 
series. 

Thkokem III. The Quotient of Two Convergent Heries. If 


(12.13) Sy(x) = X 

n-0 

and 

n » «e 

(.12.14) .S\(x) = ^ 6,.x« 

/i«0 


both (ionverge for l.r| < r, and if /;(, 9^ 0. 

Then the quot ient is represented hy the series 


(12.15) 


S2ix) 


ao 

^>0 


(Uiho Uo5i) . 

(Oohl ~ tti6o5i + aobl — aobobz) o , 

Sj “■+ ■ ■ ■ 


obtained by dividing the series for Si(x) by that for <82(0"). In this 
case no conclusion can l>e drawn concerning the region of convergence 
of the (juotient seiies from a knowledge of the regions of convergence of 
the series Si{x) and aS 2 (j*). 

This may be illustrated by considering the two series 


(12.15) 

(12.17) 


Si(x) = sin X =.= X - 
<S's(x) = cos ^ i ~ 


■(2w. 

(2n"-2)! + ■ ■ ■ 


If we now divide >81(0*) by S2{x)j we have 


(12.18) 


>Si(x) __ sin j 
S^ix) cos X 


x^ 2x^ 

+ -^ + T5 + * * ‘ = tan X 


Now although the series for sin n and cos x converge for all values 
of X, the series for tan .r is convergent only for |.t| < 7r/2. 
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Thkokem IV. Substitution of One Series into Another, Let the 
seiieH 

(12.19) s = ao + aiy + + * * * + + * ‘ * 

(!()uv(n’g(3 for li/| < ri, and let the series 

(12.20) y == + hix + bix^ + * • * + + • • • 

converge for \x\ < rz. 

Now if \bo\ < ri, then we nmy substitute for y in the first sc'iies its 
value in terms of x from the second series and thus obtain z as a i)()\\ cu' 
series in x. This will converge if x is sufficiently small. 

In the special case that the given series for z convaages foi* nil 
values of the series for z in terms of x may then always be found, and 
this series will converge for all values of \x\ < r^. 

As an example, let us consider the expansion of as a powca’ 
series in x. In this case we have 

(12.21) ^ = 1 + |^ + |:+ . . . +g+ . . . 

and 

(12.22) y = cos ^ ^ “ I? + - j-i + ‘ ‘ ' 

In this case, the series (12.21) and (12.22) converj?o for all values 
of X. We now form the various jjowers of y amt substitute into ( 12.21 ). 

f = (1 - x- + - • ■ ■) 

(12.23) I = (I — 4- lx* ~ ■ ■ ■) 

V //^ = (1 - 2x^ + ix* - ■ ■ ■) 

Hence, 

(12.24) e* = 1 + (l - |- + - • • •) + 



^V(l - 2x^ + Sx* — • ■ ■) 

= (1 + 1 + i + ¥ + w + ■ ■ ■) ~ 

(i + i + i- + *+ • ■ ■)x‘ + 

(^ + i + t'tt + iV + • • + ■ • ■ 

Hence, 

(12.25) e"' = «>“* = 2M - Ha:'" + t ^ x * - • ■ • 
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It should be noted that the coefficients in this series are really 
infinite series and the final values h/re given are only the approximate 
values found by taking the first f< >v terms of each series. This will be 
the case if 7 ^ 0 in (12.20). However, it is sometimes possible to 
make a preliminary change that simplifies the final result. In the 
above case we could write 

( 1 2 20) * - H I ) x 

+ ” + 51 + 31 + 

where 

U2.27) M = (cos X - 1) = - g + + • • • 

Raising a to the various required powers and substituting the 
result into (12.20), we have 

02 . 28 ) + ■) 

The coefficients are now exact, and the computation of the succes- 
sive terms is much simpler than by the previous method. 

Thkokkm V. . IjferemHniion of a Power Series. If 

(12.29) >Si(t) = ao + aix + a%x^ + * * * + -f • • • 

converges for la:| < r, the derivatives of /Si(j) may be obtained by 
term-by-term differentiation of the series (12.29) in the form 

(12.30) ai + 2a2X + • • -f . 

and the series (12.30) is also convergent for \x\ < r. 

As an example, consider 

(12..31) sin X = r - - • • • + (-!)»-' + • • ■ 

We lave 

02.32) + 


= cos X 

Tn this case both series converge for all values of x. 


+ 


(- 1 )“- 


- 2i ! 


(2n - 2) 
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Theorem \T. Integration of a Power Series. If 

( 12 . 33 ) .S’,(x) = V 

n 

convergers for |a | < r, the integral of Si(a) may he found by integrating 
the series (12.83) term by term and we have 


(12.34) j Sfr) rfj- = ^ a-»+' + a 

n =0 

where C is an arbitrary constant. The new series converges for 
|xt < r. 

For example, we have 

( 12 . 35 ) = 1 “ 3 :“ + - • • • + (- 1 )’‘->X»»-^ + ' ’ ' 


and therefore, 


( 12 . 36 ) 


/ 


dx 

1 + x-* 



tan“' X 




j.U-1 

(2n - 1) 


+ . . . 


Since the series (12.35) is convergent for |j| < 1, the series for 
tan~^ X is also convergent in this interval. 

Theorem VII. Equality of Power Series, If we have 

(12.37) "X = "X* 

n «■ 0 w “"O 

for X < r, then the coefficients of like powers of the two series must be 
equal. That is, we must have 

(12.38) a* = 5, 5 = 0, 1, 2, 3, • • • 

It then follows that if a function is expanded in a certain interval 
by different methods the series obtained must be identical. 

13. Series of Functions and Uniform Convergence. Consider a 
series of the form 

(13.1) Six) = uoix) + wi(ic) + • • • + Unix) + • • • 

whose terms are continuous functions of a variable x in an interval 
(o,6) and which converges for every value of x inside that interval. 



Sec. 13 ] 


INFINITE SERIES 


10 


This series does not necessarily represent a continuous function as 
one might be tempted to believe. For example, let us consider the 
series 

(13.2) S(x) = + (1 + ^ 2 ) + • • • + (1 + + • • • 

Now if X 7^ Oj this series is a geometric progression whose ratio 
is 1/(1 + and hence the sum of the series is 


(13.3) 


S(x) = 


1 


x^ 


1 

1 


x\l + x^) 


1 +x2 


If we call Sn(x) the sura of the first n terms of the series, then we 
have 

(13.4) SniO) = 0 

since every term of the series is zero. However, we also have 

(13.5) S{0) - 1 

In this example, the function approaches a definite limit as x 
approaches zero, but that limit is different from the value of the func- 
tion for X = 0. 

Since a large number of the functions that occur in mathematics 
are defined by series, it fias been found necessary to study the properties 
of the functions given in the form of a series. The first question 
which arises is that of determining whether or not the sum of a given 
series is a continuous function of the variable. This has led to the 
development of the very important notion of uniform convergence, 

A series of the type (13.1) each of whose terms is a function of x 
which is defined in an interval (a, 6) is said to be uniformly convergent 
in that interval if it converges for every value of x between a and 6, 
and if, corresponding to any arbitrarily preassigned positive ^lumbe^ 
6, a positive integer iV, independent of x, can be found such that the 
absolute value of the remainder Rn of the given series 

(13.6) « M„+i(x) + u«+ 2 (x) + • * • 

is less than 5 for every value of n > iV and for every value of x that 
JBes in the interval (a,6). 

The WeientT(^B M Test for Uniform Convergence. It would seem 
at first very difficult to determine whether or not' a given series is 
uniformly convergent in a given interval. The following theorem 
due to the German mathematician Weierstrass enables us to show 
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in many cases that a given series converges uniformly. Let 

(13.7) Uo{x) + ui{x) + • • * + Unix) + * • * 

be a series each of whose terms is a continuous function of x in an 
interval (a,fe), and let 

(13.8) M0 + M1 + M2+ — • +Mn+ - • 

be a convergent series whose terms are positive constants. Then if 

(13.9) < Mn ^ 

for all values of x in the interval (a, 6) and for all values of n, the series 
(13.7) converges uniformly in the interval (a, 6). 

Proof, It is evident from (13.9) that 

(13.10) -\Un+l + Un-i-2 + * * * 1 Mn+1 + -^n-f2 + ' * * 

for all values of x between a and b. If n is chosen so large that the 
remainder Rn of the series (13.8) is less than 8 for all values of n 
greater than N, we shall also have 

(13.11) + Wn+2 + ’ ’ ' 1 < 5 

whenever n is greater than N for all values of x in the interval (o,6). 
As an example, let it be required to examine the series 


(13,12) !i^ + EE 2? + 


, sin nx , 
+ ~-.r- + 


for uniform convergence. 

In this case since 

(13.13) |sin nx\ < 1 for all values of x 
we may take 

(13.14) l+2\ + p+ ’''+^+''' 

for the M series. Since the series (13.14) converges, it follows that 
the series (13.12) converges uniformly in any interval. 

14. Integration and Differentiation of Series. Two theorems con- 
cerning the integration and differentiation of uniformly convergent 
series will now be stated without proof. 

I. Any series of continuous functions that converges uniformly 
in an interval (a,6) may be integrated term by term, provided the 
limits of integration are finite and lie in the interval (a,?)). 

II. Any convergent series may be differentiated term by term if 
the resulting series converges uniformly. 
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For example, the series 


^ cf/ \ sin X , sin 2x , sin , , sin nx , 

(14.1) Six) = -j- + -s-- + — + • • • + + 


has been shown to be uniformly convergent in any interval and, hence, 
defines a continuous function of x, S(x), in that interval. 

The term-by-term derivative of (14.1) gives 


, cos 2x , cos ?,x , , cos nx , 

(14.2) cos X H 2 1 3 b • • * H h * • 

In this case \vc cannot find the proi)er M series to 
uniform convergence since the series 


^2^3^ ^ 71 ^ 




t - 


1 


is divergent. The series (14.2) converges in the interval (0,7r). How- 
ever, we have no assurance that it converges to the derivative of S{x). 

16. Taylor’s Series. We now 
consider a method by which we may 
expand a given function f{x) into 
a power series. This section will 
be devoted to a derivation of Taylor’s formula and a discussion of 
Taylor’s series. 

Let us consider 


X 

Fig. 15.1. 


(xQ+h) 


(15.1) dx = /(zo + h)- fix,) 

JXo 

Let us now change the variable of integration from x to ^ by means 
of the equation 

(15.2) X = (xo + h) -t 

The relation between h and t is made clear by Fig. 15.1. 
Introducing this new variable of integration into (15.1), we have 

(15.3) 

ra;o+A^,(^) + h — t) dt = P/'(^0 + h — t) dL 

Jh JQ 

We now apply the formula of integration by parts 

(15.4) ^udv = uv — ^vdUj 

to (15.3). 

We here have 


(15.5) 


u = /'(xo + h — t) 
du = + h -- t)dt 


dv = dt 

V = i 
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Hence, 

(15.6) ///'(a-o + h-t)dt== tf'ixc + h- <)|J + 

</"(xo + h-t)dt== hf'ixo) + tf'ixo + h-t) dt. 
Integrating by parts again, we obtain 

(15.7) ff"(xo + h--t)dt = /"(xo) + + h-t) dt 

after n integrations by parts, we have 

(15.8) dx = hfixo) + j^/'ix,) + r'(xo) + • • • + 

^/«(*o) + I (^0 + h-t)dt 
= f(xo + h) — /(xo) 

We may write the last integral of (15.8) in the form 

(15.9) r <^(0 dt = ^ r «V(0 dt = I 

Jo Jo 

Now the integral I may be regarded as representing the area of 
the curve from the point t = Oiot — ho. If <t>{t) is a continuous 
function of i, there will be some point such that 0 < for which 

we shall have 

(15.10) / = A /"* dt = r <” dt 

n! Jo n\ Jo 

“ (;mT! 

+ o<0<i 

Oh to 

i L 0 ' 1 = ft 


<9 == eft 


Hence we may write (15.8) in the form 


(15.11) f(xo + ft) = f(xo) + ^j/'(x„) + |-*f'(xo) + 


ft"/'"’ 

n! 


(xo) + 


ft"+^ 

(n + 1) I 


+ 


/<"+»(xo + eft) 0 < e < 1 
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This is known as Taylor’s formula with the La^ranpan form of the 
remainder. 

In this derivation of Taylor’s ff>rmula, it was assumed that f(x) 
possesses a continuous nth derivative. The term 

hn+l 

(15.12) fi„+i = + eh) 

is called the remainder after (n + 1) terms. It may happen that 
f{x) possesses derivatives of all orders and that 

(15.13) lim = 0 

n--+ 00 

In that case, we have the convergent infinite series 

(15.14) fix, + h) = fix,) + + • • • + + • • • 


If we place a:o = 0 and h = xin (15.14), we obtain 


(15.15) fix) = m + 


+ 


+ 


x^/"(0) 

n! 


+ 


This series is called Maclaurir/s series. 

As an example, \li us obtain the Maclaurin series expansion of the 
function /(x) = e®. 

In this case, we have 

(15.16) m = 1 , /'(o) = 1, • • • , r-Ko) - 1 


Hence 

(15.17) 


^V,2\^S\^ 


+ n! + 


This series is seen to converge for all values of x. 

As another example, let it be required to expand the function of 
f{x) = cos X into a Maclaurin series. In this case we have 


(15.18) f{x) = cos X, f{x) = — sin x, f\x) = ~ cos x 

jf(»*)(a;) *= cos 

Substituting this into (15.15) we have 

(15.19) cosx = l-.|] + |^-|^,+ • • • 


This series is seen to converge for all values of x. 
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The Binomial Series. If we consider the function 

(15.20) fix) - (1 + x)^ 

and expand it in a Maclaurin series in powers of x^ we have 

/ fix) = n(l + x)--\ rix) = n(n ~ 1)(1 + 

(15.21) i /'"(a*) == w(n — ])(n — 2)(] + x)”“* 

— l)(n — 2) * • * (n — r + 1)(1 + x)^~‘ 


On substituting this into (15.15), we have 


(15.22) (1 + a:)»‘ = 1 + nx + 


n(n 


2 ! 


ll£i _|_ 


l)(n - 2)x» 


n(n — l)(n — 2) 


3! 

(n — T + 1)^'' 


+ 


r! 


+ 


This series is convergent if |x| < 1 and divergent when |x| > 1 as 
may be seen by aj^plying the ratio test. Equation (15.22) expresses 
the binomial theorem. If n is a positive integer, the series is finite. 
We may also write 

(15.23) (a + 6)’* = a^*(l + xY if x = 

= a" + wa-'-'b + + • • • + 

(^7^ + • • • valid for 16| < [aj 

16. Symbolic Form of Taylor^s Series. TayloPs Series Expansion 
of Functions of Two or More Variables. A very useful and convenient 
form of Taylor’s expansion may be obtained by the use of the symbolic 
operator D defined by 

( 16 . 1 ) D.-^. ^ 



By the use of the derivative operator D*, defined by (16.1), we may 
write Taylor’s expansion in the form 

(16.2) /(xo + fe) = /(x„) + A D4ixo) + Dlfixo) + • • • + 

^D^(x„) + • • • 

where 

(16.3) D'J'\xa) = at X = Xo 
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We may write (16.2) in the form 


(16.4) /(xo + /i) = ^ 
However, if we pi a 

(16.5) = ^1 + 


1 

1! 2! 


, h-Dj I 
w! 


However, if we place x == hDx in (15.17), we obtain 
.5) = A + ^* + + • • • + ^ + • 


Hence we may write (16.4) in the symbolic form 

(16.6) /(xo + h) == e^^iixo) 

This form of Taylor’s expansion is compact and easy to remember. 
By the use of (16.6) we may deduce the form of ''J'aylor’s expansion 
for a function of two or more variables. 

Let F{x,y) be a function of the two independent variables x and 
?y, and let it have continuous partial derivatives of all orders. Now 
if we hold y constant, we have by (16.6) 

(16.7) F{x + h^y) = e^^*F{x,y) 
where in tliis case Dl has the significance 


/•' 

istSht. 


since we are holding constSht. 

In the same way, if we hold x constant, we have 

(16.9) e^^^F{x, y) 

where 


(16.10) 




If we operaTC'on (16.7) with c***", we obtain 

(16.11) + Kv) = V + k) 

_ e*».e*®*F(x,i/) 

_ Q{hDr^kLly)p^j.^y^ 

We thus have the important result that 

(16.12) F{x + /i, j/ + fc) = e'*"‘+*W(x,2/) 

_ r, , QiD, + kDy) , {hD. + kDyY ^ ^ 

~ L 1! ' 2! 

{hD, + kDyY 


= F(x.,) + ;.g + A,| 


f ^2! V 


dW d^F 

~ + 2hk /-4- + k 
3x® dx dy 


dy^J 
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Equation (16.12) is Taylor's expansion of a function of two vari- 
ables. The symbolic derivation given above is based on the fact 
that the operators Dx and Dy commute with constants and satisfy the 
laws of algebra and hence may be treated as if they were algebraic 
quantities. This matter will be discussed in greater detail in Chaps. 
VI and X. 

By the same reasoning, if we have a function F{xi^X 2 jXz, • • • Xn) 


of the n variables {xi,X 2 j * • 
tives of all orders, we have 

(16.13) F{xi -f- hij X2 + h2, 


Xn) that has continuous partial deriva- 

* • “h hn) 

• . . ■^ hnDn)p^Xl,X2y ' ^ * Xn) 


where 

(16.14) 


DL = 




dxl, dx* 


This is Taylor's expansion of a function of n variables. 

17. Evaluation of Integrals by Means of Power Series. In applied 
mathematics we frequently encounter definite integrals in which the 
indefinite integral cannot be found in closed form. Such integrals as, 
for example, 


sin x^ dXy e*”** dx 


and many others are frequently encountered in the investigation of 
physical problems. By the use of the power series expansions of the 
integrand, we may find the value of these integrals to any desired 
accuracy. For example, let us consider the integral 

(17.1) sin x^ dx — I 

If we let x^ = Uj we have the Maclaurin expansion for u 


Hence we have 


Hence we have 




sin a;* = x* — ^ 

3! 5! 


(17.4) ^ * y* sin x^ dx — J ^x^ f] approx. 

- (f - a + iSo)[ - 


» 0.3103 
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In certain investigations, we encounter the integral 


(17.6) 


F{h,4>) 



^ du 

•V 1 — sin^ u 


0 <k <1 


This integral is called an elliptic integral of the first kind. 

The integrand of this integral may be expanded by the binomial 
theorem in the form 


1.2 Q^4 

(17.6) (1 — sin^ = 1 + -^ sin^ + — sin^ u + 


this series is convergent for fc < 1 and for any value of w. 
u = 7r/2, we get the convergent series 


(17.7) 


l+^ + 


, 3k* , 3k* , 
T+16 + 


If we place 


Since |sin u\ < 1, the terms of the series (17.6) are less than the 
corresponding terms of the series (17.7). It follows, therefore, by 
Weierstrass’s M test that the series (17.6) is uniformly convergent in 
any interval of |sin u\ < 1. We may therefore integrate term by 
term. The integration is facilitated by the recursion formula 

(17.8) J sin^ udu — — j sin^^^wdw 

given by No. 263, of Peirce^s tables of integrals. If, in particular, 
(j) = 7r/2, we have 


(17.9) = (0<‘<1) 

This is the complete elliptic integral of the first kind. The integra- 
tion may then be facilitated by Wallis's formula 


(17.10) 



sin’* u du 


1 • 3 • 5 • . . . • (n - 1) ^ 

2 • 4 • 6 * . . . • (n) ' 2 


if n is an even integer (Peirce No. 483). 
We then have 


(17.11) X . I [l + (0’ 1. + + (^0%' + • ] 

This series may be used to compute K for various values of k. If, 
for example, fc = sin 10°, we have 


(17.12) /C = I (1 + 0.00754 + 0.00009 +•••) = 1.5828 
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We may sometimes obtain the power series expansion of a function 
most readily by the evaluation of an integral. 

For example, we have 

1 


(17.13) 
Hence 

(17.14) 


A 

dx 


(sin“^ x) = 


rx 

sin~^ X = I 

Jo 


Vi - 

du 
— % 


Now by the binomial theorem, we have 


(17.15) (1 - 


. , , 1 * 3 . , 1 * 3 • 5 » , 

l+T + r4“ +2— 6“ + 


This series converges wlien \u\ < 1. 

If we now substitute this into (17.14) and integrate term by term, 
we have 


1 


(17.16) sin-ix = x + i|- + 2.4 5 

This series converges when |a;| < 1. 

If we let X = we have 


1 . 3 . 1 • 3 • 5 


+ 


2-4 0 7 


+ 


(17.17) (i) - 1 - ■’ + ^ 4.5 Q)’ + Q)’ + • ■ • 


or 

(17,18) 


= 3.1415 • • • 


18. Approximate Formulas Derived from Maclaurin’s Series. It 

frequently happens in applied mathematics that by using a few terms 
of the power series by which a function is represented we obtain an 
approximate formula that has some degree of accuracy. Such 
approximate formulas are of great utility. 

For example, by the use of the binomial series we may write down 
at once the following approximate formulas valid for small values of x\ 

(18.1) (1 + xY = (1 + nx) = 1 + nx + i(n — l)^^ 

First approx. Second approx. 

where the symbol = means approximately equal to. Also we have 

(18.2) (1 + x)~~ = l-~nx = l-“nx + in(n — l)^* 

From the Maclaurin series for the sine, we have 

X® 

Sm X = X 

6 


(18.3) 
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We might inquire for what value of x we may use the approximation 

(18.4) sin X = a? 

such that the result is accurate to three decimal places. Since the 
Maclaurin series for the sine is an alternating series, we know that if 
only the first term is retained the value of the remaining series is 
numerically less than the term x^/6. Hence we must have 

(18.5) < 0.0005 

SO that the result of the approximation shall be valid to three decimal 
places. Hence, 

(18.6) |:r| < ^yoMS < 0.1443 radian 
This corresponds to 

(18.7) \x\ < 8.2° 

19, Use of Series for the Computation of Functions. In many 
cases the series expansion of a function gives a direct means for the 
computation of the numerical value of a function for a certain given 
value of the arguirent. In this way, tables of functions may bo 
computed. 

For example, let it be rccpiired to compute the value of sin (10°). 
This may be done by the use of the Maclaurin series expansion of the 
sine. 

■J.5 ^7 

(19.1) sina: = a:-^ + ^- ^ + 

In this case, x = 10° = ir/18 radian. 

Hence we have 


(19.2) 



18 Vw3!^\18/5! Vl8/ 


0.1730 


7! 


Since this is an alternating scries, we know that the error introduced 
by stopping at this term is less than 



As another example, let us consider a series useful in the computa- 
tion of logarithms. 
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The Maclaurin series expansion of the function In (1 + x) is 
easily show to be 

(19.3) In (1 + 


If we let X = —a; in (19.3), we have 

/>»2 / y «3 

(19.4) In (1 - a;) == -X - y - y - -j- 

Now we have 


(19.5) 


In 



= In (1 + x) — In (1 — x) 

( 1 1 x’^ 



This series converges when |a;| < 1. 
Now if we let 


(19.6) 
we have 

(19.7) 


* - (sttt) ” > " 


Then |x| < 1 for all values of n 5 *^ 0. If we substitute this into 

(19.5), we have 


(19.8) In (n + 1) = In n + 

, 1 1 , , , ^ 

\(2n + 1) 3 (2n + ly 6 (2n + 1)' / 

This series converges for all positive values of n and is well adapted 
to computation. For example, if we let n = 1, we have 

(19.8) l„2.2(l + ^. + |^.+ ...) 

= 0.69315 

If we let n — 2, we have 

(19.10) l„3-to2 + 2(i + 3l:i+^i+.--) 

= 1.09861 


In this way we may compute the natural logarithms of any number. 
If we wish the Briggs or common logarithms of numbers written 
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Sec. 20] 


log n, we have 
(19.11) 


log n = 


In n _ In n 
In “ 2 : 30^8 


For example, 
(19.12) 


1 o _ In 2 _ 0.69315 
® In 10 2.30258 


= 0.3010 • • • 


' 20. Evaluation of a Function Taking on an Indeterminate Form. 

a. The Form (0/0). It sometimes happens that we encounter func- 
tions of the form (sin x)/x, (1 — cos x)/x^, etc., and we wish to 
investigate the limiting value of these functions as the variable takes 
on the critical value of the variable. That is, we are given a function 
of the form, f{x)/<t>{x) such that /(a) = 0 and 4>{a) = 0. The function 
is indeterminate when a; = a. It is then required to find 


( 20 . 1 ) 

Now we have 


fix:) 


lim , , ^ 
x—*a 




( 20 . 2 ) 


fia + h) 
4>ia -h b) 


fia) +f(a)b+ria)^^+ ■ 
<t>i<x) 't- <t>'ia)b + <h''ia) -f 


by Taylor’s series expansion for /(a b) and </>(a -f b). Now 


(20.3) 


lim M = lim 

4>ix) n <t>i<x + b) 


But since by hypothesis /(a) = 0 and 0(a) = 0, we have from 
(20.2) and (20,3) 


(20.4) 


lim 

x-^a 


fix) _ fia) 
(t>{x) 0'(a) 


This is known as LTIospitahs rule. If fia)/ 0'(a) is again indeter- 
minate, we apply the rule again. For example, 


(20.5) 


lim 

a;~>0 


— cos X 


lim 

X — >0 


sin X 

"2x'^ 


lira 


cos X 

""2~ 


1 

2 


This form could have also been evaluated by the use of the first 
few terms of the Maclaurin expansion for the cosine, that is, if x is 
small, we have 

cos X = 1 — 


( 20 . 6 ) 
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hence 

(20.7) 

and we therefore have 


1 

1 — cos ^ — ^2 


( 20 . 8 ) 


lira 

X — >0 


1 — cos X 


.. xV2 1 
= ^ = 2 


b. The Form (oo/oo). The indeterminate form (oo/oo) may be 
brought under the form (0/0) by the device of writing the quotient 
in the form 


(20.9) 


lira 

x—^a 


f(^) ^ 

<l>{x) 


lira 

x-^a 


i/m 


Now since by hypothesis </)(a) == oo and /(a) == oo, we again have 
the form (0/0) and we may then apply Jj’HospitaFs rule. 

For example, consider 


( 20 . 10 ) 


sec 3x 1/sec 5x 

= \iixi 

,/2 sec 5x . x-^t/2 3a: 

,. cos 5x 

= lira “• — ^ = 

x^^/2 COS 3x 


lira 

x —^/2 


— 5 si n 5x 
—3 sin 3x 


It may be shown that indeterminate forms of the form ( go / c» ) may 
be brought under the same rule as L^HospitaFs rule for the form 
(0/0). The proof of this statement is rather lengthy, but it may be 
made plausible by the following heuristic process. Consider 


( 20 . 11 ) 


lim 

x~-*a 


M. 

4>(x) 


where /(a) = «> and </>(o) = <» . Then we may write the quotient in 
the form 


( 20 . 12 ) 


lim 

x-^a 


Six) 

<t>{x) 


lim 
x— ►a 


i/m 


where this is now of the form (0/0), and hence we may apply L'Hos- 
pitaFs rule to it. On carrying out the differentiation, we have 


lim 


Six) 

4>ix) 


= lim 
x-^a 


-<t>'{x)/<t>Kx) 

-S'ix)/S\x) 


— lim 
x-*a 



( 20 . 13 ) 
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Now since the limit of a product is equal to the product of the 
limits, we have 


(20.14) 


lim 

x-*a 


fix) ^ 
<l>{x) 


lim 

x—^a 


Pix) 

<t>\x) 


lim 
x— ►a 


fix) 


And hence, 
(20.15) 


lim 

x-~^a 


<l>{x) 


lim 

x-->a 


fix) 

<l>\x) 


This is the same rule as that for the evaluation of indeterminate 
forms of the form (0/0). 

As an example of this rule, consider 


(20.16) 


In X 
lim 


lim 


1/x 

cse X ctn x 


— sin^ X 


lim 
aj ►Q X cos X 


— T® 

lim = 0 

a ;->0 X 


c. Form 0 • oo . If a function /(x) • (f)(x) takes on the indeterminate 
form 0 • 00 for x = a, we may write the given function in the form 


(20.17) /(X) . «(x) = 

This causes it to take on one of the forms (0/0) or ( co / oo ) which 
we may evaluate by the methods of part a or 6 above. 

For example, consider 


(20.18) 


lim X In a; = lim = lim 
x^O x-^0 ^/x x-^0 ~ ^/x 

= 0 


d. Form (oo — oc). It is possible in general to transform the 
expression into a fraction that will assume the lorm (0/0) or (oo/oo) 
for the critical value of the argument. 

For example, 

(20.19) lim (sec x — tan x) = lim 

x-^/2 x-^/2 COS a: 

,. — cos a; ^ 

== lim ; — - 0 

X-^TT /2 X 

e. Forms (1 0°, ‘^). In general it is possible to transform these 

forms to the cases discussed in parts a and 6. 

Example 1 

(20.20) lim (cos x)i/** « 1* 

a;— fO 
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Let 


( 20 . 21 ) 

( 20 . 22 ) 


Hence 


U = (cos 


lim In = lim — == ]im — 
a ;-+0 a ;~>0 ^ a :— >0 


= lim 

ic-~>0 


— sec^x 
2 


1 

2 


(20.23) 

Example 2 


lim u = eri 
x-*0 


(20.24) 

(20.25) 
Let 


lim = 0° 

x—*0 

lim = lim x* 
x-->0 x->0 


(20.26) 


^^ = X* 


(20.27) 


Hence 


lim In = lim x In x = lim 
x~>0 a;— >0 


= lim 


1/x 


-1A“ 


(20.28) 


lim u = = 1 

X — >0 


Example 3 

(20.29) 

Let 

(20.30) 

Hence 

(20.31) lim In t/ = 
Hence 



lim sin x In 
x~+0 



0 


lim 

X--K) 


(20.32) 
Example 4 

(20.33) 


lim u ^ — 1 



sin x/cos X 

2x 


In u 
1/x 


cos X _ 
— 1/x ^ 
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Let 

(20.34) 

u = j 

('+s) ' 

(20.35) 

lira In 
«— > « 

*-.0 ® 

X — >*0 ^ 

Hence 

(20.36) 

lim 

u = lim u = = e 


n— ► 00 x-^0 


The above examples are typical of indeterminate forms that may be 
brought under cases a and b by the use of logarithmic transformations. 


PROBLEMS 


Test the following scries for convergence or divergence: 


1, 1 _j j \ ^ . . 

‘ 1 ^ ^ V3* ^ 

- _J_ 4._i_ 4. _i_ 
*• 2 In 2 3 In 3 4 In 4 


•+V^3 + 

+ • • • 


®’ 2 5 10 


+ r+ir« + 


(convergent) 

(divergent) 

(divergent) 

(divergent) 

(convergent) 


For what values of the variable x are the following series convergent? 

6. 1 4- a? + a;® + a:* + • • • Am. -1 < « < 1 


* 2 3 4 

•.i+.+i;+j|+ 


c 4A 1 1 a:* X® , 

1 ® 2* 3* 


-1 < X < 1 


Am, — 1 < X < 1 


Am, All values of x 


Am, — 1 < X < 1 


, ox , a*x* , tt*x® , ^ c\ A 

,41. + • . • a > 0, ^ - 

Using the binomial scries, find approximately the values of the following 


o > 0, Am, — ~ ^ X < - 
o a 


numbers. 


12. \/98 


la. ^ 


15. ^630 


Verify the following expansions of functions by Maclaurin^s series and deter- 
mine for what values of the variable they are convergent: 
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16. e* 


1 +* + ^ + 


+ 


iT** — ^ 

(ir=~i)! 


+ 


17. In (1 + a;) = a; 


2" "T 3 4 “r 


(all values) 
— 1 < a; < 1 


io • -1 ^ 1 - 3:3 1 *3 •a;^ 

18. sin i a; = * + -^ + 

Verify the following expansions: 

19. tan X 


+ 


, 2a:® 17a:^ , 

* + ¥+15 +315 + 


20 . cosh X 


I (c* + e-') 


/y*4 /ffcO 

^+h. + li + h + 


T" 

21. lncosx=-|-f2-^.... 

Compute the values of the following functions by substituting directly in their 
power series expansion : 

22. c - 2.7182 

23. tari“i i = 0.1973 

24. cos 10° = 0.9848 
26. V? = 1.6487 

Obtain the following expansions: 

26. c”® cos a; = 1 — a: 4- -3 a?* — 4- • • • 

2 8 10 + 384 + 


28. 


In (1 4" x) 


«x-»x 2 + 


11 


23 


X* + 


1 + sin X 2 6 12 * 

Using seri(^s, find approximately the values of the following integrals: 

29. P^^i*-'^^.3914 

(1 4- X) 


f^co 

Jo (1 

30. e* In (1 + x) dx = 0.0628 

“■/} 

K 


Ulx 

Vf-' 


0.4815 


32. 

33. 


e“®“ dx 

e""® cos Vx dx 


34. How many terms of the Maclaurin’s series for sin x must be taken to give 
sin 45° correct to five decimal places? 

36. How many terms of the series In (1 + must be taken to give In (1.2) 
correct to five decimals? 


36. Verify the approximate formula In (10 4- ®) ~ 2.303 4- 
Evaluate each of the following indeterminate forms : 

87. lim !?-? 

a?-+oo 

88. lim 

e-*7r/2 tan & 

89. lim -1,1 

a:~40 \Sin* X xV 


10 


Ana. 0 
Ana, } 
Ana. 1 
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CHAPTER II 
COMPLEX NUMBERS 


1. Introduction, In this chapter some of the fundamental defini- 
tions and operations involving complex numbers will be discussed. 
The study of the complex variable will be taken up in Chap. XIX in 
detail. Complex numbers are of great importance in applied mathe- 
matics. The calculation of the distribution of alternating currents in 
electrical circuits, the study of the forced vibrations of a dynamical 
system, the study of the variation of temperature in solids, and a host 
of other problems of applied mathematics are most easily solved by 
the use of complex numbers. Accordingly, the basic definitions and 
operations involving complex quantities must be clearly understood. 

2. Complex Numbers. A complex number is a quantity of the 
form 

(2.1) z-x+jy 

Here x and y are real numbers and j is a unit defined by the equation 

(2.2) j = 

The number x is called the real part of the complex number, and 
the number y is the imaginary part. It is seen that when y = 0, the 
complex number becomes a real number, so that the real numbers form 
a subclass of the complex numbers. If x = 0, the complex number 
becomes a pure imaginary number. 

3. Rules for the Manipulation of Complex Numbers. Having 
defined complex numbers, it is necessary to state rules for their 
manipulation. These two fundamental rules are 

а. A complex number z = x + jy zero when, and only when, 
X ^ 0 and y « 0. 

б. Complex numbers obey the ordinary laws of algebra with the 
addition that « —1. 

From these two rules follow the formulas for addition, subtraction, 
and multiplication. That is, we have 

(3.1) ± Z 2 « {xi +jyi) ± {X 2 +jy 2 ) = {xi ± x^) ± j(yi ± yz) 

(3.2) zizz = {xi +jyi){x2 +iy2) « {xixz - y^yz) + jixiyz + xzyi) 

38 
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The quotient of two numbers, such as 
(3.3) 

may be most conveniently found by multiplying the dividend and 
divisor by X 2 — jy 2 - We thus have 

n 4^ ^ ““ jy^) ^ + viv^ , i^zvi - xiy2) 

^ ;S2 {X 2 + h 2 ){x 2 - jy 2 ) {xl + yl) ^ (x| + yl) 

It thus appears that the sum, difference, and quotient of two 
complex numbers are themselves complex numbers. If two complex 
numbers are equal, we have 

(3.5) Xl +jyi = X 2 +jy 2 

then from (3.1), we have 

^3.6) {xi - X 2 ) +j(yi - 2 / 2 ) = 0 

Now by postulate a 

(3.7) Xl X 2 ~ 0, Xl “ X 2 
2/1 - 2/2 = 0 , yi - yi 

We therefore see that two complex numbers are equal when, and 
only when, the real part oi one is equal to the real part of the other 
and the imaginary part of one is equal to the imaginary part of the 
other. 

Two complex numbers that differ only in the sign of their imaginary 
parts are called conjugate imaginary. That is, 

(3.8) = a? + jy 

and 

(3.9) Z 2 ^ X — jy 

are conjugate imaginary. This relation is expressed symbolically 

by the notation 

(3.10) zi = Z2 

4. Graphical Representation and Trigonometric Form. Although 
complex numbers are essentially algebraic quantities, they may be 
given a convenient geometric interpretation. Let us consider the 
point P of the xy plane given by Fig. 4.1. 

To the point P corresponds a definite pair of values of x and y, the 
coordinates of the point. Therefore to P there may be made to 
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correspond the complex number z where 
(4.1) z X +jy 

In this diagram, the x axis is called the axis of reals since real 
numbers are represented by points on it. The y axis is called the 
axis of imaginaries. If we introduce polar coor- 
dinates, we have 

jy (4.2) a; = r cos y ^ r sm 0 

i — Then from (4.1), we have 

Fio. 4.1. (4.3) z = r(cos 6 + i sin B) 

This is called the polar form of the complex number. The number 
r, which is always taken positive, is called the moduluSy or the absolute 
value of the complex number z, and is equal to the length of the line 
OP. Then 

(4.4) l^l = r = \^x^ + y^ 

The angle B is called the anyle or argument of z. Then 


\/x^ + 


sin B == 




In Chap. I, it was demonstrated that cos B and sin B have the follow- 
ing Maclaurin expansions: 


cos 0=1 


02 r 
2l 4! 


03 06 ^7 


Hence we have 


(4.7) (cos 6 j sin 0) 


21 “^ 4 ! 


■^V 3 ! ^ 5 ! 


.i + U.) + (^) + W- + ^‘ + 


ass 
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where we have made use of the fact that 
etc. In the same manner, we obtaie 


(4.8) e = cos 6 j sin $ 

From (4.7) and (4.8) it follows immediately that 


(4.9) 


cos 6 


+ e-ie 


sin 6 = 




2j 


These formulas show a remarkable relation between the exponential 
and trigonometric functions. By the law of multiplication of scries, 
it is easy to show that 


(4.10) 


Hence we have 


3 ::; f?(Ti+xt) 


(4.11) = e^(cos y j sin y) 

From (4.10), we also have 

(4.12) (e^O” = 

Hence by (4.7), we obtain 

(4.13) (cos 6 + j sin oy = (cos nB + j sin n6) 

Equation (4.7) makes it possible to write a complex number in the 
convenient form 


(4.14) 


z — {x + jy) = r(cos B + j sin B) = 


This form of writing complex numbers is very convenient when 
complex numbers are to be multiplied or 
divided. For example, 


(4.15) 


ZiZ2 = 


=: rir2e/ 


,m+e2) 


That is, to multiply two complex 
numbers, we multiply their moduli to get 
the modulus of the product and add their 
angles to get the angle of the product, 
follows: 

Zi 

Z 2 ^26- 



Division is performed as 


(4.16) 




>j9t 




In this case the moduli are divided and the angles subtracted. 

Let us take two complex numbers Zi and represented by the 
points Pi and P 2 , respectively, as shown in Fig. 4.2. 
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It is easy to see from the principle of addition of two complex 
numbers that their sum {zi + is represented by the point Ps found 
by constructing a parallelogram on the sides OPi and OP%. From 
the figure, it follows that 

(4.17) l^i + 2 J 2 I ^ l^^il + 

The equality sign holds when OP\ and OP 2 are in the same straight 
line and have equal angles. 

‘ 6. Powers and Roots. The value of 2 " where n is a positive integer 
may be found by successive multiplication of z by itself. Since 

(5.1) z=^x+jy 

we can find {x + jvY by applying the binomial theorem. That is, we 
have 

I 2 * = (a: + ivY x^ + 2jxy 
I = (a; + jyY = x* — 3xy^ + j{?^x^y — 2 /*) 

A simpler method of raising a complex number to a power is to 
use the polar form of z. We then have 

(5.3) 2” = 

If r = 1, we have de Moivre^s theorem 

(5.4) =* (cos 0 + i sin BY = (cos nB + j sin nB) 

It must be noted that any multiple of 2ir may be added to the 
angle B without altering z since 

(5.5) z = r(cos B + 3 sin B) 

= r[cos {B + 2hir) + j sin {B + 2hn:)] 

sss 

where k is any integer. This is the general form of the complex 
number z. 

' The root z'^", where n is a positive integer, is a number which 
raised to the nth power gives z. From the general form of z given by 

(6.6) , we have 

(6.6) z‘/» » = r‘/» |^cos + j sin j 

We obtain n distinct values of 2 ^/* by giving k the values 0, 1, 
2, • • • (n — 1) successively. Here is to be taken as the numerical 
positive root of the real positive number r. This enables us to solve 
the equation 

(5.7) «« « 1 
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Here we have 

(5.8) oj — .U/** 

If we write 1 in the general polar form, we have 

(5.9) 1 = e^-(o+2kr) 

Hence 

/K 11/n /2fc7r\ . . (2ki\ 

(5.10) ssr ^ V n y — cQg 1-^1 + j sin ( “ ) 
where fc = 0, 1, 2, • • • (n — 1). 

It is thus seen that the n roots of unity are spaced around a unit 
circle in the complex plane in a symmetric fashion. 

6. Exponential and Trigonometric Functions. We define the trigo- 
nometric and exponential function for complex values of the argument 
z by the Maclaurin series expansions. 


( 6 . 1 ) ,. = 1+^, + ^, + ?’+ . . . 

( 6 . 2 ) = + • • • 

(6.3) cob 2 = 1 - • 

When z is real, these become the elementary functions. From 
(6.1), w© have 

(6.4) eo = 1 

(6.5) 

These are the fundamental properties of the exponential function. 
From (6.1), (6.2), and (G.3), we also get 

(6.6) e'*' = cos z + 3 sin z 

(6.7) = (cos z -- 3 sin z) 

From (6.6) and (6.7), we have 

(6.8) sm ^ — f cos z = ^ 

with the aid of (6.5), we have 


(6.9) 


sin (zi + Z 2 ) = sin zi cos zz + cos zi sin z^ 
cos {zi + Z 2 ) = cos zi cos Z 2 — sin Zi sin zz 
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If we place Zi = x, Zj = jy in the equations, we obtain 

(6.10) sin (x + jy) = sin x cos jy + cos x sin jy 

/e» + e-A , /. e" — e-»\ 

= sm X I 2 — ) + cos X H ^ I 




= sin X cosh y + j cos x sinh y 

In the same waj’’, 

( gif g—A / gif 

2 I - sin X ( j - 

= cos a: cosh y — j X sinh y 
We know from elementary trigonometry that 

(6.12) sin {x + 2kT) = sin x 

cos (x + 2kw) = cos x 

where x is a real number and k is an integer. Hence 

(6.13) = e^[cos (2fc^) +i sin {2kir)] = 6* 

From (6.10) and (6.11), we have 

(6.14) sin {z + 2kT) = sin 2 , cos {z + 2fcx) = cos z 

It is thus evident that the exponential function is a periodic func- 
tion with the imaginary period 2xj. The sine and cosine are periodic 
functions with the real period 27r. 

7. The Hjrperbolic Functions. The hyperbolic sine and the hyper- 
bolic cosine are defined for complex values of their argument by the 
equation 

(7.1) sinh z = ^ ; cosh z = ^ — 


From these definitions, we have 


(7.2) 

sinh (jz) = 


- 

2 

= j sin 2 

(7.3) 

cosh (jz) = 

6 ^* 

+ eri‘ 

2 

= cos 2 

Also 





(7.4) 

• 1. / S - 

sinh (z) = 2 


— j sin 

(7.5) 

+ 

cosh (z) = 2 


cos (jz) 


It is thus apparent that hyperbolic functions are essentially 
trigonometric functions. Relations between trigonometric functions 
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therefore give rise to relations between hyperbolic functions with 
certain differences arising from the presence of the factor j. 

For example, since we have 

(7.6) jz + cos^jz = 1 

we have from (7.4) and (7.5) 


(7.7) cosh^ z — sinh^ z = I 

From the above definitions it is easy to show that 

I sinh (zi + Z 2 ) = sinh Zi cosh 22 + cosh Zi sinh Z 2 
\ cosh (zi + Z 2 ) = cosh Zi cosh Z 2 + sinh Zi sinh Z 2 

As a special case of these equations, we have 


( sinh (x + jy) = sinh x cos y + j cosh x sin y 
cosh (x + jy) = cosh x cos y + j sinh x sin y 


These equations enable one to separate the hyperbolic functions 
into their real and imaginary parts. 

It may be seen from (7.8) that 


(7.10) 


f sinh {z + ikirj) = sinh (z) 
( cosh (z + 2kirj) = cos ( 2 ) 


That is, the hyperbolic sine and the hyperbolic cosine are periodic 
functions with the imaginary period 27rj. 

8. The Logarithmic Function. By definition, if 


( 8 . 1 ) 2 = 6 “ 
then 


( 8 . 2 ) 


oj = In 2 


From this definition, we deduce the following fundamental proper- 
ties of the logarithmic function: 


(8.3) 

(8.4) 

(8.5) 

( 8 . 6 ) 


In (zi • 22 ) = In 2 i + In 22 



= In 2 i — In 22 


In 2 ~ = n In 2 
In 1 = 0 


The logarithm of a complex number may be separated into its real 
and imaginary parts in the following manner: 

(8.7) 2 = X + jV = r(cos $ + j sin ^) = re^'^ 
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Then 

(8.8) In z = In (re'*) = In r + In e’* = In r + j0 

= i In (x* + j/*) + j tan-' ^ 

In Eq. (8.8), In r is the real logarithm of the positive number r, 
which is found in the usual tables. The logarithm of a real negative 
number may now be found. For example, we may find the logarithm 
of ( — 5) as follows: 

(8.9) ~5 = 

Hence, 

(8.10) In (-5) = In 5 + jV = 1.6094 + jir 
In particular, 

(8.11) In (~1) =jT 

It must be noted that the logarithm of a number has an infinite 
number of values differing l)y multiples of 27rj. This may easily be 
seen since 

(8.12) 2 = re’\e+2kr) fc ^ 0, ±1, ±2 

Hence, 

(8.13) In 2 = In r + j(d + 2fc7r) fc = 0, ±1, ±2, ±3 

9. The Inverse Hyperbolic and Trigonometric Functions. The 

inverse hyperbolic and trigonometric functions are closely connected 
with the logarithmic function. 

By definition, if 

— p—ta 

(9.1) 2 = sinh 0 ) = — 

(9.2) 0 ) = sinh-' z 
From (9.1) we have 

(9.3) 2z = (c" — c-“) 

or 

(9.4) e®" — 2ze" —1=0 
If we let 

y = e" 


(9.6) 

Eq. (9.4) becomes 
(9.6) 


y* — 2gy — 1=0 
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y ^ z ± VV + 1 - c" 
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and, therefore, 

(9.7) 

Hence, 

(9.8) 0 } = sinh“^ z — In {z ± '\/z^ + 1) 
By definition we have, if 

e" + e--" 


(9.9) 
then 

(9.10) 


z = cosh w = 


CO = cosh""^ 2 = In (2 ± — 1) 

The hyperbolic tangent is defined by 

sinh CO e" — 


(9.11) 

and by definition 

(9.12) 


tanh CO = 


cosh CO c" + c*“" 


CO = tanh"’^ z 




The foregoing equations are true for any complex quantity 2 . 

The inverse trigonometric functions sin~^ 2 , cos”^ 2 , and tan~^ z 
may also be expressed in terms of logarithms. This may be done in 
the same manner as that used above for the hyperbolic functions, we 
have, if 


(9.13) 
then 

(9.14) 
If 

(9.15) 
then 


2 = sin CO = — X . ^ 

2j 


CO - sin~*^ 2 = - In {jz ± \/l~— z^) 
J 


Z = cos CO = 


+ c-'") 


(9.16) 

CO — C08“^ 

2 = ~ In (2 

3 

± 's/z^ - 

-1) 

If 





(9.17) 

t « tan CO 

_ sin CO _ 

cos CO 

1 + 

>) 

then 





(9.18) ' 

CO — tan“”^ 

11 

1 + 

I 1 
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These equations are true for any complex quantity z. The 
detailed study of functions of a complex variable in general will be 
postponed until Chap. XIX. 


PROBLEMS 

1. Show that the sum of two conjugate imaginary quantities is real and that 
their difference is a pure imaginary. Prove that their product is real. When will 
their quotient be real? 

2. Determine all the roots of the equation 2 ® =» 2 -f- 4^ and plot them. 

8 . Find the cube roots of —1 and plot them. 

4. Write the polynomial as the product of its linear factors and as the 

product of its quadratic factors. 

5 . Show that = — 1 and =* j. 

6. Compute in the form a jb, and determine a and h to four places 
of decimals. 

7. Show that \e*\ « e* and that \e^^\ * 1 where z « x + ^ and 6 is real. 

8 . Find all the possible values of (jy. 

9. Determine all the values of Tr*". 

10. Find all the values of In (2 — jZ). 

11. Express e* in terms of tan z. 

12. Find the sum of the geometric progression 

r“n 

r«l 

From this sum and the result obtained when z is replaced by (— z), deduce that 
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CHAPTER III 


MATHEMATICAL REPRESENTATION OF PERIODIC 
PHENOMENA, FOURIER SERIES AND 
THE FOURIER INTEGRAL 

1. Introduction. In this chapter the mathematical representation 
of periodic phenomena will be considered. The use of complex 
numbers to represent periodic phenomena will be developed. This 
leads naturally to a consideration of the complex form of the Fourier 
representation of periodic functions. This form of Fourier series is 
extensively used by physicists but not generally used by engineers. 
From the standpoint of utility, the complex form of Fourier series has 
marked advantages over the more cumbersome form involving sines 
and cosines. It is Tvidely used in the modern literature in studying 
the response of electiical circuits and mechanical vibrating systems 
to the action of periodic potentials and forces. A brief discussion 
of the Fourier Integra is given. The treatment of the Fourier series 
and the Fourier integral is heuristic; an account of the rigorous investi- 
gations of Dirichlet on the subject belongs in a book on analysis. 

2. Simple Harmonic Vibrations. The simplest periodic process 
that occurs in nature is described mathematically by the sine or the 
cosine function. Such processes as the oscillations of a pendulum 
through small amplitudes, the vibrations of a tuning fork, and other 
similar physical phenomena are of this type. If the process repeats 
itself / times a second the function representing the simple oscillation 
is either 

(2.1) w == A sin 2Trft or u ^ A cos 2jrft 

A is called the amplitude and f the frequency of the vibration. Besides 
the frequency /, it is customary to speak of the angular frequency 
of the vibration w defined by 

(2.2) w = 27^f 

A phenomenon described by a simple sine or cosine function is 
called a simple harmonic vibration. 

We may simplify the computations involving these functions con- 
siderably by using imaginary exponentials instead of trigonometric 

49 
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functions. We have from the Euler formula of Chap. II 
(2.3) c’"* = cos <at + j sin cot i *= 'v/— 1 

If we let 


(2.4) 


Z = 


then Z represents a complex number whose representative point in the 
complex plane describes a circle of radius A with angular velocity co. 
The projections on the real and imaginary axes are, respectively, 


( 2 . 6 ) 


a; = Re Z = A cos 0 )^ ^ 
y = Im Z — A sin (at 


where the symbol Re means '^the real part of^' and Im means the 
** imaginary part of.” Since physical calculations deal with real 
quantities, the final results of a computation using complex numbers 
must be translated into real magnitudes. This may be done simply, 
since an equation involving complex numbers means that the real 
as well as the imaginary parts satisfy the equation. 

It sometimes happens that the square of the amplitude of the 
’ oscillation is of importance. This may be readily obtained from its 
complex representation by multiplying it by its conjugate. That is, 
since 

(2.6) Z = 


then 

(2.7) 


ZZ = Ae^^^Aer^^* = A^ 


Consider two vibrations of the same frequency but of different 
phase h of the form 


( 2 . 8 ) 

Hence, 

(2.9) 


{ ui — Ai cos <at = Re (i4ie^'"0 
U2 ~ ^2 ' 


I cos {(at + 5) = Re 


wi + W 2 = Re 


We also have 


( 2 . 10 ) = e^^{Ai + A^e^) 

and 

(2.11) (4i + A%e^) *= {Ai + A 2 cos 5) + jAi sin 5 

» Me^ 
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(2.12) M = V (Ai + Ai coK 5)® + Al sin® S 
and 

(2.13) « = tan-i ( t - 4" ^ ^ x ) 

^ ' \.Ai -f i42 cos 8/ 

Hence we have from (2.9) 

(2.14) Ui + U 2 — Re 

== M cos {o3t + <l>) 

The amplitude M of the resulting vibration is given as a third side 
of the triangle having the amplitudes Ai and .4.2 as adjacent sides and 

8 as exterior angle, as shown in Fig. 2.1. 
The difference in phase 4> between the 
resultant vibration and Ui is the angle 
between the sides M and Ai of this tri- 
angle. It is noted that the construction 
Fig. 2.1. in Fig. 2.1 corresponds exactly with the 

addition of two complex numbers in the 
complex plane. From this consideration, we obtain the following rule': 

To obtain the resuiiant of two vibrations having equal frequencies 
but differing in phase, add the corresponding complex numbers. The 
amplitude and phase of the resultant are given by the length and 
direction, respectively, of the complex number representing this sum. 

This method is most frequently used in electrical engineering and 
is sometimes referred to as ‘‘the vector diagram because of the 
manner in which the quantities are combined. This diagram may be 
drawn for any instant of time, but since the phase difference is con- 
stant, the entire triangle rotates as a rigid figure with the angular 
speed 0 ) as time advances. It is therefore possible to choose any 
position such as the real axis, for example, for the line of the first 
vibration. 

If more than two vibrations of the same frequency but of different 
phases are to be compounded, we obtain the magnitude and phase 
resultant by plotting the individual complex numbers representing 
the several vibrations and adding them. 

3. Representation of More Complicated Periodic Phenomena^ 
Fourier Series. Let uh consider an arbitrary process that is repeated 
every T sec. Let this process be represented by 

(3.1) 
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Since, by hypothesis, the process repeats itself every T sec, we have 
(3.2) F{t + r) = F{t) 

Let us make the proviso that F{t) is single- valued and finite and 
has a finite number of discontinuities and a finite number of maxima 
and minima in the interval of one oscillation, T, Under these condi- 
tions, which in the mathematical literature are known as Dirichlet 
conditions, the function F{t) may be represented over a complete 
period and hence from i = — oo to^ = +<», except at the discon- 
tinuities, by a series of simple harmonic functions, the frequencies of 
which are integral multiples of the fundamental frequency. Such 
series are called Fourier series after their discoverer. For a proof 
of the possibility of developing F{t) in a Fourier series under these 
very general conditions, the reader is referred to the references at the 
end of this chapter. Dirichlet’s treatment of the subject is long and 
difficult and has no place in a book on applied mathematics. In his 
treatment, the sum of n terms of the series is taken and it is shown 
that when n becomes infinitely great the sum approaches F{t) provided 
the above conditions are satisfied. At a discontinuity in F(0, the 
value of the series is the mean of the values of F{t) on both sides of the 
discontinuity. 

The method of determining the coefficients will now be given. It 
is most convenient to start from the complex representation and write 

ao + ^ ^ 

n«* + 

n — — « 

2ir 

^ P 

Since the left member of (3.3) is real, the coefficients of the series 
on the right must be such that no imaginary terms occur. To deter- 
mine ao, we integrate both sides over one complete period, that is, from 
0 to T ^ 2ir/0. We thus obtain 

(3.6) /“'■ f (i) dt - (”f ■ di 

n» — *0 

where we have assumed term by term integration permissible. 


(3.3) F{t) = 


where 

(3.4) 
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The integral of the general term is 


(3.6) 


Jo 


dt = 

dno) \ 


2w/ta J 

SB I 

0 3^ 


- 1 ) =0 


\{ n 9^ 0 . 

If n = 0, we have 


r2ir/w 9 

/ dt^ — ^T 
Jo 0> 


(3.7) 

Hence (3.5) reduces to 

(3.8) fj F(t) dt = aoT 
or 

(3.9) da 


j j\(t) dt = m 


where TIJ) denotes the mean value of F{t), 

To determine the other coefficients, we multiply both sides of (3.3) 
by and integrate as before from i = 0 to ^ = T = %r/(a. Again 
all terms on the right are equal to zero because of the periodicity 
of the imaginary expciientials except the a^, term which contains no 
exponential factor. This gives the value T on integration. We then 


have 


(3.10) 

jj F{t)e-'"“‘ dt = a„T 

or 


(3.11) 

a„ = F(0e-j’‘“* dt 


Equation (3.11) gives' the coefficient of the general term in the 
expression (3.3). The coefficient ao is a special case of (3.11). We 
have also from (3.11) the relation 


(3.12) 


-i r 

T Jo 


dt 


We thus see that an and are conjugate imaginaries, and we have 
(3.13) == an 


The usual real form of the Fourier series may be obtained in the 
following manner. Equation (3.3) may be written in the following 
form: 
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(3.14) Fit) = + flo + X 

n«“ — « n*“l 

= + oo + X 

n- « n»*l 

n- « 

= oo + X («»«'"“' + 

n*« 1 

By using Euler^s relation, this may be written in the form 

n* to 

(3.15) Fit) = Oo + X (®» + ®-”) + 

n — l 

n*» to 

X i(«» ~ «-») sin nwt 

n=» 1 

If we now let 

(3.16) -Aft == (fltft “f“ ^—n)} “ jiP'n n)> ~ 

we obtain 


(3.17) ^(0 = + 2 Aft cos noj^ + ^ 


n»* 1 


n = l 


Thisls the usual real form of the Fourier series. By using (3.16) 
and (3.11), we obtain the coefficients An and Bn directly in terms of 
F{t), We thus obtain 


F{t) cos {mat) dt 


(3.18) An = (o, + a_,) = ~ Fit)i<ri««> + e>"“‘) 

=- r 

T Jo 

We also have 

(3.19) Bn = j(Un fl~») ^ "ji 




= 1 /; 


F{t) sin (m*i0 


The Ao/2 term is introduced in the series (3.17) so that Eq. (3.18) 
giving the general term An will be applicable for Ao as well. In 
either the complex or the real form of Fourier series, the constant term 
is always equal to the mean value of the function. 

A third form of the Fourier series involving phase angles may be 
obtained from (3.17) by letting 
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(3.20) An cos mat + Bn sin mat = Cn cos {mat — <^n) 

= Cn cos ruat cos <^n + 

Cn sin mat sin 4>n 

Equating the coefficients of like cosine and sine terms, we have 

(3.21) An ~ Cn COS <l>nt Bn ~ Cn Sin (f>n 
and hence 

(3.22) C„ = VaT+M, = tan-»4^ 

-An 

In this case, the series takes the form 

n— « 

(3.23) Fit) = 4"“ + 2 

n«“l 

or 

n— «> 

(3.24) ' Fit) = 2 C„ sin (ncot + 1 

n — 1 


The complex form of the Fourier series has many advantages over 
the real form involving sines and cosines. It is much simpler to 
perform processes of differentiation and integration with the form 
(3.3) than with the real forms, and also no harmonic phase angles 
appear explicitly in the complex form but are contained in the complex 
character of the coefficients. 

^ 4. Examples of Fourier Expansions of Functions, Let it be 

required to obtain the Fourier ex- 
pansion of the function of Fig. 4.1. 

This function is assumed to con- 
tinue in the same fashion in both 
directions. The origin of the time 
is arbitrarily chosen as indicated. 

The coefficients of the complex Fourier series are given by Eq. 
(3.11). We thus have 



Fig. 4.1. 
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The complex Fourier series expansion of this function is therefore 
(4.2) TO - ^ 2 T ” “““ 

n- — 00 

The coefficients of the real Fourier series are given by (3.18). 
We thus have 


(4.3) 


•^n (Un “f" n) 
Bn = j{an - a^) 



= 0 

UT 


Hence the real Fourier series expansion of this function is 


(4.4) 


m 


4A ^ sin (ncoO 


4A ^ 


n odd . 


It is interesting to determine the character of the Fourier series 
expansion of the function of Fig. 4.1 if we had taken the origin of time 
at a point to the right of the origin in Fig. 4.1 where 


(4.5) 



(0 


We may obtain the required result from (4.2) if we introduce the 
change of variable 


(4.6) 


+- 


where f is the time measured from the new origin. Substituting this 
into (4.2). we obtain 


(4.7) 


m 


n** + * 

2A 

Trj n 

na> ~ eo 


The coefficient of the general term is now 


n odd 


(4.8) an = n odd 

If ^ = t/2 the origin of time is chosen at the center of the positive 
half cycle. In that case we have 


(4.9) 


a, 


2A yn| 
— e 2 


n odd 
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(4.10) 


J /■ ■ I \ 2A f inj — 

■«« — (ttfi “f“ n) “ . (c C ) 

ITj/l 


(4.11) = i(a„ - «_„) = ^ + e-"I) = M cos = 0 


Hence in this we have 
(4.12) l\f) = ^ 2) 


n— « 

4^4. v' sin {nT/2) 
n 

71“ 1 


COS (mat) n odd 


for the real form of the Fourier expansion of the function of Fig. 4.1. 

As a more complicated example of the Fourier series expansion of 
a function, let us consider the function defined by Fig. 4.2. 

FU)f 



i_ 

1 r 1 

L_ 


f i 

S 

A 4 


Fig. 4.2. 


This function consists essentially of a series of positive and negative 
pulses that have a fundamental period of T sec. The time origin has 
been chosen so that each pulse comes in the center of a half period. 
This choice of origin makes the Fourier series simpler. The duration 
of each pulse is denoted by a. 

To obtain the general coefficient of the complex Fourier series of 
this function, we use the general equation (3.11). We then have 


(4.13) 

where 

(4.14) 


o,. = ^ (^j* ^ j* * 


4 2 


T 




cu 


We notice that the second integral is identical with the first except 
for the limits of integration which are advanced by T/2 = t/oj. We 
may therefore combine the above integral into a single integral and 
obtain 
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(4.15) j, „ 

Ski ““5 

Evaluating the integral, we obtain 


(4.16) 


(t)A (1 

Qn == 




2Tjn03 


{^^-2 ~ 


The factor (1 — vanishes for n == 0 and for even values of 

n. For odd integral values of n, it is equal to 2. For these values, we 
also have 


(4.17) 



i(-i) 


n+l 

2 


n odd 


If we let 
(4.18) 



o)a 

TT 


The parameter 5 is the ratio of the duration of the pulse a to the 
fundamental half period. 5 is a real number that varies from zero to 
unity depending on the relative width of the pulse as compared with 
the fundamental half period. If 5=1, we have the function of 
Fig. 4.1. 

With this notation, (4.16) becomes 


(4.19) 




n odd 


It is easy to show that if 5 = 1 this reduces to 

<4»» 0.=,^ 

as it should. 

6. Some Remarks About Convergence of Fourier Series, It 

remains to say something about the convergence of Fourier series. 
To do this, it is convenient to examine the coefficients of the real form 
of the Fourier series. These are given by (3.18) and (3.19) in the 


form 

2 r*" 

(5.1) 

A„ = ^ / F(t) cos (nwf) di 

and 

(5.2) 

2 /’*’ 

Bn =‘ / F(t) sin (,no)t) dt 
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From these equations it is evident that the coefficients An and J8« 
must diminish indefinitely as n increases because of the more and more 
rapid fiuctuation in sign of cos {ruaf) and sin (na>0 and the consequent 
more complete canceling of the various elements of the definite integrals 
(5.1) and (5.2). 

Stokes has formulated more definite results. The following state- 
ment must be understood to refer to a function that satisfies the 
Dirichlet conditions, but care is necessary in particular cases to 
determine whether discontinuities of F(t) or its derivatives are intro- 
duced at the terminal points of the various segments. 

а. If F{t) has a finite number of isolated discontinuities in a period, 
the coefficients converge ultimately toward zero like the members 
of the sequence 

(5.3) 1, i, i, • • • 

б. If F{t) is everywhere continuous while its first derivative F'(0 
has a finite number of isolated discontinuities, the convergence is 
ultimately that of the sequence 


(5.4) 


1 , 


111 

22' 32' 42^ * * * 


c. If F{i) and F*{t) are continuous while F"(0 is discontinuous at 
isolated points, the sequence of comparison is 


(5.5) 


1 1 1 1 . . . 
^ 2®' 33' 4*^ 


d. In general, if F{t) and its derivatives up to the order (n — 1) 
are continuous while the nth derivative (in a period) has a finite 
number of isolated discontinuities, the convergence is ultimately as 

( 5 - 6 ) 1 , ■ ■ ■ 


The nature of the proof of these statements, which is simple, may 
be briefly indicated for the sine series. 

If we integrate by parts, we have 

(5.7) ^ ^(0 (^0 

“ - F'{t) C 08 M dt 

The integrated term is to be calculated separately for each of the 
segments lying between the points of discontinuity of F{t), if there 
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are any that lie in the range extending from t = 0 to t = T. If 
there is no discontinuity of Fit) even at the points t - 0 and t = T, 
the first term vanishes. If there is a discontinuity, then there is for 
all values of n an upper limit to the coefficient of 1/n in the first part 
of (5.7). Let us denote this limit by M. The definite integral in the 
second term tends ultimately to zero as n increases because of the 
fluctuations in the sign of cos {nut). Hence Bn is comparable with 
M/n. 

If there is no discontinuity in Fit), we have 

(5.8) B„ = ^ J F'it) cos inut) dt 
If we again integrate by parts, we obtain 

(5.9) Bn = _ 1 r 

L Jo Jq 

In the integrated term of (5.9) we must take into account the dis- 
continuities of F'{i) in the interval if there are any. If F\t) has 
discontinuities, denote by M the upper limit of the coefficient of 
l/n^, we then see that is ultimately comparable to since the 
second term of (5.9) vanishes because of the fluctuation of sin {mat). 
This outlines the method of proof, and the course of the argument is 
apparent. 

The preceding statements concerning the convergence of Fourier 
series are very useful. We thus know beforehand how well or how 
poorly the series will converge. We also have a partial check on the 
numerical work in some problems. 

Differentiating a Fourier series makes the convergence poorer, 
while integrating the series increases its convergence. When a 
Fourier series has been differentiated until it converges as 1/n, it 
cannot be further differentiated. 

6. Effective Values and the Average of a Product The determi- 
nation of the root-mean-square or the effective value of a periodic 
function is a common problem in electric-circuit theory and in the 
theory of mechanical vibrations. The manner in which this may be 
done by the use of the complex Fourier series expansion of the function 
will be demonstrated. 

Suppose that we have a period function F{t) whose Fourier series 
expansion is given by 

Fit) = 5) o„ef“‘ 


( 6 . 1 ) 
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By definition the root-mean-square or effective value of the func- 
tion Fe over a period T is given by 


=- r 

T Jo 


F\t) dt T = 


To obtain F\t) we use the series expansion (6.1) and obtain 
3) F\l) = ( X ( D are'™') 

TISS— .00 00 ' 

n“-h«o 


It is necessary to use two different indices in the multiplication 
to avoid confusion. Substituting (6.3) into (6.2), we obtain 


n= + ce + 


^ /o 2 S 


g7(n+r)a»« 


Carrying out term by term integration, we obtain 


n* + 00 r«“ -f 




However, we have 


nai— 00 r*~oo 


2ir/a 



0 0 

0 ) 


= 0 if m is any integer 


if m = 0 


It follows, therefore, that all the integrals in (6.5) vanish except 
those for which 

(6.7) r = ~n 
and we have 

n*» 4 - * n — + oo 

(6.8) = S 

n*" — 00 n— — 00 

This result may be put into a different form by recognizing that 
a--n is the conjugate of an] hence the quantity in the summation sign 
is the square of the magnitude of a«. Since summation over negative 
values of n gives the same result as the summation over positive values 



62 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. Ill 


of n, we have 
(6.9) 


n = 2 X 


Another problem that occurs frequently in electric-circuit theory 
and the theory of mechanical vibrations is the problem of determining 
the average value over a period of the product of two periodic func- 
tions having the same period. Suppose we have the two periodic func- 
tions, having the period T. 


-H- ao 

Pi{t) = S 


( 6 . 10 ) 

We wish to compute 
(6.11) P 


F,{t) 


r — + «> 

ra — «0 


T = 


2ir 


- r 

Tja 


F dt 


Substituting (6.10) into (6.11) and interchanging the order of sum- 
mation and integration, we have 


■ + «o r ■■ -f- 


( 6 . 12 ) 




dt 


n*m — 00 r « 


This is the same integral that we evaluated in (6.5). The result is 
(6.13) 


n— -f « 

P= I a^b. 


This is a very concise form for the average of the product. 

7* Modulated Vibrations and Beats. A very interesting type of 
oscillation occurs in radio telephony. There we encounter ‘^modu- 
lated vibrations.” These are oscillations in which the maximum 
amplitude itself is a periodic function of the time. The amplitude 
changes slowly compared with the frequency of the actual vibration. 
The latter vibration is called the “carrier wave” and has a frequency 
of the order of 10® cycles/sec., while the frequency of modulation is 
the frequency of the radiated tone and is of the order of 1000 cycles/sec. 
This type of oscillation may be represented by the equation 


(7.1) 


u « A (1 + X sin (ait) sin ta^ 


6>2 > > 
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By a familiar trigonometric formula, this may be written in the 
form 

.(7.2) u ^ Asia mt — cos (0)2 + «i)< + cos (w2 — o>i)t 


This signifies the combination of two vibrations of equal amplitude 
and having frequencies of (c *)2 + o>i) and (a >2 — coi) which are very 
close together. In practice, this type of vibration may be produced 
in either of two ways. One method is to modulate a carrier frequency, 
and another is to combine two oscillations that differ very little in 
frequency. This latter case is known in the theory of sound as 
‘‘beats.^^ The angular frequency of the beats is ( 0)2 — wi). 

Equation (7.1) represents the simplest case of a class of functions 
called ''almost-periodic.^' If, for example, o)i and are not com- 
mensurable, then the function u has no definite period, that is, no 
fixed interval T exists such that the value of u is repeated at a time 
(T + t). 

8. The Propagation of Periodic Disturbances in the Form of Waves. 

Let us consider a process that varies as either the real or imaginary 
part of the function 

(8.1) u{x,t) = 


In this case as t (the time) increases the argument of the function 
changes. If, however, the coordinate x increases in such a way that 
the argument of the exponential function remains constant, that is, if 


( 8 . 2 ) 



= const. 


then the phase of the function u{x,t) is unaltered. We thus see that 
(8.1) represents a disturbance that travels along the x axis with a 
phase velocity of 


(8.3) 


— 

dt 


== V 


Now let us consider a given instant of time to. For this value of 
we have 

(8.4) uixyto) = Ae 

The value of the function at a given point Xi is given at this instant 
by 

uixifto) « Ae^"*^** 


(8.5) 
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If we now move along the x axis to a new point Xt such that the 
function at Xi resumes its value at x, we have 


( 8 . 6 ) 

or 

(8.7) 

and hence 

( 8 . 8 ) 


e ® = c ® 

Axi-xi) 

6 ® =1 


or 

(8.9) 

and hence 

( 8 . 10 ) 


^ (x2 — Xi) = 27r 


(X2 — Xi) 



0 ) 


The distance X that gives the separation of the successive points of 
equal phase is called the wave length.^^ If / is the frequency of the 
oscillation, we have from (8.10) 


( 8 . 11 ) 


J = X/ - e; 


that is, 

(8.12) Wave length X frequency = velocity of propagation of phase 
A process that varies in the form (8.1) is called a “plane wave^’ 
since u is constant in any plane perpendicular to the direction of 
propagation x. The simple plane wave (8.1) is a particular integral 
of a partial differential equation that is easily deduced. If u is 
diiTerontiated twice with respect to t and twice with respect to x, we 
obtain 


(8.13) 


d^u 

dt^ 

dhi 

dx^ 


—(a^Ae 


>0-f) 


Ae 


joi 


(-0 


aud hence 


(8.14) 


3^ ^ 1 
dx^ v* ai* 


This is called the wave equation in one dimension. It is funda* 
mental in the study of many important physical phenomena. A 
detailed discussion of the wave equation is given in Cl^p. XVI. 
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9, The Fourier Integral. In this section, we shall consider the 
limiting form of the Fourier series as the fundamental period T is 
made infinite. We shall see that Avhen this is done the series passes 
into an integral. A rigorous derivation of the Fourier integral is 
beyond the scope of this discussion and will be found in the works 
quoted in the references at the end of this chapter. However, the 
heuristic derivation given here shows the general trend of the argu- 
ment. We start with the complex Fourier series expansion of the 
periodic function F{t) 

(9.1) ii’CO =" f "anC'""' T = — 

^ O) 


where the coefficients o„ are given by 

1 /■*’ 

(9.2) dn = j, / F(u)e-”‘“'‘ du 

Now because of the assumed periodicity of F(i) we can take the 
range of integration in (9.2) from —TI2 to +T/2 instead of from 
0 to T. We thus have 


1 r 

“ r j-3 


F(M)e“»’*““ du 


Substituting this into (9.1), we obtain 

n*» + w 


(9.4) 

Fit) = 

St 

n — — «o 

r+T/2 

/ Fiu)e r du 

J -T/2 

Let us 

now place * 


f = As 

(9.6) 



This gives 




(9.6) 

Fit) = 

1 

r»« — w 

/-rT 


Now the definite integral <t>(s) ds is defined as the limit, for 
Aa infinitely small, of the sum 

(9.7) ^ 4>{n As) As 

n«0 

Also, we have . 

(9.8) ^(fi) ds « <#>(«) ds + <#>(«) ds — ^ <t>(n As) As 
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From this it follows that as T grows beyond all bound the expression 
(9.6) passes over into the Fourier integral / 

(9.9) F{t) = duj 

= e’*"" ds F{u)er^^’‘'^ du 

The second form of the identity (9.9) shows that' the function 
Fit) may be expressed by a continuous series of harmonics. 

The possibility of such a representation is of great importance 
in the analytical treatment of functions that are otherwise not express- 
ible by a unified mathematical expression. 

The limitations on Fit) that allow the above formal procedure to 
be valid will now be given: 

а. Fit) must be a single-valued function of the real variable t 
throughout the range — <» < ^ < oo . It may, however, have a finite 
number of finite discontinuities. 

б. At a point of discontinuity to, the function will be given the 
mean value 


Fito) = i[Fi^o + 0) + Fito — 0)] 


c. The integral |F(0l dt must exist. 

We noted that when we expand a function into a Fourier series in 
a certain range then the function is defined 
by the series outside this range in a peri- 
odic manner. However, by the Fourier 
integral, we obtain analytical expressions 
for discontinuous functions that represent 
the function throughout the infinite range 
— 00 < ^ < -f- 00 , The following example will make this clear. Let 
us suppose that Fit) is the single pulse given by Fig. 9.1. 

The pulse has a height equal to A and begins at i = —a and ends 
at t » a. Hence we have 


Fitl 



n 

n 

□ 

A 

-a 

+a 


Fia. 9.1. 


( 0 t< -a 

0 t> a 

A -a <t <a 

Substituting this value of Fit) into (9.9), we obtain | 

(9.11) . F{t) ^ ds Aer^’i^^ du [ 

Ji we let 

(9.12) 2ks r V 
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we have ' 

^9.13) F(.) - A 

•/*-«> V 

This is the Fourier integral representation of the function (9.10). 
Another form of the Fourier integral ma}^ be obtained from (9.9) by 
using Euler’s relation on the complex exponentials and the fact that 
the cosine is an even function and the sine is an odd function of its 
argument. We thus obtain the real form of the Fourier integral 

(9.14) F{t) ^ 2 ds F(u) cos 2Ts{t — u) du 

The Fourier integral is of great importance in the field of electrical 
communication and forms the basis of a powerful method for the 
solution of partial differential equations due to Cauchy. 

PROBLEMS 

1. Show that if Fit) is an even function, that is, Fit) = Fi—t)^ then its real 
Fourier scries expansion contains no sine terms. 

2. Show that if Fit) is an odd function so that F(— f) « —Fit) then its real 
Fourier series expansion contains no cosine terms and no constant term. 

3. Expand the function Fit) = kt on the interval --T/2 < t < T/2 in a 
complex Fourier series. Plot the function defined by the series outside this ranj^e. 

4. Expand in the interval 0 < < < T in a complex and a real Fourier series. 

6. Expand the function c®* in a complex and a real Fourier series in the 

interval 0 < f < T. 

6. Show that if A is a constant, then in the range 0 < t < T 

. 4A / , ^ , sin , sin 5t , \ 

7. Show that if Fit) « for —T/2 < t < 0 and Fit) « ^(0 for 

0 < i < T/2 then the real Fourier series for Fit) contains no sine terms. 

8. Show that if Fit) « ~<^>(— 0 for —T/2 < t < 0 and Fit) 0(0 for 
0 < t < T/2 then the real Fourier series for Fit) contains no cosine terms. 

9. Show by using the results of Probs. 7 and 8 that a function Fit) may be 
expanded in the range 0 < f < r/2 either in terms of sines alone or in terms of 
cosines alone. 

10. Expand the function of period 12 defined by the following equations in the 
interval — 6 < f < 6: 

Fit) -0 for -6 ^ ^ -3 

Fit) » f + 3 for -3 < i ^ 0 

Fit) « 3 - « for 0 < < ^ 3 

Fit) « 0 for 3 < / ^ 6 

Plot the function. 

11. Prove that the numerical value of sin |sm f|, is an even function of 
period ir, and find the Fourier series that represents it. 

12. Find the Fourier series that represents |cos t\. 
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18 . Show that 


2 sin air 


( sin X 2 sin 2a; 3 sin 3a; \ 

12 _ a* 2* - a* 3» - a* ’ ’ / 


14 . Show that 


cosh ax 


2a sinh av 


( 1 cos X 
2a^ V + a^ 


cos 2a; 


cos 3a; 


2 « + a* 32 + a 


2 + 


) 
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CHAPTER IV 


LINEAR ALGET RAIC EQUATIONS, DETERMINANTS 
AND MATRICES 


1 . Introduction. This chapter will be devoted to the discussion 
of the solution of linear algebraic equations and the related topics 
determinants and matrices. These subjects are of extreme importance 
in applied mathematics, since a great many physical phenomena are 
expressed in terms of linear differential equations. By appropriate 
transformations the solution of a set of linear differential equations 
with constant coefficients may be reduced to the solution of a set of 
algebraic equations. Such problems as the determination of the 
transient behavior of an electrical circuit or the determination of the 
amplitudes and modes of oscillation of a dynamical system leads 
to the solution of a set of algebraic equations. 

It is therefore important that the algebraic processes useful in the 
solution and manipulation of these equations should be known and 
clearly understood by the student. 

2 . Simple Determinants. Before considering the properties of 
determinants in general, let us consider the solution of the following 
two linear equations: 


( 2 . 1 ) 


+ auXz = fci 
Ci 2 lXl "f" (I22X2 ~ ^2 

If we multiply the first equation by a22 and the second by — ai2 and 
add, we obtain 

( 2 . 2 ) {CLll(l22 — ^ 21 ^ 12)^1 ~ kiG22 — JC2(Zl2 

The expression (aiia22 — 021012) may be represented by the symbol 

lOii O12I 


( 2 . 3 ) 


021 


022 


= (011O22 ■“ O21O12) 


This symbol is called a determinant of the second order, 
solution of ( 2 . 2 ) is 


( 2 . 4 ) 


Xi « 




hi 

O12 

(fcia 22 

* 1201 *) _ 

A /2 

022 

(011O22 

021018 

Oil 

O12 



O21 

O22 


The 
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Similarly, if we multiply the first equa'ion of ( 2 . 1 ) by an and the 
second one by —an and add, we obtain 

an fci 

a 2 i ^2 

an ai2 

a2i a22 ** 

The convenient expression for the solution of the Eqs. (2.1) in 
terms of the determinants is very convenient and may be generalized 
to a set of linear equations in n unknowns. We must first consider 
the fundamental definitions and rules of operation of determinants 
and matrices. 

3. Fundamental Definitions. Consider the square array of 
quantities an, where the subscripts i andy run from 1 to n, and written 
in the form 

ail ai2 ai3 * * • ain 

a2i a22 a23 * * * a2n 

(3.1) |a| == aai a32 as 3 * • * azn 


|anl a«2 UnS * * ‘ ann 

This square array of quantities is a symbolical representation of a 
certain homogeneous polynomial of the nth order in the quantities 
a,v to be defined later and constructed from the rows and columns 
of |a| in a certain manner. This symbolical representation is called 
a determinant. The quantities a , 7 are called the elements*^ of the 
determinant. 

In this brief treatment we cannot go into a detailed exposition 
of the fundamental theorems concerning the homogeneous polynomial 
that the determinant represents; only the essential theorems that 
are important to the solution of sets of linear equations will be con- 
sidered. Before giving explicit rules concerning the construction of 
the homogeneoiis polynomial from the symbolic array of rows and 
columns, it will be necessary to define some terms that are of para- 
mount importance in the theory of determinants. 

a. Minors, If in the determinant |a| of (3.1) we delete the ith row 
and the yth column and form a determinant from all the elements 
remaining, we shall have a new determinant of (n — 1 ) rows and 
columns. This new determinant is defined to be the mirurr of the 
element a*/. For example, if |a| is a determinant of the fourth order 
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an 

ai 2 ‘ 

an 

ai 4 

^21 

ai % 

<128 

a 2 i 

Usi 

a > i 2 

an 

azi 

041 

ai 2 

an 

a44 


the minor of the element 032 is denoted by ikf 32 and is given by 
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(3.3) 



an 

an 

an 

Mz2 = 

a2i 

<*23 

<*24 


an 

an 

<*44 


b. Cofactors, The cofactor of an element of a determinant an is 
the minor of that element with a sign attached to it determined by the 
numbers i and j which fix the position of a^ in the determinant |a|. 
The sign is chosen by the equation 

(3.4) An = {-ly^’Mn 

where An is the cofactor of the element an and Mn is the minor of the 
element an- 

4. The Laplace Expansion. We come now^ to a consideration of 
what may be regarded as the definition of the homogeneous polynomial 
of the nth order that the symbolical array of elements of the deter- 
minant represents. Let us, for simplicity, first consider the second- 
order determinant 


(4.1) 





U12 

U22 


By definition, this symbolical array represents the second-order 
homogeneous polynomial 


(4.2) 


|a| = (aiiU22 — ^21012) 


The third-order determinant 


(4.3) 

Id = 

an 

<*21 

<*12 

<*22 

<*13 

<*23 



<*31 

<*32 

azz 


represents the third-order homogeneous polynomial defined by 

3 3 

(4.4) |al = anAii or ^ 

where the elements on in (4.4) must be taken from a single row or a 
^ngh column of a. The A^^'s are the cofactors of the corresponding 
elements 0,7 as defined in Sec. 3. As an example of this definition, we 
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see that the third-order determinant may be expanded into the proper 
third-order homogeneous polynomial that it represents, in the following 
manner: 


(4.5) 


\a\ - an 


U22 

a32 


023 

088 


— ai2 


021 

Osi 


023 

088 


+ O18 


O21 

081 


O22 

0821 


(4.6) |o| = 0 ii (022088 ““ O82O23) 012(021033 0312023) + 

0 l 8 ( 02 l 082 — O81O22) 


This expansion was obtained by applying the fundamental rule (4.4) 
and expanding in terms of the first row. Since one has the alternative 
of using any row or any column, it may be seen that (4.3) could be 
expanded in six different ways by the fundamental rule (4.4). 

It is easy to show that all six ways lead to the same third-order 
homogeneous polynomial (4.6). The definition (4.4) may be general- 
ized to the nth order determinant (3.1), and this symbol is defined to 
represent the nth order homogeneous polynomial given by 


(4.7) 


— ^ or ^ ciijAi 




where the Oi/ quantities must be taken from a single row or a single 
column. In this case, the cofactors are determinants of the 
(n — l)th order, but they may in turn be expanded by the rule (4.7) 
and so on until the result is a homogeneous polynomial of’ the nth 
order. 

It is easy to demonstrate that, in general. 


(4.8) 


n 



aijAkj = 



if i = fc 
ii i k 


6. Fundamental Properties of Determinants. From the basic 
definition (4.7), the following properties of determinants may be 
deduced: 

o. If all the elements in a row or in a column are zero, the deter- 
minant is equal to zero. This may be seen by expanding in terms of 
that row or column, in which case each term of the expansion contains 
a factor of zero. 

b. If all elements but one in a row or column are zero, the deter- 
minant is equal to the product of that element and its cofactor. 

' c. The value of a determinant is not altered when the rows are 
changed to columns and the columns to rows. This may be proved 
by developing the determinant by (4.7). 

d. The interchange of any two columns or two rows of a det®p- 
minant changes the sign of the determinant. 
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e. If two columns or two rows of a determinant are identical, the 
determinant is equal to zero. 

/. If all the elements in any column are multiplied by any factor, 
the determinant is multiplied by that factor. 

g. If each element in any column or any row of a determinant is 
expressed as the sum of two quantities, the determinant can be 
expressed as the sum of two determinants of the same order. 

h. It is possible, without changing the value of a determinant to 
multiply the elements of any row or any column by the same constant 
and add the products to any other row or column. For example, 
consider the third-order determinant 




dll 

di2 diz 



(5.1) 

l«l = 

dii 

d22 d2Z 





dzi 

dz2 dzz 



Let 








(uii + Tnaiz) ai2 clu 


dll di2 

diz 

1 

diz di2 diz 

(C.2) A = 

{dil “b CL^2 U28 


d21 d22 

d2Z 

+ 

d2Z d22 d2Z 


(flai “f" tyidss) dsi Cizz 


dzi dz 2 

dzi 


dz^ dz2 dzz 


Since the second determinant is zero because the first and third 
columns are identical, we have 

(5.3) \a\ = A 


6. The Evaluation of Numerical Determinants. The evaluation of 
determinants whose elements are numbers is a task of frequent 
occurrence in applied mathematics. This evaluation may be carried 
out by a direct application of the fundamental Laplacian expansion 
(4.7), This process, however, is most laborious for high-order deter- 
minants, and the expansion may be more easily effected by the 
application of the fundamental properties outlined in Sec. 5 and by 
the use of two theorems that will be mentioned in this section. 

As an example, let it be required to evaluate the numerical deter- 
minant 


( 6 . 1 ) 


|a| 


2 -1 

1 4 

4 2 

3 1 


5 

6 
7 
2 


1 

3 

4 

5 


This determinant may be transformed by the use of principle b of 
Sec. 6. The proce/iure is td piake all elements but one in some row or 
column equal to zero. The presence of the factor — 1 in the second 
column suggests that we mulfeply the first row by 4 and add it to the 
secimd row, then we multiply the first row by 2 and add it to the third 
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row, and finally we add the first row to the fourth row. By h of 
Sec. 5, these operations do not change the value of the determinant. 
Hence we have 


-1 5 

0 26 
0 17 

0 7 


9 26 

= 8 17 

5 7 


If we now subtract the elements of the last column from the first 
column, we have 


We now add two times the third row to the first row, and two times 
the third row to the second row and obtain 

0 40 19 

(6.4) \a\ = 0 31 18 = - 

— .1 7 6 

Now we may subtract the second row from the first row and obtain 


a = -1 


(162 - 31) 


This procedure is much shorter than a direct application of the 
Laplacian expansion rule. 

A Useful Theorem, We now turn to a consideration of a theorem 
of great power for evaluating numerical determinants. The method 
of evaluation, based on the theorem to be considered, was found most 
successful at the Mathematical Laboratory of the University of 
Edinburgh and was due originally to F. Ohio. 

To deduce the theorem in question, consider the fourth-order 
determinant 


( 6 . 6 ) 


^11 

hl2 

bu 

bx4 

>21 

i>22 

b%z 

bn 

>81 

632 

feas 

bu 

>41 

&42 

hiz 

bu 


We now notice whether any element is equal to unity. If not, we 
prepare the determinant in such a manner that one of the elements is 
unity. This may be done by dividing some row dr column by a 
proper number, say m, that will make one of the elemmts equal to 
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unity and then placing the number w as a factor outside the deter- 
minant. For simplicity, we shall suppose that this has been done and 
that, in this case, the element 623 is equal to unity. 

Now let us divide the various columns of the determinant h by 621, 
622, 623, and 624, respectively; then in view of the fact that the element 
628 has been made unity, we have 


(6.7) 


\b\ 


bi 

621 


i- 

= 621^22623624 


1 

631 

621 

bi 

621 


612 

622 

1 

632 

622 

642 

622 


61* 

1 

633 

643 


624 

1 

^8 ^ 
624 
644 
624 


Now if we subtract the elements of the third column from those of the 
other columns, we obtain 


(6.8) |6| = 621622623624101 

where 


(fe " (fe " 

Expanding in terms of the third row, we obtain 


(6.9) |o| = (-1) 


2+3 


it -4 




Substituting this value of |o| into (6.8) and multiplying the various 
columns by the factors outside, we finally obtain 


( 6 . 10 ) 16 | 


(^1)»+. 


|(6u — 613621) 
(631 — 621633) 
(641 — 621643) 


(612 — 613622) 
(612 ^ 622633) 
(642 622643) 


(614 — 624613) 
(643 624633)1 

(614 — 624643); 
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The theorem may be formulated by means of the following rule: The 
element that has been made unity at the start of the process is called 
the pivotal clement. Tn this case it is the element 623. The rule says: 

The row and column intersecting in the pivotal element of the 
original determinant, say the rth row and the sth column, are deleted; 
then every element u is diminished by the product of the elements 
which stand where the eliminated row and column are met by per- 
pendiculars from u and the whole determinant is multiplied by 

By the application of this theorem, we reduce the order of the 
determinant by one unit. Repeated application of this theorem 
reduces the determinant to that of the second order, and then its value 
is immediately written down. 

Before turning to a consideration of linear algebraic equations and 
to the application of the theory of determinants to their solution, a 
brief discussion of matrix algebra and the fundamental operations 
involving matrices is necessary. In this chapter, the fundamental 
definitions and the most important properties of matrices will be 
outlined. 

?• Definition of a Matrix, By a square matrix a of order n is 
meant a system of elements that may be real or complex numbers 
arranged in a square formation of n rows and columns. That is, 
the symbol [a] stands for the array 




an 

U 12 * ' 

• Uln 

(7.1) 

[a] = 

an 

«22 * * 

* a2n 




(2n2 

_ 


where denotes the element standing in the ith row and ^th column. 
The determinant having the same elements as the matrix [a] is denoted 
by la| and is called the determinant of the matrix. 

Besides square arrays like (7.1), we shall have occasion to use 
rectangular arrays or matrices of m rows and n columns. Such arrays 
will be called matrices of order Where there is only one row 

so that m = 1, the matrix will be termed a vector of the first kind or a 
prime. As an example, we have 

(7.2) [a] = [ciii(ii2 • • • ttin] 

On the other hand, a matrix of a single column of n elements Wfli be 
termed a vector of the second kind 01 a point. To save space it will 
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be printed horizontally and not vertically and denoted by a parenthesis 
thus: 

(7.3) {h} = ‘ ' 6ni) 

Transposition of Matrices. The accented matrix [a]' = [u/J ob- 
tained by a complete interchange of rows and columns in [a] is 
called the transposed matrix of [a]. The ith. row of [a] is identical 
with the ith column of •[«]'. For vectors, we have 

(7.4) [uY = [u] [vY = [v], a row 

8. Special Matrices, a. Square Matrix. If the number of rows 
and of columns of a matrix are equal to n, then such a matrix is said 
to be a square matrix of order n, or simply a matrix of order n. 

ft. Diagonal Matrix. If all the elements other than those in the 
principal diagonal are zero, then the matrix is called a diagonal matrix. 

c. The Unit Matrix. The unit matrix of order n is defined to be the 
diagonal matrix of order n which has units for all its diagonal elements. 
It is denoted by t/n or simply by U when its order is apparent. 

d. Symmetrical Matrices. If a^ = the matrix [a] is said to be 
symmetrical and it is identical to its transposed matrix. That is, if 
[a] is symmetrical, then [a]' « [a]. 

e. Skew-symmetric Matrix. If an = —a/i, but the elements a»< 
are not all zero, then the matrix is called a ‘^skew’^ matrix. 

If an = —aji and an = 0, the matrix is called a ^^skew-symmetric’' 
matrix. It may be noted that both symmetrical and skew matrices 
are necessarily square. 

/. Null Matrices. If a matrix has all its elements equal to zero, it 
is called a ^‘null” matrix and is represented by [0]. 

9. Equality of Matrices, Addition and Subtraction. It is apparent 
from what has been said concerning matrices that a matrix is entirely 
different from a determinant. A determinant is a symbolic representa- 
tion of a certain homogeneous polynomial formed from the elements 
of the determinant as described in Sec. 4. A matrix, on the other 
hand, is merely a square or rectangular array of quantities. By 
defining certain rules of operation that prescribe the manner in which 
these arrays are to be manipulated, a certain algebra may be developed 
that has a formal similarity to ordinary algebra but involves certain 
operations that are performed on the elements of the matrices. It 
is to a consideratiori of these fundamental rules of operation and 
definitions that we now turn. 

a. Equality of Matrices. The concept of equality is fundamental 
in algebra and is likewise of fundamental importance in matrix algebra. 
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In matrix algebra, two matrices [a] and [6] of the same order are 
defined to be equal if their corresponding elements are identical, that 
is, we have 

(9.1) [a] = [b] 
provided that 

(9.2) an = bij 

b. Addition and Subtraction, If [a] and [b] are matrices of the same 
order, then the sum of [a] and [b] is defined to be a matrix [c], the 
typicalelement of whichisci/ = an + 6,7. In other words, by definition 

(9.3) [c] - [a] + [6] 
provided 

(9.4) Cn ~ “f* bn 

In a similar manner we have 

(9.5) [d] = [a] ^ [6] 
provided that 

(9.6) dn ^ Oi^ ^ bn 

10. Multiplication of Matrices, a. Scalar Multiplication. By defi- 
nition, multiplication of a matrix [a] by an ordinary number or scalar 
k results in a new matrix b defined by 

(10.1) k[a] = [b] 
where 

( 10 . 2 ) bn = kan 

That is, by definition, the multiplication of a matrix by a scalar 
quantity yields a new matrix whose elements are obtained by multi- 
plying the elements of the original matrix by the scalar multiplier, 
b. Matrix Multiplication. The definition of the operation of 
multiplication of matrices by matrices differs in important respects 
from ordinary scalar of algebraic multiplication. The rule of multi- 
plication is such that two matrices can be multiplied only when the 
number of columns of the first is equal to the number of rows of the 
second. Matrices that satisfy this condition are termed conformable 
matrices. 

Definition. The product of a matrix [a] by a matrix [5] is defined 
by the equation 

(10.3) 


lallb] « [c] 



Sbc. 10] 

where 
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= A (Uhbkj 
Jfc-1 


and the orders of the matrices [a], [6], and [c] are (m.p), (p.n), and 
(m.n), respectively. As an example of this definition, let us consider 
the multiplication of the matrix 




ail 

ai2 


Ois 

( 10 . 5 ) 

la] = 

a^i 

022 


028 



dzi 

082 


088 

by 



'bn 


612 


(10.6) 

lb] 

= 

bn 


622 





bn 


632 



By applying the definition, we obtain 


(10.7) 
la][b] = 


(uii&ii + + dizbn) 

(dnbn *T U22&21 + o> 2 zbzi) 
{cLzibii + CLzit>2\ + cizzbzi) 


{aiibn + 012^22 + ^ 18632 ) 
(021612 + O22622 + (i2zbz2) 
(031612 + 032622 + CLzzbzz) 


If the matrices are square and each of order n, then the correspond- 
ing relation [a][6] = [c] is true for the determinants of the matrices 
[o], [6], and [c]. 

Since matrices are regarded as equal only when they are element 
for element identical, it follows that since a row by column rule will, in 
general, give different elements from a column by row rule the product 
[6][o], when it exists, is usually different from [o][6]. Therefore it is 
necessary to distinguish between ^‘premultiplication^’ as when [6] is 
premultiplied by [o] to yield the product [a] [6] and ‘‘postmultiplica- 
tion^^ as when [6] is postmultiplied by [a] to yield the product [6][a]. 
If we have the equality 

(10.8) [a][6] = [6][a] 

the matrices a and 6 are said to ^'commute” or to be ^'permutable.^' 
The unit matrix 17, it may be noted, commutes with any square matrix 
of the same order. That is, we have 

(10.9) [a]U = t/[a] « [a] 

c. Continued Products of Matrices, Except for the noncommuta- 
tive law of multiplication (and therefore of division, which is defined 
as the inverse operation), all the ordinary laws of algebra apply to 
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matrices. Of particular importance is the associative law of continued 
products 

(10.10) {[a][b][c]) = [amic]) 

which allows one to dispense with brackets and to write [o][6][c] 
without ambiguity, since the double summation 

k I 

can be carried out in either of the orders indicated. 

It must be noted, however, that the product of a chain of matrices 
will only have meaning if the adjacent matrices of the chain are 
conformable. 

d. Positive Powers of a Square Matrix, If a square matrix is 
multiplied by itself n times, the resultant matrix is defined as [a]’^. 
That is, 

(10.11) [a]" = W * W [fit] to n factors 

11. Matrix Division, the Inverse Matrix. If the determinant |a| of 
a square matrix [a] does not vanish, [a] is said to be nonsingular and 
possesses a ^^reciprocaT^ or inverse matrix [R] such that 

(11.1) [a][K]= U 

where U is the unit matrix of the same order as [a], 

a. The Adjoint Matrix of a Matrix, Let Aij denote the cofactor 
of the element Ut,* in the determinant \a\ of the matrix [o]. Then the 
matrix [A,i] is called the ‘‘adjoint’' of the matrix [a]. This matrix 
exists whether [a] is singular or not. Now by (4.8) we have 

(11.2) [a][A,i] = la|C/ 

It is thus seen that the product of [a] and its adjoint is a special type 
of diagonal matrix called a “scalar matrix.” Each diagonal element 
(f= j) is equal to the determinant \a\, and the other elements are 
zero. I 

If \a\ 9^ 0, we may divide through by the scalar |a| and hence 
obtain at once the required form of [JB], the inverse of [a]. From 
(11.2) we thus have 


(11.3) 


\a\ 


Therefore, comparing this with (11.1) we see that 


(11.4) 
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The notation is introduced to denote the inverse of [a]. By 
actual multiplication, it may be proved that 

( 11 . 5 ) [a][a]-^ - [a]-^[a] = U 

so that the name reciprocal and the notation [a]""' is justified. 

If a square matrix is nonsingular, it possesses a reciprocal, and 
multiplication by the reciprocal is in many ways analogous to division 
in ordinary algebra. As an illustration, let it be required to obtain 
the inverse of the matrix 




Oil 

an 

O18 

( 11 . 6 ) 

[ a ] = 

021 

O22 

028 



031 

082 

033 


Let \a\ denote the determinant of [a]. The next step in the process is 
to form the transpose of a. 




Oil 

021 

081 

( 11 . 7 ) 

[a]' = 

012 

022 

032 



Ol 3 

023 

Oss 


We now replace the elements of [a]' by their corresponding cofactors 
and obtain 


( 11 . 8 ) 
[A^i] = 


(022^38 023 ^^ 32 ) 

(U23U3I “ U21U38) 
(fl 2 lCJ 32 "" U22U31) 


(ai 3 a 32 — 012033) 
(011033 — OisOai) 
(012031 — 011032) 


This inverse [ 0 ]“^ is therefore 


( 11 . 9 ) 


\a\ 


( 012 O 23 "" 01 SO 22 ) 
(018O21 — 011O28) 
( 011 O 22 ■" 012 O 21 ) 


As has been mentioned, the inverse matrix plays the same role in 
matrix algebra that division plays in ordinary algebra. That is, if 
we have 


(11.10) [o][6] - [cM 

where [o] is a nonsingular matrix. Then on premultiplying by [o]*”^, 
the inverse of [a], we obtain 

(11.11) [a]"‘[o][6] - laMcM 
or 


( 11 . 12 ) 


lb] « [arMd] 
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b. Negative Powers of a Square Malrix. If [a] is a nonsingular 
matrix, then negative powers of [a] are defined by raising the inverse 
matrix of [a], [a]“^ to positive powers. That is 

(11.13) [a]“- = (M-O" 

12. The Reversal Law in Transposed and Reciprocated Products. 

One of the fundamental consequences of the noncommutative law of 
matrix multiplication is the ^‘reversal law^' exemplified in transposing 
and reciprocating a continued product of matrices. 

a. Transposition, Let [a] be a (p.n) matrix that is, one having 
p rows and n columns, and let [b] be an (m,p) matrix. Then the 
product [cl == [b][a] is an (m.n) matrix of which the typical element is 

(12.1) Cij = ^ birOrj 

r»l 

When transposed, [a]' and [6]' become (n,p) and (p.m) matrices; they 
are now conformable when multiplied in the order [o]'[6]'. This 
product is an (n.m) matrix, which may be readily seen to be the 
transposed of [c] since its typical element is 

(12.2) Cji = ^ aribjr 

r-1 

It thus follows that when a matrix product is transposed the order 
of the matrices forming the product must be reversed. That is, 

(12.3) {[a][b]y = [bYla]' 
and, similarly, 

(12.4) ([a][6][c])' = [c]'[6]'[a]', etc. 

b. Reciprocation, Let us suppose that in the equation [c] * [5][a] 

the matrices are square and nonsingular. If we premultiply both 
sides of the equation by and postmultiply by [c]~^, then we 

obtain We thus get the rule that 

(12.6) ([6][a])-i 

or 

( 12 . 6 ) ([a][b][c]r^ » [cMbMa]-^ 

. 18. Properties of Diagonal and Unit Matrices. Suppose that [a] is 
a square matrix of order n and [b] is a diagonal matrix, that is, a matrix 
that has all its elements zero with the exception of the elements in the 



Sec. 141 LINEAR ALGEBRAIC EQUATIONS 88 

main diagonal, and is of the same order as [o]. Then if [c] = [6][o], 
we have 

n 

(13.1) Cij “ ^ hirdrj “ hiidij 

r-1 

since = 0 unless r = i. 

It is thus seen that premultiplication by a diagonal matrix has the 
effect of multiplying every element in any row of a matrix by a con- 
stant. It can be similarly shown that postmultiplication by a diagonal 
matrix results in the multiplication of every element in any column 
of a matrix by a constant. The imit matrix plays the same role in 
matrix algebra that the number one does in ordinary scalar algebra. 

14. Matrices Partitioned into Submatrices. It is sometimes con- 
venient to extend the use of the fundamental laws of combinations 
of matrices to the case where a matrix is regarded as constructed from 
elements that are submatrices or minor matrices of elements. As an 
example, consider 


(14.1) 


[a] - 


1 9 

2 8 


6 2 


3 

4 


7 


This can be written in the form 


(14.2) 

where: 




[SI - [71 


In this case, the diagonal submatrices [P] and [S] are square, and the 
partitioning is diagonally symmetrical. Let [6] be a square matrix 
of the third order that is similarly partitioned 



(14.8) 
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Then, by addition and multiplication, we have 


(14.4) 

(14.5) 


[a] + [5] 




(P + Pi) 
(R + Ri) 


[a][6] 


_ -(PPi + QPi) 

- (RPx + SRi) 


(Q + Qi)] 

(s + 5i)J 

(PQi + Q8i)l 
(RQi + SS0\ 


as may be easily verified. 

In each case the resulting matrix is of the same order and is parti- 
tioned in the same way as the original matrix factors. As has been 
stated in Sec. 10. a rectangular matrix [b] may be premultiplied by 
another rectangular matrix [a] provided the two matrices are con- 
formable, that is, the number of rows of [6] are equal to the number 
of columns of [a]. Now if [a] and [5] are both partitioned into sub- 
matrices such that grouping of columns in [a] agreed with the grouping 
of rows in [6], it can be shown that the product [a] [6] may be obtained 
by treating the submatrices as elements and proceeding according 
to the multiplication rule. 

16. Matrices of Special Types, a. Conjugate Matrices. To the 
operations [a]' and [a]”^ defined by transposition and inversion, may 
be added another one. This operation is denoted by [d] and implies 
that if the elements of [a] are complex numbers the corresponding 
elements of [d] are their respective complex conjugates. The matrix 
[d] is called the conjugate of [a]. 

b. The Associate of [a]. The transposed conjugate of [a], [d]' is 
called the associate of [a]. 

c. Symmetric Matrix. If [a] ~ [a]', the matrix [a] is symmetric, 

d. Involutory Matrix. If [a] = [a]“^, the matrix [a] is involutory. 

e. If [a] = [d], [a] is a real matrix. 

f. Orthogonal Matrix. If [a] = ([a]')"”S [a] is an orthogonal 
matrix. 

g. Hermitean Matrix. If [a] = [d]', [a] is a Hermitean matrix. 

h. Unitary Matrix. If [a] = ([d]')~S [a] is unitary. 

i. Skew-symmetric Matrix. If [a] = —[a]', [a] is skew symmetric. 

j. Pure Imaginary. If [a] = — [d], [a] is pure imaginary. 

k. Skew Hermitean. If [a] = — [d]', [a] is skew Hermitean. 

16. The Solution of n Linear Equations in n Unknowns. In later 
chapters, the methods of the operational calculus and matrix algebra 
will be applied to the solution of sets of linear algebraic and operational 
equations. The operations involved in the solution of these equations 
may be expressed most concisely and elegantly by means of matrix 
algebra. 
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Suppose we have the set of n linear algebraic equations in n 
unknowns: 


Cl = Zllil + Zi2^2 + • “ • + Zinin 
62 = Z2lil + - 222^2 + * * • + Z2nin 


6n = Znlil + Zn2i2 + • • • + Znnin 

The quantities e,-, Za, and % may be real or complex numbers. If 
the relation (16.1) exists between the variables Cj and ?/, then the set 
of variables Cj is said to be derived from the set by a “linear trans- 
formation.’’ The whole set of Eqs. (16.1) may be represented by the 
single matrix equation 

(16.2) {e] = [Z]{i] 

where {e} and {i} are column matrices whose elements are the variables 
6/ and ij. The square matrix [Z] is called the matrix of the trans- 
formation. When [Z] is nonsingular, Eq. (16.2) may be premultiplied 
by [Z]~^ and we obtain 

(16.3) ^IZMZm = {i} 


( 16 . 1 ) 


We thus have a very convenient explicit solution for the unknowns 
(iiH * * • in). The elements of the matrix may be calculated 
by Eq. (11.4). As a simple example, let us solve the system of Eqs. 
(2.1) by using matrix notation. If wc introduce the matrices 


(16.4) 

then Eq. 

(16.5) 
and if [a] 



(2.1) may be written in the form 


[a]{^} = {k} 

is nonsingular, the solution is 


(16.6) 


^ 2 ) .^21 Clf22^ 1 ^ 2 , 


But by (11.4) we have 


(16.7) 


dll 

d2l 


dl2 ^ ^ 1 d22 

d22_ (,dlld22 — d2ldi2) _ — d2l 



Hence carrying out the matrix multiplication expressed in (16.6) 
we obtain 
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(1Ci(Z22 — ^ 2 ^ 12 ) 

(aiia22 tt2iOi2) 

{ICtQ'II felQ^2l) 

(ana 22 (121(112) 

Although the solution of a set of linear equations is very elegantly 
and concisely expressed in terms of the inverse matrix of the coeflS- 
cients, it frequently happens in practice that it is necessary to solve 
for only one or two of the unknowns. 

In this case it is frequently more convenient to use Cramer^s rule 
to obtain the solution. The proof of Cramer^s rule follows from the 
properties of the determinant expressed by Eq. (4.8) and will not 
be given. Let us consider the set of n equations in the unknowns 

(0:1X2 • • • Xn) 

CillXi + U 12 X 2 + • • • + OlftXn = ki 
U21^1 + (I 22 X 2 + • • • + (l2nXn ^2 


CLnlXi + an2^2 + * * * 4* ClnnXn = 

Then if the determinant of the system 

Ull Ul2 • • • ctln 

(16.10) |al - . . . 7^0 

Unl Un2 • • • dnn 

the system of Eqs. (16.9) has a unique solution given by 


(16.9) 



(16.11) 





where Dr is the determinant formed by replacing the elements 


(lLrd2r * * * dnr 


of the rth column of |a| by {kik 2 • • • kn), respectively. 
For example, let us solve the system 


xi — 2x2 + 3x8 = 2 

(16.12) -2x1 -3x8 ^ 

* Xi + X2 + Xs D 

We have 

1 -2 3 

(16.13) |a| « 2 0 -3 « 19 

1 1 1 
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Ssa 16] 


Hence 


(16.14) 



If it happens that the determinant of the coefficients |a| is zero, 
then the investigation of the solutions is more complicated. In such 
a case it is of great use to use the notion of rank of a determinant. 

If la| is a determinant of the nth order and it is not zero, then it is 
said to be of order n. 

If \a\ is zero and also every (r + 1) rowed minor formed from |a| 
is zero but there exists at least one r-rowed minor that is not zero, then 
the determinant |a| is said to be of rank r. 

The idea of rank is important in stating the properties of the solu- 
tion of n nonhomogeneous linear equations in n unknowns. The 
following various possibilities may arise: 

а. If the deternoinant |a| 5^ 0, there exists a unique solution that is 
given by Cramer^s rule, that is, Eq. (16.11). 

б. If lalisolrankr < n and any of the determinants Z)i,i) 2 , • • • Dn 
of Eq. (16.11) are of rank greater than r, there is no solution of the 
system (16.9). 

c. If \a\ is of rank r < n and the rank of D 1 D 2 • • • Dn does not 
exceed r, then there exists infinitely many sets of solution of the system. 

Homogeneous Linear Equations: Let us consider the following 
system of n linear equations in n imknowns: 

aiiX\ + aifiXa + aidXi + • • • + ainXn = 0 

(16.16) 

anlXl ^ an2X2 + UniX^ + • * * + UnnXn = 0 

This set of equations has the trivial solution 

(16.16) xi ^ X2 — xz ^ • • • = ajn « 0 

A necessary and sufficient condition that the system (16.15) have a 
solution ot^r than the trivial solution (16.16) is tliat the determinant 
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|a| of the coeflScients must vanish. That is, we must have 
(16.17) |a| = 0 

This condition is of extreme importance in obtaining the frequency 
equation of oscillating systems. 

17. Linear Transformations. Let us suppose that 

yi = UnXl + UuXi + • • * + UinXn 
(17.1) y2 = U21X1 + ^22^2 + * * • + U 2 nXn 


yn "i^nlXl “I” Wn2^2 • • • -j- 

Then the set of variables y is said to be derived from the set a: by a 
linear transformation. The set of equations may be conveniently 
expressed in matrix notation by 

(17.2) {y} = [u]{x} 

where \y\ and {a:} are column matrixed and [w] is a square matrix of 
the coefficients (called the transformation matrix). Now let us 
suppose that a third set of variables {Z\ is derived from the set [y] 
by the equation 

(17.3) {;.} =M{2/} 

where [y] is the matrix of the transformation. Substituting the 
expression for [y] into (17.3), we obtain 

(17.4) ^[v]lu]{x} 

Thus the transformation of {x} into [z] may be performed directly 
by Eq. (17.4). If {?;} and [w] are nonsingular matrices, we may 
obtain {x} in terms of {z} by premultiplying (17.4) first by and 
then by We thus obtain 

(17.5) {x} - [uMv^Hz] 

Linear transformations are frequently used in applied mathematics 
and may be most conveniently carried out by using matrix algebra. 
For example, in electrical engineering when analyzing three-phase 
circuits we encounter the set of equations 

El = Znh + Z12I2 + Znls 

(17.6) ■ E 2 = Z 21 I 1 + Z 22 I 2 4“ Z2zli 

^ Ez = Zz\I\ + ZZ 2 I 2 + Zzziz 

where the Er quantities are the complex potentials and the It quantities 
are the complex currents of the system while the Zrr and Zn quantities 
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are the complex self- and mutual impedances of the system. We can 
write this set of equations in the form 

(17.7) {E} - [Z]{I\ 
by introducing suitable matrices. 

].et the potential and current matrices {E} and {/} be related to 
transformed potential and current matrices by the equations 

(\7 8) {{E,}=[A]{E} {E]^[A]-nE,] 

^ ’ 1 m or {/) = [B]{h] 

where [A] and [B] are nonsingular matrices. Substituting this into 

(17.7) , we obtain 

(17.9) {E,} = IA][Z][B]{L] 

If we let 

(17.10) [Z,] = [A][Z][B] 
then Eq. (17.9) may be written in the form 

(17.11) W - [Z,] • {/.} 

This equation has the some form as (17.7). It frequently happens 
that the matrix [Z] has certain symmetry and that it is possible to 
choose the matrices [A] and [B] in such a manner that [Zt] will have the 
diagonal form 


(17.12) 


IZt]^ 


Ziit 

0 

0 


0 

Z21t 

0 


0 

0 

Zzu 


in that case, the set of Eqs. (17.11) reduces to the set of three inde- 
pendent equations 


(17.13) 


Eit = Ziu * I It 

Ezt = ^224 ’ l2t 
^ Ezt = Zzzt * lu 


Symmetrical Components. If in, particular, we choose 


(17.14) 


[B] 


1 1 

1 

1 a 


« [s\ 


1 

a 


where a = e*^^*''* 


We obtain what are known in the electrical engineering literature as 
symmetrical components of the potentials- and the currents, respec- 



{/.} 

{E.] 


IS\-HE\ 
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tively, by the equations 

(17.16) 

where 

(17.16) [-S]-* = US] 

The transformed impedance matrix is given by 

(17.17) [Z.] = i[5][Z][S] 

If the three-phase network is S3rmmetrical, we have 


(17.18) 


[Z] = 


Z 

Z 


z 

Zo 

z 


z 

z 

Zo 


then IZ,] is diagonalized by the transformation in the form 
(17.19) [Z.] = 


{Zo + 2Z) 
0 
0 


0 

(Zo - Z) 
0 


0 

0 

{Zo 


Z)] 


and the various sequence currents and potentials are independent. 


PROBLEMS 

1. Solve the system of equations 


x/2 + y/3 + */4 = 12.6 Ans. » - 7 

*/2 + y/4 + z/5 - 16.5 - y - 12 

* + V + *“39 a—20 


3. Prove Cramer’s rule for the general case of a system of n equations. 
Hint: use the Eq. (4.8). 

S. Given the nonsingular matrix [s] defined by 


where 


show'that 


W - l»r,l 


r — 1, 2, 3, • • • n 
? - 1, 2, 3, • • • n 


tra “ 


a 


e 




W-‘ - iW 


the matrix [iSf] of (17.14) is a special case of the above matrix when n 3 . 
matrix is fundamental in the theoiy of symmetrical components of n-phase 
networks* 
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CHAPTER V 


THE SOLUTION OF TRANSCENDENTAL 
AND POLYNOMIAL EQUATIONS 

1. Introduction. In applied mathematics the need frequently arises 
for solvdng numerically transcendental or higher degree algebraic 
equations; for example, in determining the natural frequencies of 
oscillation of a uniform prismatic bar built in at one end and the other 
end supported, it is necessary to solve the transcendental equation 

(1.1) tan 6 = tanh 6 

Transcendental equations occur very frequently in determining the 
natural frequencies and modes of oscillation of electrical and mechan- 
ical systems. Higher degree polynomial equations also arise fre- 
quently in practice. Algebraic formulas exist for the solution of the 
general quadratic, cubic, and quartic equations with literal coefficients. 
However, no formulas exist for the solution of a general algebraic 
equation with literal coeflScients if it is of higher degree than the 
fourth. The formulas for the cubic and quartic equations are some- 
times laborious to apply to given cases. The importance of being able 
to solve numerically equations of this type is very great, and this 
chapter will be devoted to a brief discussion of possible methods of 
solution. 

2. Graphical Solution of Transcendental Equations. As an exam- 
ple, let us solve the transcendental equation 

(2.1) COS X cosh X + 1 = 0 

This equation occurs in determining the natural frequencies of 
oscillation of a clamped cantilever beam. 

Equation (2.1) is satisfied by an infinite number of values of x. 
Let us write the equation (2,1) in the form 

( 2 * 2 ) 

If we plot the curves 


cos a; = — 


1 


cosh X 


yi 


1 


cosh X 


(2.3) 
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and 


(2.4) 2/2 = cos X 

The roots of (2.1) are given by the abscissa of the points of inter- 
section of these two curves as shown in Fig. 2.1. 



From the figure, we find the first three roots to be approximately 

(2.5) xi = 1.87, X2 = a;, = ^ 

Since 


( 2 . 6 ) 


lim 

X—* 00 


1 

cosh X 


== 0 


the higher roots are given with satisfactory accuracy by the equation 

(2.7) x. = (r - i)T r = 2, 3, 4, • • • 

This example illustrates the general principle involved in the 
graphical solution of transcendental equations. That is, if we wish 
to solve the equation 

(2.8) F{x) = 0 
we write it in the form 


(2.9) Fi{x) = F2{x) 

This may usually be done in many ways. We then draw the curves 

( 2 . 10 ) ( yi == 

\ 2/2 = F2{x) 

The real roots of Fix) = 0 are evidently the abscissas of the points 
of intersection of these curves. The larger the scale of the graph 
and the more carefully the drawing is performed, the greater the 
accuracy of the roots. Having once found the approximate location 
of the roots, the accuracy may be improved by an iterative process 
called the ^‘Newton-Raphson method.’’ 
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3. The Newton -Raphson Method. Let us consider the function 



(3.1) y^F{x) 

Let us draw this curve as in Fig. 3.1. 
The point x = ^4 is a root of the 
equation 

(3.2) F{x) = 0 


Let us draw the tangent to the curve 
of the point P. This tangent will intersect the x axis at a point Xi, 
From the figure, we have 


(3.3) 
Hence, 

(3.4) 


tan 0 = 


F(xo) 

(xo — Xi) 


F\xo) 


Xi = Xo - 


F(xo) 

F'te,) 


If we now set up the sequence 
/o CN X., F{Xr) 

(3.5) Xr+i - a:, 

it is apparent from the figure that this sequence tends to the root A, 
If we start on the other side of A where the arc of the curve is convex 
to the X axis, the first step carries us to the other side of A where the 
arc is convex to the x axis, after this the sequence tends to the root 
as before. 

This discussion is based on the following two assumptions: 

а. That the slope of the curve does not become zero along the 
arc Q, P. 

б. That the curve has no inflection point along Q, P. 

More precisely, we can say that if F(x) has only one root between 
two bounds xi and xo while F'(x) and F"(x) are never zero between 
these two bounds, then the Newton-Raphson process will succeed 
if we begin it at one of the bounds for which F(x) and F"(x) have the 
same sign. 

It is sometimes more convenient to use the formula 

(3.6) aJr+l Xr 
instead of (3.6). 

This means that in the successive steps of the process we replace 
the tangents calculated at xi, xzj etc., by lines parallel to the tangent 
at P. This saves the trouble of calculating F'(xr) at each stage. 
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As an example of the method, let it be required to determine the 
solution of the equation 

(3.7) X — sin X + ^ 


To obtain a rough estimate of the root we draw the curves 



as a rough estimate of the root. With 

this value for Xo, we begin the iterative process. Here we have 


(3.10) F(x) = X — sin .Y — | 

(3.11) F'(x) = i — cos X 


The first approximation is 


(3.12) 

Now 


^ ^ _ ^(^o) - ^ _ (^LT sin Xo - w/2) 

XI - Xa - Xo 


(3.13) Xo == 2,3 radians = 132° 

(3.14) sinxo = 0.7431, cos Xo = —0.669 


Hence 


(3.15) 


Xi = 2.3 


(2.3 - 0.743 - 1.57) 
(1 + .669) 


2.308 


This is a very good approximation to the root. If more significant 
figures are desired, the iterative process of (3.6) may be repeated. 

4. Solution of Cubic Equations. In the study of the natural fre- 
quencies of undamped electrical and mechanical systems with three 
degrees of freedom, we have to determine the solution of the equation 

(4.1) + A2Z^ + AiZ + Ao=^0 

We may eliminate the Z^ term by the substitution 
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we then obtain 


(4.3) X® + X + ^Ao — ^ = 0 

This may be written in the form 

(4.4) X® — gx — r = 0 
There are two principal cases to consider 

a. The Case Where 27r^ > 4g®. In this case the cubic has one real 
root and two complex roots. Then if q and r are both positive, we 
find <l> such that 

(4.5) cosh <i> = ^ 

then the real root is given by the equation 


(4.6) 


Xo 




Dividing (4.4) by (x — Xo) we reduce the equation to a quadratic 
and obtain the pair of complex roots by solving the resulting quadratic. 
If q is negative and r is positive, we find <t> such that 

(4.7) sinh <!> = (^4-J ^ 
then the real root is given by the equation 

(4.8) z = ^(-#smh| 


It may be noted that we may always suppose that r is positive 
since if we change the sign of r we merely change the sign of the roots. 

b. The Case Where 27r® < 4g®. In this case the cubic equation 
has three real roots. We now find the smallest positive angle ^ such 
that 

(4.9) cos ^ ^ 

then the real roots are given by 


(4.10) 




X2 ““ 

Xs — 


2 

V3 

2 

V3 


g* cos 
g* cos 



T + <l> 

3 
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For example, let it be required to solve 

(4.11) + 9Z2 + 23Z + 14 - 0 
In this case we remove the Z* term by writing 

(4.12) Z = (x - 3) 
and the equation becomes 

(4.13) ~ 4x - 1 = 0 

We now have 

(4.14) 27. P < 4.4* 

hence this equation comes under case B and the roots are all real. We 
now compute 

(4.15) I = 23°41' 
and substituting into (4.10) we obtain 

’ Xi = 2.11 

(4.16) ■ X2 = -1.86 

. xz = -0.254 

Hence the roots of (4.11) are 

^ Zi == -0.89 

(4.17) * Z 2 = -4.86 

, Z 3 = -3.254 

6. GraeSe’s Root-squaring Method. In the last section we con- 
sidered some algebraic formulas for the solution of the cubic equation. 
There also exists a formula solution for the quartic equation.^ These 
formulas are, in general, laborious to use in numerical computations. 
No formulas exist for the solution of a general algebraic equation with 
literal coefficients if it is of higher degree than the fourth. 

In this section we shall discuss a method for the numerical solution 
of an algebraic equation of any degree. Before considering this 
method, it is well to recall the following properties concerning the 
nature of algebraic equations: 
a. The equation 

(5.1) x" + ^ ^ - 0 

^See, for example, Dickson, Elementary Theory of Equations,*^ p. 31, John 
Wiley & Sons, Inc., New York, 1922. 
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where the coefficients Cr are real numbers has n roots. Some of the 
roots may be repeated roots. 

b. If n is a positive odd integer, the equation always has one real 
root. 

c. The number of positive roots is either equal to the number of 
variations of signs of the a’s or is less than this number of variations 
by an even integer (Descartes’ rule of signs). 

d. The complex roots occur in conjugate complex pairs. 

The method we shall consider was suggested by Dandelin in 1826 
and independently by Graeffe in 1837. It is of great use especially 
in the case of equations possessing complex roots. The fundamental 
principle of the method is to form a new equation whose roots are some 
high power of the roots of the given equation. That is, if the roots 
of the original equation are Xi, X 2 y • • • Xn, the roots of the new 
equation are a:{, ajJ, • * * x^^ If ^ is large, then the high powers of 
the roots will be widely separated. If the roots are very widely 
separated, they may be obtained by a simple process. 

Let the roots of the Eq. (5.1) be ( — ri), (— r 2 ), • • • (— O. These 
values are the roots of the equation with the signs reversed and are 
called the Encke roots. (We shall assume at present that they are 
real and unequal.) Since the r quantities are the roots of the equation 
with the signs reversed, it may be factored in the form 

(5.2) (x + ri)(x + r 2 )(x + rs) • • • (x + r„) = 0 

If we use the convenient notation 

[r J = (ri + r 2 + • • • + rn) == sum of the Encke roots 

= (rir 2 + nrz +•••)= sum of the products of the 

Encke roots taken two at a 
time 

[rtr,r*] = (rir 2 r 8 + rir^r^ +•••)=: sum of the products of 

the Encke roots taken 
three at a time 

r[ir 2 * • • r„] = product of all the roots 
then on multiplying the various factors of (5.2) we obtain 
(5.4) X* + [rt]x^~^ + [rtT/Jx’^'"^ 4 . . . . • • • rj = 0 

Squaring the Roots. A simple device by which a new equation 
whose Encke roots are the squares of the Encke roots of the original 
equation will now be explained. Let us write 



(5.5) 


F{x) = (s + ri){x + r*) • • • (a: + r,) = 0 
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Then 

(5.6) F(— x) = (—X + ri)(— X + rj) • • ■ (— x + r*) - 0 
and 

(5.7) F{x)F{-x) = (r! - x*)(r| - x»)(i - x») • • • (r* - x*) = 0 
If in (5.7) we let 

(5.8) y = -X* 
we obtain 

(5.9) F{x)F{-x) = (y + rf)(y + ri) • • • ( 3 / + r*) = 0 

Now the roots of (5.9) are —r\, — r|, • • • — r*, and hence the 
Eneke roots are r?, r?, • • • ri, and hence they are the squares of the 
Encke roots of (5.5). If we now write F(x) in the form 

(5.6a) F{x) = X + OiX"“‘ + o*x"-* + • • • + a» = 0 

then 

(5.7a) F{x)F(—x) = [x" + aix"~i + • • • a«][(— x)" + 

ai(— x)"-‘ + • • • + a„] = 0 

carrying out the multiplication and writing 

(5.8a) — X* = y 

we obtain 

(5.9a) y” + (af — 2as)y"~i + (a| — 2oi08 + 2a^y’^^ + • • • =0 
This may be written in the form 

(5.10) 

oi 

— 2a2a4 
-|-2oia6 
— 2a< 

We notice that the coefficients of (5.9a) are found from the coeffi- 
cients of the original Eq. (5.6) by the following simple rule: 

The coefficient of any power of y is formed by adding to the square 
of the corresponding coefficient in the original equation the doubled 
product of every pair of coefficients which stand equally far from it on 
either dde. These products are taken with signs alternately negative 
and positive. 

If a power of x is absent, then it is taken with a coefficient equal to 
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zero. To facilitate the process, a table is constructed in the following 
manner: 


F(x) = X" + + • • * + On = 0 


1 

ai 


aa 

O4 

at 


a? 

— 2a2 

al 

— 2aiaj 
+ 2 a 4 

«3 

— 2 a 2 a 4 
-f"2ctiCl5 
— 2(ie 

— 2a8a6 
+2a2a6 

— 2 aia 7 
+208 

etc. 

1 

b, 

62 

b. 

b. 

b. 


where the 6^s are the coefficients of the equation whose Encke roots 
are the squares of the Encke roots of the original equation. 

If we now repeat this process several times, we finally arrive at an 
equation whose Encke roots are the mth powers of the Encke roots 
of the original equation. This equation has the form 

(5.11) x^ + + . . . = Q 

If now 

(5.12) ri > ra > rs > • • • > Tn 
then 

(5.13) rr > > r? > > r? • • • > > r? 

That is, if the roots differ in magnitude in the manner (5.12), then 
the mth power of the roots where m is a large number are widely 
separated. Hence, 

(5.14) [rr] = (r? + r? + • • • + r-) = r? 
for a sufficiently large m. We also have 

(5.15) [rfrf] = (rfr? + rfr? +•••)= rfr? 

Hence from (5.14) we obtain 

(5.16) log ri = I log [rj*] 
and from (5.15) we have 

(6.17) log r* = I log [rfrf]‘- I log [r?] 
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Equation (6.16) determines the absolute value of the largest root 
ri, and Eq. (6.17) determines the absolute value of the second largest 
root r 2 , and so on. 

In the solution of equations by this method it is very necessary to 
know when to stop the root-squaring process. The time to stop is 
when another doubling of m produces new coefficients 
that are practically the squares of the corresponding coefficients 
[rj*], [rf'rf ] in the equation already obtained. To illustrate the general 
theory, let us consider the solution of the equation 

(6.18) F{x) = -f + 23x + 14 = 0 

We construct the following table: 





X 

c 

V 


9 

23 

14 

p* 


35 

277 

190 

p* 


671 

63,009 

38,416 

p* 


324,223 

3.9185 X 10® 

1.4757 X 10® 

pl« 

1 

9.728 X 10"® 

1.535 X 102" 

2.177 X 10J« 

pit 

1 

9.433 X 10*" 

2.357 X W® 

(2.177 X 10"®)2 

plA 

1 

8.898 X 10« 

(2.357 X 10=»8)2 

(2.177 X 10'8)< 


In this table denotes the equation whose Encke roots are the 
squares of the Encke roots of p, etc. 

If we stop at this stage, we have 

(6.19) log = log (8.898 X 10^») = 43.9493 

(6.20) log ri = 0.68670 

and hence 

(6.21) ri = ±4.860 

This is the magnitude of the numerically greatest root. We also 
have 

(5.22) log (rirz)®^ == 2 log (2.357 X 10"») 

= 76.74492 

Hence 

(5.23) log ra « *(76.74492 ~ 43.94932) 

« 0.51243 


Therefore 

(5.24) 


r* = ±3.254 
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Finally, we have 

(5.25) log (rir*r,)“ = 4 log (2.177 X 10«) 

= 73.352 

and 

(5.26) log r, = «^(73.352 - 76.7449) 

= 0.94698 

and therefore 

(5.27) r, = +0.885 

It is not possible to determine the signs of the roots by this process. 
A rough graph of the function F{x) = 0 shows that all the roots are 
negative, and they are, therefore, 

1 xi = -4.860 
Xi = -3.254 
*8 = —0.885 

Complex Roots. We shall now discuss briefly the modifications 
introduced in the above procedure in case the equation under con- 
sideration has complex roots. To illustrate the general procedure 
let the equation under consideration be of the fifth degree and let it 
have the following Encke roots: 

fi, Zi, Zi, Ti, Tf 

where 

(5.29) |ri| > \Z\ > IrsI > lr»| 

We carry out the root-squaring process as before and obtain an 
equation whose Encke roots are the mth powers of the Encke roots 
of the original equation. For a suflBciently large m, we have 

(5.30) [rf] = rr 

as before, since by hypothesis r, is the dominant root numerically. 
Hence this root may be determined as before. We now have 

(5.31) [rpf\ - (rr^“ -|- r^Z”') 

— rf{Z” -f Z”) 

If we let 

Z - 


(5.32) 

we then have 

(5.33) 


[rfrf] = 2rrB** cos (m^) 
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This shows that the coeflScient of the x* term will fluctuate in sign 
as the number m takes in succession a set of increasing values because 
of the cosine term. We also have 

(5.34) [rr^r^?] = 

Proceeding in this manner, we see that when m is large enough so 
that only the dominant part of the coefficient of each power of x is 
retained the equation whose Encke roots are the mth powers of the 
roots of the original equation is 

(5.36) + r^x^ + 2rfR”^ cos {m<l>)x^ + rfR^”^x^ + r^R^^r 2 X + 

r7R^”^2rz “ 0 

From this we may find (ri, r 2 , u, and R). To obtain the angle of the 
complex root, we write 

(5.36) Z = Re^* — u + jv — 22 (cos <l> + j sin 0) 

But we know that the sum of the Encke roots of the original 
equation are given by 

(5.37) ai = ri + Z + Z + rt + ri 

= ri + 2t4 + r2 + rs 

Hence, 

(5.38) u = -ri-n- _ r») ^ ^ 

or 

(5.39) ^ = COB-1 j“ j 

In the above example we saw that the fluctuation of the coefficient 
of the X* term indicated the presence of a complex root. If two 
coefficients fluctuate in sign, the presence of two complex roots may 
be inferred and the analysis modifled accordingly. Rather than to 
consider any fixed rules, it is well to consider the general nature of the 
root-squaring process when solving equations by this method. 

The Case of Repeated Roots. The nature of the process in case the 
equation has repeated roots may be illustrated by the consideration 
of a special case. 'As before, let the Encke roots of the equation be 
denoted by ri, r*, r», • • • r„. Let the root r* be equal to the root n. 
That is, let 

(5.40) rj = r» 

That is, the equation has the repeated root rj, In this case again the 
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equation whose Encke roots are the mih. powers of those of the given 
equation is 

(5.41) X” + H x = 0 

If m is sufficiently large so that we may retain only the dominant 
term in each coefficient we have 


(6.42) x~ + rjjx" + 2 rrr?x ’*“2 4 . rl^rfx + • • • =0 

We notice that the coefficient of the term x’^"^ does not follow the 
usual law that when m is doubled the coefficient is approximately 
squared. In this case, when m is doubled, the new coefficient is 
approximately half the square of the old one. This is an indication 
of a repeated root. To compute r 2 , let 


(5.43) 


hi = rf 

62 = 2r7r^ 

63 = 


If we divide 63 by 6 i, we obtain 


(5.44) 
and hence 

(5.45) 


hi 


— <«2»n 

— 7*2 



The rest of the roots are computed as before. The foregoing 
discussion is the general theory of Graeffe’s root-squaring method. 
In general, it is better to keep the basic concept of the method of root 
squaring in mind rather than to formulate elaborate rules for special 
cases. 


PROBLEMS 

1. Determine the roots of the equation tanh x = tan x, 

2. Dcitermine the roots of the equation tan x » x. 

3. Find the roots of e* =» 5x. 

4. Solve the equation x® — 2x — 1 *= 0. 

6 . Solve the equation x® ~ 97x ~ 202 » 0. 

6. By using Graeffc's method, solve the equation x* — 2x + 2 «« 0* 

7. Solve the equation x® x® -f x H- 1 =0. 

8. Find the roots of the equation x® — 5x® + 6x ~ 1 * 0. 
a. By the formula for the solution of a cubic equation. 

h. By Graeffe’s method. 

9. Solve tan x 
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CHAPTER VI 


LINEAR DIFFERENTIAL EQUATIONS WITH 
CONSTANT COEFFICIENTS 

1. Introduction. Linear Differential Equations of the First Order. 
In applied mathematics, the most important and frequently occurring 
differential equations are linear differential equations. A linear 
differential equation of order n is one of the form 

"*■ + • • • + a»-i(af) ^ + an{x)y = /(x) 

where Oo, Oi, ' * • Un and / are functions of the independent variable 
X and Oo ^ 0. 

If n = 1, we have the linear equation of the first order; this is 
written in the form 

(1.2) % + P{x)y = Q{x) 

If Q(z) = 0, we have 

(1.3) ^+P(x)y^0 

This equation is called a homogeneous linear differential equation 
of the first order. It may be put in the form 

(1.4) ^ = -P(x) dx 

In this form the variables are said to be separated, and we may 
therefore integrate both members and obtain 

(1.6) In y »= — /P(x) dx + c 

where c is an arbitrary constant of integration. Therefore, we have 

(1.6) y =s <*»+cl s *’e* 

but fflnce e* is an arbitrary coxistant, we may denote it by K. Hence 
the solution of (1.3) is 

(1.7) y =- 

106 
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To solve the more general differential equation (1.2), let us place 

(1.8) y = uir')v{x) 

where u and v are functions of x to be determined. Placing this form 
for y in (1.2), we obtain 

(1.9) ^ ^ P{x)uv = Q{x) 

This may be written in the form 

( 1 . 10 ) + + . 0 (.) 

Since u and v are at our disposal, let us place the term in parenthesis 
equal to zero. We then obtain 

(1.11) ^ + P(a:)M = 0, 
and 

( 1 . 12 ) = 

However, (1.11) is of the same form as (1.3), and therefore its 
solution is 

(1.13) u = 

If we substitute this value of u into (1.12), we obtain 

(1.14) ^ ^ ‘*®Q(x) dx 

Since the right member is a function of a:, also we may integrate 
both sides and thus obtain 

(1.16) ^ ^ ^ f + C'l 

where Ci is an arbitrary constant. 

Substituting these values of u and v into (1.8), we obtain 

(1.16) y = dx + Ci j 

This may be written in the form 

(1.17) y * + c-F«* f cFW<^Q(a:) dx 

where (7 is ao arbitrary constant. 
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We thus see that the solution of Eq. (1.2) consists of two parts. 
One part is the solution of the homogeneous equation with the right 
member equal to zero. This is called the complementary function; 
it contains an arbitrary constant. The other part involves an integral 
of the right member Q(x). This is called the particular integral. 
The general solution is the sum of these two parts and is given by 

(1.17) . 

2. The Reduced Equation, the Complementary Function. In the 

last section, the solution of the general linear differential equation 
with variable coefficients of the first order was obtained. Equation 

(1.17) gives a formula by means of which the solution may be obtained, 
provided the indicated integrations may be performed. 

If the linear differential equation with variable coefficients is of 
order higher than the first, it is not possible to obtain an explicit 
solution in closed form in the general case. In general, a series solution 
must be resorted to in this case. Fortunately, a great many of the 
problems of applied mathematics such as the study of small amplitude 
mechanical oscillations and the analysis of electrical networks lead 
to the solution of linear differential equations with constant coeffi- 
cients. Accordingly, in this chapter we shall study methods of 
solution of this type of equation. 

If the various coefficients arix), r = 0, 1, 2, • • • n of (1.1) are 
constants, we may write this equation in the form 

provided ao == 1. 

It is convenient to introduce the symbol of operation 
42 . 2 ) = r = 1, 2, . . . n 

We may then write (2.1) in the form 

(2.3) D^y + aiD"-iy + • • • + a„y = F(x) 

This may also be written in the form 

(2.4) (Z>" + + • • • + a^-iD + a»)y = F(x) 

where the significance of the term in parenthesis of the left member 
is that it constitutes an operator that when operating on y{x) leads 
to the left member of (2.3). 

To save writing, we may condense our notation further by letting 

(2.5) LniD) = (i>» + + asD"-* + ■ • • + On-iD + a,) 



Sec. 3] 


LIJ^EAR DIFFERENTIAL EQUATIONS 


109 


We may then write (2.4) concisely in the form 

(2.6) Lr.{D)y - F{x) 

If F{x) in (2.6) is placed equal to zero, we obtain the equation 

(2.7) Ln{D)y = 0 

This is called the reduced equation. 

It will now be shown that the general solution of (2,6) consists of 
the sum of two parts yc and yp. yc is the solution of the reduced 
equation and is called the complementary function. It then satisfies 

( 2 . 8 ) Ln(D)yc - 0 

The particular integral yp satisfies the equation 

(2.9) Ln{D)yp = F{x) 

If we add (2.8) and (2.9), we obtain 

(2.10) Ln{D)ye + Lr,{D)yp = F{x) 

But this may be written in the form 

(2.11) Ln(D)(yc + yp) = F{x) 

If we now let • 

(2.12) y ^ Vc + yp 

we thus obtain 

(2.13) LniD)y = Fix) 

This proves the proposition. 

It thus follows that the general solution of a linear differential 
equation with constant coefficient is the sum of a particular integral 
yp and the complementary function yc, the latter being the solution 
of the equation obtained by substituting zero for the function Fix). 

3. Properties of the Operator jL»(D). General Solution of the Linear 
Differential Equation. We have seen that the general linear differ- 
ential equation with constant coefficient may be written in the form 

(3.1) LniD)y - Fix) 

The expression Ln(I>) is known as a linear differential operator of 
order n. It is not an algebraic expression multiplied by y but a 
symbol that expresses the fact that certain operations of differentiation 
are to be performed on the function y. 
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Consider the particular linear operator 

(3.2) i.(D)i,.2g + 6| + 2|, 

= (2Z)2 + 5D + 2)y 
We shall also write this in the factorized form 

(3.3) L{D)y = {2D + 1){D + 2)y 

factorizing the expression in D as if it were an ordinary algebraic 
quantity. Is this justifiable? 

The operations performed in ordinary algebra are based upon 
three laws: 

I. The distributive law. 

m{a + 6) = ma + mb 

II, The commutative law. 


ab = ba 


III. The index law. 


Now D satisfies the first and third of these laws, for 

(3.4) /5(w + t;) = Du + Dv 

(3.5) D^D^u = D^+^u 

As for the second law, 

(3.6) D{cu) == cD{u) 

is true if c is a constant, but not if c is a variable. We also have 

(3.7) D^{D^u) = D^{D^u) 
if m and n are positive intergers. 

Thus D satisfies the fundamental laws of algebra except in that 
it is not commutative with variables. It follows that we are justified 
in performing any operations depending on the fundamental laws of 
algebra on the linear operator. 

(3.8) Ln{D) « {D- + + • • • + On-iD + An) 

In view of this, the solution of the general linear differential equa- 
tion with constant coeflScients may be written symbolically in the 
form 



Sec. 3] 


LINEAR DIFFERENTIAL EQUATIONS 


111 


We must now investigate the interpretation of the symbol l/Ln{D) 
when operating of F{x). 

Let us consider the case n = 1. That is, 

This is the solution of the equation 

(3.11) (I + «.») - F(*) 

This is a special carsc of the general linear equation of the first 
order (1.2) with P(r) = ai, Q(x) = F{x). Accordingly, the solution 
of this equation is given by (1.17) with the above values for P{x) and 
Q(x). The solution is 

(3.12) y = Ce-“« + e-“‘*/e“’*F(x) dx 

We see that the solution consists of two parts. One part is the 
solution of the Eq. (3.11) if F(x) = 0. This is the complementary 
function, so that using the notation of Sec. 2, we have 

(3.13) Vc = Ce-"'* 

This part contains the arbitary constant C. The second part, 
which involves F{x), is the particular integral, so we have 

(3.14) yp — e~“‘*/e“‘*F(a:) dx 

Decomposition of L{D) into Partial Fractions (Distinct Roots of 
Ln{D) = 0). 

(3.15) (Z) — a) J ef"F{x) dx 


for the operator 1/(D — a) operating on F{x). 


Let us return to the general problem of interpreting 

where Ln(P) is a linear operator of the nth order. 
Consider the equation 


1 

Ln{.D) 


F{x) 


(3.16) L„{D)y — (D“ + OiD" ‘ + • • • + cu-iD + a„)y »= 0 


regarding L»(D) as a polynomial in D. Now if this equation has n 
distinct roots (wi, mt, • • • jn»), it is known from the theory of partial 
fractions that we may decompose l/Ln{D) into the simple factors 


(3.17) 


1 

IniP) 


+ 


{D — mi) (2> — mt) 


+ 


A, 


{D - m,) 
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This is an algebraic identity, and the Ar(r = 1, 2, 
tities are constant, given by 


(3.18) 


Ar = 




1 


L'„{m,r) 




In this case the solution of the equation becomes 

r «»n 


r«l 


But by (3.15) we have 
1 


(3.20) 


(D - nir) 

Hence the complete solution is 


F{x) = Cre”*'® + dx 


/ 


n) quan- 


r*»n r*sn 

(3.21) y = ^ ^ ^ e-”^'^F(x) dx 


where the Kr quantities are arbitrary constants and the Ar (juantities 
are given by (3.18). 

The Case of Repeated Roots of Ln{D) = 0. If the equation Ln(Z)) = 0 
has repeated roots, then the above partial fraction expansion of 
1/Ln(-D) is no longer possible. Let us first consider the case in which 
all the roots of Ln{D) are repeated. Let the multiple root be equal 
to m. In that case, the equation to be solved is 

(3.22) U{D)y = (Z> - mYy = F{x) 

To solve this equation, let us assume a solution of the form 

(3.23) y = e”^v{x) 

where v{x) is a function of x to be determined. Let us consider the 
effect of operating with the operator (D — m) on e^(x). We have 

(3.24) (D — m)e*^v(x) = me^^v{x) + e'^^Dv — me'^^v 

s= e'^Dv 


If we operate again with (D — m), we obtain 

(3.25) (Z> — mye^^v{x) = (D — m)e^^Dv = e^DH 
If we repeat this procedure n times, we obtain 

(3.26) (D — mYe^ « 
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In view of this, we see that the solution of Eq. (3.22) because of 
the assumption (3.23) becomes 

(3.27) « F{x) 

In order to satisfy this, we must have 

(3.28) D^v e-^^F{x) 

If we integrate the equation (3.28) n times, we obtain 

(3.29) V = / / ‘ * * // dx • • • dx + 

{Ci + C2X + • • • + CnX^'-^) 

when the factor e~^^F{x) must be integrated n times and the quantities 
Cr (r = 1, 2, • • • n) are arbitrary constants. 

We thus see from (3.22) that the result of the operator 1/(Z> — mY 
operating on F{x) may be written in the form 

ly . . . y j dx ■ ■ ■ dx + 

e^^iCi + C2a; + • • * 

Here the term involving the integrals is the particular integral 
of the Eq. (3.22), and the term involving the arbitrary constants 
is the complementary function. 

Let us consider the case in which the operator Ln{D) is such that 
(P — mY is a factor of Ln{D) and that (Z> — mi), (Z) — m 2 ), etc., are 
simple factors of Ln{D), 

To solve the equation Ln{D)y == F(x), we must expand 

LJP) "" {D - mnD - m,){D - m*) • • • (D - m.) 

where $ ^ n r into partial fractions. In this case the partial 
fraction expansion is of the form 


L„(2)) ~ (2) -viY + (Z) - m)^i + ■ ' ■ (D -'m) 

B, , B2 .... B. 

(D — mi) XD — mt) (2) — m.) 


The coefficients (P = 1 • • • r) are given by 


Ap — 




(3.33) 
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where 

(3.34) 
and 

(3.35) 


4>(D) = 


(Z) — my 
L„{D) 




D — m 


The coefficients Br (r — i, 2, s) are given by 


(3.36) 


Br = 


dD 


L.(D) 


We thus see that the solution of the equation 


(3.37) 


y 


1 

“ L„{D) 


Fix) 


when the equation 

(3.38) L„(X>) = 0 

has multiple roots, it contains terms of the form 

(3.39) ' (^- ' ot) ““ 
as in the solution of (3.21). 

The term involving the repeated roots gives rise to terms of the 
form given by (3.30). 

We thus have an explicit solution for the general linear differential 
equation of the nth order with constant coefficients. The difficulties 
that arise in using the general formulas are due to the difficulties in 
evaluating the integrals involved in various special cases. 

As an example of the general theory, consider the equation 


^ ^ ^ q. 27/ 

dx^ ^dx^^^ 


xc* 


or 


Here 


(i)* — 32) + 2)y = xc* 

L,(2>) = (2>* - 32) + 2) 

= ( 2 ) - 2 )( 2 ) - 1 ) 


Accordingly, the two roots are 


TOi =» 2 

>n* ■= 1 


^L,(D) - ( 22 ) - 3 ) 
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By (3.18), we have 

ill = i = 1 
Ai = = -1 

^ (zT^ “ 2r=^) 

By (3.21), we then have 

y == Kie^^ + dx + e®/e“*a:e* dx 

y = Kie^^ + K<i,e^ — (1 + x)e* — ~ e® 

= K-iC^^ “1“ KiC^ — “h a? “h 6* 

As another example, consider 


^ . 9^ 

dx^ dx 


+ y == X 


or 

(D + 1)(Z> + 1)1/ « a; 
^ "" (D + 1) 2 ^ 

This is a special case of (3.30), for 


m = — 1 and w == 2 


We therefore have 

y = idxY + e""*(Ci + C2ir) 

2/ = (a; - 2) + e~®(Ci + C2a;) 

4. The Method of Undetermined Coefficients. The labor involved 
in performing the integrations in the general method to obtain the 
particular integral may sometimes be avoided by the use of a method 
known as the method of undetermined coefficients. 

This may be illustrated by an example. Consider the differential 
equation 


To obtain the particular integral, let us assume a general poly* 
nomial of the third degree of the form 

(4.2) 


y “ ax* + bx* + cx + d 



116 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap, VI 


Substituting this into (4.1), we obtain 
(4.3) {6ax + 2b) + 3(3ax^ + 2bx + c) + 2(ax^ + bx^ + cx + d) 

— x^ + X 

Equating coefficients of like powers of x, we obtain 


(4.4) 


' 2a = 1 
9o + 26 = 0 
6u “t” 66 *4“ 2c = 1 
, 26 + 3c + 2d = 0 


Solving these equations, we obtain 


(4.5) 


CL — ^ 

6 = — f 

C = ¥' 

U = - ¥ 


Substituting these values into (4.2), we obtain the particular 
integral 


(4.6) y = i(4a;3 - ISx^ + 46x - 51) 


The substitution (4.2) was successful because it did not give in the 
first member of (4.1) any new type of terms. Both members are 
linear combinations of the functions x^, x^, x, and 1 ; hence we could 
equate coefficients of like powers of x. 

The method of undetermined coefficients of obtaining the particular 
integral is particularly well-adapted when the function F{x) is a sum 
of terms such as sines, cosines, exponentials, powers of Xj and their 
products whose derivatives are combinations of a finite number of 
functions. In that case, we assume for y a linear combination of all 
terms entering with undetermined coefficient and then substitute it 
into the equation and equate coefficients of like terms. 

As another example, consider the equation 


(4.7) 


d^y 

dx^ 


+ y 


cos 3a; 


In this case, we assume 

(4.8) y = cos 3a; + 6e^* sin 3a; 

Substituting this into the equation, we obtain 

(4.9) (96 — 45a)e®* cos 3x — (9a + 456)e** sin 3x = e®* cos Sx 
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We equate coefficients of like terms and obtain 

(4.10) 96 - 45a = 1 

9a + 456 = 0 

Solving for a and 6 and substituting them into (4.8), we obtain 

^2x 

(4.11) y = (sin Zx — b cos Zx) 

The Use of Complex Numbers to Find the Particular Integral. In 
the analysis of electrical networks or mechanical oscillations, we are 
usually interested in finding the particular integral of an equation 
of the type 

(4.12) Ln(D)y = Bo sin o)X or Bo cos cox 

We can obtain the particular solution in this case by replacing 
the right member by a complex exponential. The success of the 
method depends on the following theorem. 

Consider the equation 

(4.13) Ln{D)y =Fi(x) + jF^ix) 

where Fi(x) and F 2 (x) are real functions of x and j = \/— 1. Then 
the particular integral of (4.13) is of the form 

(4.14) y==yi+jy2 
where iji satisfies 

(4.15) Ln{D)yi = Fi(x) 
and 2/2 satisfies 

(4.16) Ln{D)y2 = F2{x) 

To prove this it is only necessary to substitute (4.14) into (4.13), 
and on equating the real and imaginary coefficients, we obtain (4.15) 
and (4.16). To illustrate the method, let us solve (4.7) by making 
the substitution 

(4.17) cos 3a; = Re 

where Re denotes the ‘‘real part of.^’ We thus replace the right 
member of (4.7) by and take the real part of the solution; that 
is, we have 

(4.18) S ^ 
instead of (4,7). 
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To solve this, assume 
(4.19) y = 

where ^4 is a complex constant to be determined. Substituting this 
into (4.18) and dividing both members by the common factor 
we obtain 

(4.20 A[{2+j3y + l] = 1 

We therefore have 


(4.21) 


^ -45 + 9i 


— 45 — 9j _ —5 — j 
2,106 ' '234 


Substituting this into (4.19), we have 


(4.22) 


y = 


(-5 -3) 
234 


e^(cos 3a: + j sin 3a:) 


If we take the real part of this expression, we have 


(4.23) 


2/1 = ^ (sin 3a: - 5 cos 3a:) 


This is the required particular integral. 

To solve the equation 

(4.24) Ln{D)y = Bo sin (wx) 
we replace sin (ux) by e’"® and consider 

(4.25) Ln(D)2/ = 

We now assume a solution of the form 

(4.26) y = 

We note that if we operate on Ae’"^ with D, we have the result 


(4.27) 

DA^” = A(ju)(^^ 

and , 


(4.28) 

D>A^’‘ = AijbsY^ 


We therefore note that the result of these operafions merely 
replaces D by (ju) ; accordingly we have 

(4.29) L„(Z))Ae^“* - L„(jo>)Aef‘» 

Hence on substituting (4.26) into (4.25) we have 

(4.30) Li,(Ju)Ae*** >= 
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A = 


Bo 

Lniju) 


provided Ln{jui) 5 ^ 0. 

Now Lniju) is in general a complex number and may be written 
in the form 


(4.32) 
where 

(4.33) 

(4.34) 


BJju) — 


R = \LM\ 

^ . tan-. 

Re LnOw) 


where Im denotes the ^ imaginary part of.'^ 
in the form 


(4.35) 



Hence A may be written 


Substituting this into (4.26), we have 


(4.36) 




The solution of (4.24) is obtained by taking the imaginary part of 

(4.36) to correspond to Bo sin (wa;). Hence 

(4.37) ^ 


is the required particular integral. 

If we had taken the real part, we would obtain the solution of the 
equation 

(4.38) Ln{D)y = Bo cos (wx) 

This method is of extreme importance in the field of electrical 
engineering and mechanical oscillations and forms the basis of the use 
of complex numbers in the field of alternating currents. These 
matters will be discussed more fully in Chaps. VII and VIII. 

5. The Simple Direct Laplace Transform or Operational Method of 
Solving Linear Differential Equations with Constant Coefficients* The 
method for solving differential equations mentioned in the heading 
of this section is essentially the same as that known under the name 
of Heaviside's operational calculus. The modem approach to this 
method is based on the Laplacian transformation. This method 
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provides a most convenient means for solving the differential equations 
of electrical networks and mechanical oscillations. 

The chief advantage of this method is that it is very direct and 
does away with tedious evaluations of arbitrary constants. The 
procedure in a sense reduces the solution of a differential equation to a 
matter of looking up a particular transformation in a table of trans- 
forms. In a sense, this procedure is much like consulting a table of 
integrals in the process of performing integrations. 

Only a brief account of the theory of the Laplacian transformation 
will be given in this section. A fuller account will be found in Chap. 
XXL 

Consider the functional relation between a function gip) and 
another function h(t) expressed in the form 

(5.1) g(p) = P Jq (It Re p > 0 

where p is a complex number whose real part is greater than zero and 
h{t) is such a function that the infinite integral of (5. 1 ) converges and 
satisfies the condition that 

(5.2) h{t) =0 for ^ < 0 

In most of the modern literature on operational or Laplacian 
transform methods, the functional relation expressed between g{p) 
and h{t) is written in the following form: 

(5.3) g{v) = Lhit) 

The L denotes the ‘‘Laplacian transform of and greatly shortens the 
writing. The relation between h{t) and g{p) is also written in the form 

(6.4) hit) = L-^giv) 

In this case we speak of hit) as being the inverse Laplacian transform 
of hit). 

The Transforms of Derivatives. Let us suppose that we have the 
functional relation 

(5.5) 2/(p) = P ff e-f‘x{t) dt 
or, symbolically, 

(5.6) y(p) = Lx(t) 

Let us now determine L(dx/dt) in terms of y{p). To do this, we 
have 


(5.7) 
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But integrating by parts, we obtain 


(5.8) p / ( "i; ) + p^ / ( 

yo \wv 0 yo 


Now if we assume that • 

(5.9) lim (e~^'a:) = 0 

♦ 00 

and that the dt exists when p is greater than some fixed 

positive number, then (5.8) becomes 


(s)- 


“pxo + vy 


where 


Xa = a:(0) 


Equation (5.10) gives the value of the Laplace transform of dx/dt 
in terms of the transform of x and the value of a; at ^ = 0. 

In order to compute the Laplacian transform of dHIdt^^ let 


Then in view of (5.10) we have 

-»’«•+ -’"(D 

. = -pa;i — p2xo + pV 

where X\ is the value of dxjdi at ^ = 0. 

Repeating the process, we obtain 


(5.14) L = p^?/ — p^o^o — p^a:i -- ipx^ 

d^x 

(5.15) L ^ = p®2/ - p^xo - p®xi - p2a;2 - pxa 


(5.16) ^ - {p*Xo + P*~^xi + p*-^X2 + 

where 


fd*x\ 

“ w/ 


+ px.-i) 


evaluated at a; = 0 
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The above formulas for the transforms of derivatives are of great 
importance in the solution of linear differential equations with con- 
stant coefficients. 

To illustrate the general theory, let it be required to solve the 
simple differential equation 

(6.18) ^ + aa; = 0 


subject to the initial condition that 

(5.19) X — Xo at ^ = 0 

To solve this by the Laplace transform method, we let 

(6.20) y = Lx 

and use (5.10); then in terms of the equation becomes 

(6.21) py - paro + a 2 / = 0 


or 

(5-22) y - 

The solution of one equation could be written symbolically in the 
form 


(5.23) 


- r-i 


(P + «) 

Consulting the table of transforms, we find that transform 7 gives 


(5.24) 

Accordingly, we have 

(6.25) 


(P + o) 




X = XoC” 


as the solution of the differential equation (5.19) subject to the given 
initial conditions. 

As another example, let us solve the equation 
d^x 

(5.26) + (ji^x = cos t > 0 

subject to the’ initial conditions that 


(5.27) 


a: == Xo 



at ^ = 0 


As before, we let y — Lx and replace every member of (5.20) by 
its transform. Consulting the table of transforms, we find from 
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No. 10 that 

(5.28) L(co.«() 

Using (5.13), Eq. (6.20) is transformed to 

(6.29) (p*y - p^xo - pxi) + 
or 

(K 4. P^i i 

K0.6\)) {p^ + CO*) ^ (p* + CO*) (p* + CO*)* 

Consulting the table of transforms, .we find that Nos. 10, 11, and 21 
give the required information, and we have 

(5.31) X = xo cos o)t + h sin a>t 

0 ) 2(0 

as the required solution. 

The general case. To solve the general equation with constant 
coefiicients 

(5.32) ^ -^1 + • • • + a»-i ^ + a,j: = F(t) 

we introduce y = Lx and ^i(p) = LF{t) and replace the various 

derivatives of x by their transforms given by (5.16). We then obtain 

(5.33) (p" + aip^^ + • • • + o„)p = <^i(p) + <^2(p) 
where 

(5.34) ^ 2 (p) ■= (pXn-i + p*a :«-2 + • • • + p^Xo) + 

Oi(px„_2 + p*x„_8 + • • • + p"“*Xo) + 

■02(pXn-2 + P*X„_4 + • • • + P"~*Xo) + 


c«_i(pxo) 

If we write 

(5.35) Ln{p) = (p" + aip“-‘ + ■ • • + On) 

Eq. (6.27) may be written concisely in the form 



To obtain the solution of the differential equation (5.26), we must 
obtain in some manner the inverse transform of p(p), and we would 
then have 


(5.37) 


x(0 - L-^y(p) 
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If F(t) is zero, a constant, cos co<, sin wi, t% where s is a positive 
interger, sin cot, cos ojt, P cos ost, P sin cot, then <t>i(p) is a 
polynomial in p. The procedure is to decompose the expressions 
4>i{p)/Ln{p) and <l> 2 {p)/Ln{p) into partial fractions and examine the 
table of transforms and obtain the appropriate inverse transforms. 

6. The Direct Computation of Transforms. A brief discussion of 
the manner in which the transforms given in the table are obtained 
will be given in this section. A more complete discussion using the 
theory of contour integration will be given in Chap. XXI. 

By the fundamental definition, the notation 

(6.1) g{p) = Lh{t) 

signifies that g{p) and h{t) are related in the following manner: 

(6.2) g{p) = V err“h{t) dt 

where the integral exists when p is greater than some fixed positive 
number. If we are given a definite function h{t) and can perforin the 
integration, we immediately obtain the Laplace transform of h{t). 

Transforms of the ^^Unit F unction As a simple example of the 
computation of a direct transform, consider the function 


(6.3) 



t > 0 
t < 0 


Let us denote this function by the symbol 1 ( 0 . We then have 
(6.4) L\{t) =p If e-p‘ dt = p (^‘)| " = 1 

We thus see that the transform of the unit function is unity. Tliis 
is the transform pair No. 1 of the table of transforms. 

As another example, let us consider the transform of the function 
e~®*. In this case, we have 


( 6 . 5 ) Le”®^ == P / dt == 7 — ? — r 

Jo (P + o) 

This gives us transform pair No. 7 . 

If in (6.6) we let 

4 

(6.6) a ^ ja> where j = y/—! 
we obtain 

( 6 . 7 ) — L(oos wt — j sin wt) = 7 — 

{p + ju) 

_ p* — pju 
(p* + «*) 
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if we now equate real coefficients, we obtain 

(6.8) L(cos 6,0 := 

Equating imaginary coefficients, we have 


(6.9) X(sin 6,0 = ^ 




These are transform pairs 10 and 11. 

In the same manner, other transform 
pairs are computed. 

Impulse Functions. Consider the 
transform of the function given by Fig. 
In this case we have 



h 

Fig. 6 . 1 . 


6 . 1 . 


(6.10) Lh{t) = Ap e-f“ dt = - e-»'0A 


If = 0, this becomes 

(6.11) Lh{t) = (1 - 

Now lot t 2 tend to zero in such a manner that 


h 


( 6 . 12 ) 


lim Ah = 1 
f2— 0 
00 


That is, we shrink the rectangle represented by h{t) in such a manner 
that its area tends to unity as its height tends to infinity. Now 

(6.13 lim (1 — e~p^^)A = lim (1 — 1 + + * • 0^ 

^2 — ^0 t2 — K) 

il— ►oo A— >-00 

= p = Lh{t) 


We thus see that p is the transform of a function that is zero every- 
where except at t = zero, where it is infinite; we denote this function 
by 8{t) and we have 


(6.14) 
where 

(6.15) 

and ^ 

(6.16) 


^ L8{t) 



p: m 


= p 

a t — 
dt = 1 


0 

0 


This is the transform pair given by No. 2 of the table. A more 
thorough account of these Laplacian transforms will be given in 
Cha®. XXJ. 
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7. Systems of Linear Differential Equations with Constant Coeffi- 
cients. In the study of dynamical systems, whether electrical or 
mechanical, the analysis usually leads to the solution of a system of 
linear differential equations with constant coefficients. The Laplace 
transform method is well adjusted to solve systems of equations of this 
type. The method will be made clear by an example. Consider the 
system of linear differential equations with constant coefficients given 
by 

i3^ + 2a;i + ^=l <>0 

(7 U 

Let us solve these equations subject to the initial conditions 

*■-91 «,.o 


To solve these equations by the Laplacian transform method, let 

(7« I f *■ ■ 

\Lx2^ 

Then in view of (6.10) and the fact that the Laplace transform of 
unity is one, the equations transform to 

/7 / (3p + 2)yi + P 2/2 = 1 

^ * [ P2/1 + (4p + 3)2/2 = 0 

Solving these two simultaneous equations for 2 / 1 , we obtain 

“ (p + iKiip + 6) 

Using the transform pair No. 36 of the table, we obtain 




Solving for 2 / 2 , we have 


- (lly + 6)(y + 1) - ^ 

By the use of the transform pair No. 14, we obtain 


(7.8) a:, 

' This example illustrates the general procedure. In Chaps. VII 
and VlII the systems of diffei^ntial equations ariting in the study of 
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electrical networks and mechanical oscillations are considered in 
detail. 

PROBLEMS 

Solve the equations 


■ dx (i -|- 1) 


(X + 1 ) 1 . 


4.g + ,. 


— 2x. 
rr* + 2. 


dy 


5. Show that the equation ^ -^*2/ “ Qv^ 1® reduced to a linear equation 

by the substitution v « 

6. Solve ^ ^ 2y » 4a;* \/5/- 

7. Solve the equation ^ -f ^ 2 / ** 0 subject to the initial conditions that 
y =» 2/0 at a; ** 0 and that the first three derivatives of y are zero at a; « 0. 

8. Find the general solution of (D — a^y « sin hx. where Z> »= :r» w is a 

ax 

positive integer, and a and h are real and unequal. 

Find the solution of the following equations which satisfy the given conditions: 

a; « 0 




10. g+„.x-0 


0 


da; 

dt 


at < « 0 


a; « a 




< + i 


X 

dt 


A 

1 

9 


12 . 


d*:r 

W 


+ 9a; » 5 cos 2t 




a; “ 1 

dx „ 0 

dt 

X -0) 


■ 4e** dx 
6<* -b 4. 


d*a; . d»a; 

'<«» 

15. Find the general solution of the equation ~ l)y 

positive integer. 


0 where n is a 


d*a; 


16* Solve + 4a; « sin 2a; subject to the conditions dx 
^ dt 


X ^ Xq 
Vq 


d*x 


17. Solve ^ H- 5*a; ■» A; cos ht, if dx 

Si 


X "» 0 
0 


< « 0 
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LAPLACIAN TRANSFORMS OF USE IN THE SOLUTION OF 
DIFFERENTIAL EQUATIONS 

Introduction. The modern theory of the operational calculus, a mathematical 
technique that has proved to be such a powerful mathematical tool in the solution 
of the differential equations of applied mathematics, is based on the Laplacian 
transformation. This transformation is usually written in the form 

(1) gip) ^ P Jq dt Re p > 0 

In the usual applications of the theory, h{f) is a function for which the definite 
integral (1) exists and satisfies the condition 

(2) h{t) =0 for f < 0 

A rigorous discussion of the restrictions that must be imposed on a function h{t) 
in order that it may have a Laplacian transformation will be found in the following 
books; 

a. McLachlan, N. W.: “Complex Variable and Operational Calculus,** Cam- 
bridge University Press, London, 1939. 

5. Gardner, M. F. and J. L. Barnes: “Transients in Linear Systems,** John 
Wiley & Sons, Inc., New York, 1942. 

It may be said, however, that the functions encountered in the various physical 
problems where the transform method is applicable satisfy the required conditions. 
A concise survey of the various applications of the Laplace transform or operational 
method will be found in the following paper: 

c. Pipes, L. A.: The Operational Calculus, Journal Applied Physics, vol. 10, 
Nos. 3-5, 1939. 

The utility of the method in the solution of differential equations with constant 
coefficients, whether ordinary or partial, follows from the fact that by the intro- 
duction of a Laplacian transformation an ordinary differential equation becomes 
an algebraic equation of the transform, while the number of independent variables 
is reduced in the case of partial differential equations. 
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Notation. In most of the modem literature on operational or Laplacian 
transform methods, the functional relation expressed between g{p) and h(jt) is 
written in the following form: 

(3) g(p) « Lh(l) 

The L denotes the Laplacian transform and greatly shortens the writing. The 
relation between h{i) and g{p) is also written in the form 

(4) h{t) « L-^g{p) 

in such a case we say that h{t) is the inverse Laplacian transform of h{t). 

Some writers, notably van der Pol, express the relation (1) in the form 


(5) h{t) = g{p) 

However, notation (3) and (4) is becoming more standard. 

Basic Theorems. The utility of the Laplacian transformation is based on 
some important relations which follow as a consequence of the fundamental 
equation (1). The most important of these theorems will be listed here for 
reference. They are established in the references (a), (6), and (c) above. 

If Lh(J,) = g{p)y then 


I. Lhi,st) =* g{p/s) 

where a is a constant s > 0 
II. L dh/dt « pg{p) - ph{0) 

where /i(0) is the value of h(J) dit t «= 0 

III. ^p>g- ph'(0) - p%(0) 

where h' ,0) is dh/dt evaluated at < « 0 

IV. ^ - y ftW(o)p<”-« 

where ^[*1(0) denotes the value of the Hh derivative of ^(0 evaluated 
at i — 0. 


V. L 


/: 


h<f)dt = ~ + A(0 


dt 


VI. Le-<^h(t) 
VII.L-e-.,(p) = {J^^_ 


P 

pg(p •+ a) 

(p + a) 

t < a 
a) t > a 
VIII. L-^e<^pg(p) - hit + a) if hit) = 0 
IX. lim gip) « lim hit) an ordinary equality 

1 (p) 1-+0 «o 

X. lim gip) » lim hit) an ordinary equality 
Kp )!-^"® <’“♦0 

XL If = hiit) a,nd L-^giip) = AaW 


a is a positive constant 
0 <t <a 


then 

^‘“^giip)g 2 ^ « hiiu)h%it ~ u) du 
hiiu)hiit — u) du 

Many more theorems may be established. The above set of theorems is of 
great utility in the solution of differential equations by the Laplacian transforma- 
tion. The method will be illustrated by some worked examples appended at the 
end of this table. 



130 MATHEMATICS FOR ENGINEERS AND PHYSICISTS IChap. VI 


Table or Laplace Tbaksforms 
ff(p) ~ P Jq e-r‘h(() dt 


No. 

ff(p) 

A(0 

1 

1 

r ■ 

1(0 Heaviside unit function 

1(0 - 1 <> 0, 1(0 - 0 f < 0 

2 

p 

S{t) Dirac impulse function 

j(0 =00 1-0, «(0 - 0 t 9^0 

3 

l/p" n a positive integer 

t^/n\ 

4 

except for n a positive 
integer 

(l-«/r(l - n)) 

r(l — n) is the Gamma function 

5 

pi 


6 


2-\/tlV^ 

7 

p/(p + a) 

6“** valid for a complex 

8 

1/(P + O’) 

(1 — e”®0/a 

9 

l/p(p + a) 

t/a — 1/a* -f er'^/a} 

10 

pV(p’ + 0*) • 

cos (aO 

11 

ap/(p* -f- a*) 

sin {al) 

12 

pi/(p« _ ffl») 

cosh (erf) 

13 

op/(p* — o*) 

sink (at) 

14 

p/(p + o)(p + 6) 

_ e~»*)/(a ~ b) 

15 

P* 

1 (ac““* — 6e"^) 

(p + o)(p + J>) 

(a-b) 

16 

p(p + &) 

cos ol a* > 0 

(p + h)* + a* 

17 

pa 

sin (at) a* > 0 

(p + b)* + 0* 

18 

P 

te-^ 

(p + o)* 
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Table of Laplace Transforms. — (,Coniinued) 


No. 

s(.p) 

A(0 

19 

V 


(P + a)" 

Th a positive iiiLcger 

(n - 1)1 

20 

P* 

<»-«<( 1 — 

(p + a)* 

21 

P* 


(p’ + o*)‘ 

22 

pa^ 

(sin ai — ai cos at) 

2a 

(p* 4- a*)* 

23 

P 

“f" ( cos i \/3 ai — 

3a^ L \ 2 

\/s sin i 

(p“ + a’) 

24 

P* 

“ + e®*/* ^cos ~ 's/S at 4- 

\/3 sin ~ \/3 ai^ j 

(p> + o>) 

25 

p3 

“ -- 2e®</8 cos ^ "x/s ai^ 

(p* + o’) 

26 

P 

— ^/%cn /v/ --— /ir/ C91T^I*\ i 

(p* 4- 4a^) 

1 . _ \oili ilh vUdU U»t “• LUo xMf BIXIIi ttXJ 

4a* 

27 

p* 

1 - 

oin /y/ ciiYin rtf 

(p* + 4a<) 

^ ^ olll Hi jSXliii. W 

2o* 

28 

p8 

~ (sin at cosh at 4* cos at sinh at) 

(p* + 4a«) 

29 

p4 

cos ai cosh ai 

(p* + 4a*) 

30 

V 

~ (sinh ai — sin at) 

2a* 

(p* - a*) 

31 

P* 

•— (cosh oi — cos ai) 

2a* 

(p* - «’) 
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Table of Laplace Transfoems. — (Continued) 


No. 

9(P) 

hit) 

32 


(sinh at + sin at) 

2a 

(p* - o<) 

33 


i(<'Osh at + cos at) 

(p* - a*) 

34 

+ anp 

(rto — a)c~«* — (fln — b)(~^* 

(p + a)(p + h) 

(b - a) 

35 

V 

1 6 c“"* — ac“** 

pip + CL){p + h) 

j _ ... 

ah abia — h) 

36 

p^ + cp 

C . _(p - a) (0 - 6 ) 

pip + a)(p + 5) 

ab aia — b) bib — a) 

37 

(P=» + Cip 2 4 . Cop) 

Co ^ (a® — Cia -f Co) ~"^ (52 — C 16 + Co) ■ 

p(p + a)(p + 5) 

ab a(a — 6 ) 6 (a — b) 

38 

P 

C-at f,-bt 

4- I" 

(p + o)(p + 6 )(p + e) 

ib - a)ic - a) ' (a - 6 )(c - 6 ) 

(a — c)ib — c) 

39 

p* + Cop 
(p* + ftt) 

7 (co + b^)^ sin ibt + 0) 
b 

h 

0 = tan“i _ 

Co 

40 

1 

^ (1 — cos bt) 

(p* + &’) 

41 

p* + Cop 
p(p* + 6 *) 

C. (4 4-6»)» 

6 *- 6 » co8(5f + «) 

, b 

0 = tan~^ — 

Co 

42 

(p* + Cip* + Cop) 
p(pt + 6 J) 

c, [{c. - 6 »)» + c; 6 »]» 

fc. 6 . 

.a A -T Cl 6 

0 = tan -1 

(co — 6 *) 


Not.: Let N(a) - N(W - 

Then if o pi 6, N(o)N(W - j—rg) 

Thie enables transforms of the type ^ " 4: a)(^ + c)(p — d) ' ®*®” *** 

into Aimpler ones. 
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Table of Laplace Transforms. — (Contimied) 


No. 

g(p) 

A(0 

43 


(cos ht — cos aO 

(p» + b^){p^ + a*) 

(a2 - 62) 

44 


1 / . 

[p* + (*> + “)®][p* + (6 - a)*] 

(sin at') sill (6^) 

2ah 

45 

3 

l(p + O)* + 6='] 

^ + 7T 

6q 6o6 

6J = a» + fc* 

4G 

V 

^ (!““* sin (6^ — $) 

(p + c)f(p + a)2 + 62] 

\c - ay + 6* bl(c - ay + 6*]* 

b 

6 — tan“i 

(c - a) 

47 

1 

p(pj + [,2) 

i<-isiuW 

48 

1 

p(p2 _ j,2) 

1 • /r V 1 

-sm (W) 

49 

p2 

(p* + 2op + 

e~“* sin {id — < 3 «>) if coj > a* 

bl 

w 

where w* = coj — a*, tan 0 = - 

a 

g~a«(l _ if 

- — — ~ (ne""’^ — we”"**) if a* > coj 

(n — w) 

where ( — w)(— n) are the roots of 

p2 2ap + = 0 

50 

P 

(p» + 2ap + «J) 

g“Ot 

sin <at if coj > a* 

(a 

«* « b>o — a* 

- — i — . (e-»x _ e-^) o* > wj 

(w — w) 

w and n defined above 

fe”®* if a* « wj 
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Table op Laplace Thanspobms. — {Continued) 


No. 

giv) 

hit) 

51 

1 

(p* 4“ 2ap 4- wj) 

1 1 COn 1 A 

1 g-a/ gin io)t 4- wj > a* 

Wo L J 

CO 

40® ess COq — O®, tan sst — 

a 

Wo L in — m) \ m ^ / J 

m, n, defined in No. 49 

^ [1 - e-«‘(l + at)] a» = <^5 

Wo 

52 

iV(p) where N{p) and Dip) 
Dip) are polynomials in p, 
and the degree of the poly- 
nomial Dip) is at least as high 
as the degree of the poly- 
nomial iV(p), and Dip) = 0 
has n distinct roots pi • • • p» 
and p — 0 is not a root of 
Dip) =* 0 

Heaviside Kxpunsion Formula 

NiO) Y hI(Pr)e’‘'‘ 

DiO) 2/ PrD^ipr) 

r»l 

dD 

where D^ipr) = — p — pr 

dp 

Note: This formula enables one to 
evaluate inverse transforms not found in 
this table 

53 

(p* + 2a.>) 

(p« + 4<o») 

cos® (coO 

64 

/A 

p tan“* 1 - 1 

W 

sin iat) 

t 

56 


(e-.< - e-**) 

t 


Note* on Partial Fractions: In some cases, it is simpler to decompose the ratio of the two pol;y- 
nomials in p into {lartial fractions and then to use transforms found in this table. In doing this, 
the following identities are helpful: 


(а) 

( б ) 


(o “f + 6ip*) 

(m -f np) 


[ 


hi 


{aib — obi) L(® "f" ^P*) (oi + hip*) 


] 


1 


ik + «p)(a + hp + cp*) as* + ch* — bks L + «P) 


s(ms — nk) 


(0 

id) 


(s + mp*) 


I (c)(nfc — m«)p -f itisn + ekm -* bsm) “] 

• /'/. a. Km -L. ..mSN J 


(a + 6p + cp*) 


iaih — abi) 


[ ibs — am) , ( oim — bis) I 

(a + 6p") 1a\ + hip") J 


(o + hp») (ai + hip») 

1 ^ \ ^ I ^ 

(p •+• o)(p + h)(p + c) "" (p + a) "* (p + h) (p + c) 

where 

1 » 1 


A - 


(a - h)(a ~ c) 


B • 


(h - c)(h - a) 




(c — a)(c — b) 
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Table of Laplace Tbansfobm8. — (.Continued) 


No. 

9(P) 

fc«) 

56 

V 

\/ p® + a* 

/o(aO Bessel function of the first kind, 
zeroth order 

57 

V 

~ JnicU) for n ~ 0, 1, 2, 3, • • • 

a**" 

Bessel function of first kind, nth order 

\/p* + (\/ p® + a* — p)~" 

58 

1 

1 

— 1 Jn(at) dt for n = 0, 1, 2, 3, • • • 

a« Jo 

\/p2 -h a* (\/ p2 -1- a* - p)-*^ 

59 

V 

"x/p* + a* + P 

1 Ji(at) 

a t 

60 

V 

(V p* + a* + P)" 

n Jn(at) 

a« t « - 1, 2, 3, • • . 

61 

1 

(\/ + a* + p)“ 

n f*J„(at)(]i , „ „ 

— / ^ n = 1, 2, 3, • • • 

a<‘Jo t 

62 

f>—a/p 

i 

/o(2 \/^t) 

63 

/l\ 

cos I — 1 

\v) 

Her (2 V7) 

Ber is the Bessel real function of Lord 
Kelvin 

64 

0 ) 

Bei (2 Vo 

65 

p-n^—l/ p 

KV„(2 -v4) 

Re n > —1 

66 

pe-»v^ o > 0 

2 

67 

pig-aVp a > 0 

-4= 

\/ irf 

68 

e-oVp O > 0 

where erf (y) is the error function defined 
2 jf*' . 

by erf (y) « — 7:1 / dn 

V*- Jo 
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Table op Laplace Tbansfobms. — (Continued) 
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Table of Laplace Transforms. — (Continued) 



More complicated transforms will be found in the following references; 

1. Campbell, G. A., and R. M. Foster: Fourier Integrals for Practical Applica- 

tions, Bell Systemj Technical Journalj September, 1931. 

2. Pipes, L. A. : The Transient Behaviour of Four-terminal Networks, Philosophical 

Magazincy Ser. 7., vol. 33, p. 174, March, 1942. 

3. Gardner, M. F., and J. L. Barnes: “Transients in Linear Systems, John 

Wiley k Sons, Inc., New York, 1942. 

4. McLachlan, N. W. : “ Complex Variable and Operational Calculus,^* Cambridge 

University Press, London, 1939. 
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Illustrative Examples. To illustrate the use of these tables in the solution of 
differential equations, the following examples are appended. 

1. Suppose it is required to solve the equation 


dP 


-f a^y » 


subject to the initial conditions 


at t 


y 

dt 


0 

yt 


;' ) solve the equation, we let 


Ly = Y(p) 


I ^ ho basic Theorem III, wo have 

and by No. 7 

=^5) 

The equation to be solved is thus transformed to 


Therefore 

Y(v) 

Using Nos. 46 and 11, we have the inverse transform of Y(p) 

■“ ^ sin ~ sin {at) 

This is the required solution. 

2. A constant electromotive force E is applied at /= 0 to an electric circuit 
consisting of an inductance L, resistance R, and capacity c in series. The initial 
values of the current i and the charge on the condenser q are zero. It is required 
to find the current. 

The current is given by the equation 

l| + Si + 8-i! 

where ^ * i. 

Let £i{t) « 7(p), £q{t) =■ Q{p) by III, the equations are transformed to 
Note: The script £ is used to denote the Laplacian transforms in order not to 
confuse it with the inductance parameter L. 


Lpl + RI + ^ - E 

PQ^I 
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Thfirefore we have 

Lp/ + B/ + - “ S 

pc 

Therefore 

w pE _ pE 

+ "i[(p+a)«+««J 

y Lp Lc) 

where 

, 1 

«-2E “ =i3-4ir« 

By No. 17, we have 

E 

t ^ e”®* sin («0 if w* > 0 

or by No. 18 

f - 2 fe-** if u* = 0 

E 

* ** ikL if w* < 0 A;2 = — 

3. Resonance of a Pendulum. A simple pendulum, originally hanging in equi- 
librium, is disturbed by a force varying harmonically. It is required to determine 
the motion. 

The differential equation is 

£ + 0)1 ^ Fo sin nt 

Let the pendulum start from rest at its position equilibrium. In such a case, 
we have the initial conditions 


at < * 0 


^ X 


- 0 
« 0 


Let Lx = y, then by III, LA « p*y. 

Using No. 12, the differential equation of motion is transformed to 


or 


(P* + i4)y 


Fopn 
(P* + n*) 


Fopn 

(p> + n*)(p* + oiD 


Fan I p 

(«o* - n*) L(P*+w*) 


P 

(P* + 


By No. 11, we obtain 


if «o “ 


Fan sin (n^) 
(«J — n*) ^ n 


sin (ctfoO 
oio 






Fapn 

(pi + n*)' 


if wj w* 


F 

^ ^ (fiin n< — nf cos nt) the case of resonance 


and by No. 22 
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4 . Linear flow of heat, in a seini-iii finite solid, x > 0; boundary x = 0 kept 
at constant temperature fo; the initial temperature of the solid zero. 

In this problem \v(‘ have to solve 


( 1 ) 


r, = A --- 

Ol i)X" 


with V - Vq when x - 0, i > 0 

t; =ss 0 wluai X > 0, t == 0 

Let Lv(xJ) ~ 

Ly Theorem III, = pV . 

<ft 

The expiation (1) is transfornuxl to 


(2) 

with 


(PV 

dx^ 



(3) 


1' - r,. 


X >i), t>0 


X > 0 


when a; = 0 


The solution of (2) whieli satisfies (3) and remains finite at x — > oo is 

Y = wrf’-.'Vp/S 


By No. 68, the inve,rse transform of V is 

The above examph's are tyfdcal of the manner in which linear dilTcrential 
equations wuth constant coeflieients may be solved by tlie use of tlu^se tables. 



CHAPTER VII 

OSCILLATIONS OF LINEAR, LUMPED ELECTRICAL CIRCUITS 

1. Introduction. A large part of the analj^sis in engineering and 
physics is concerned with the study of vibrating systems. The elec- 
trical circuit is the most common exarnjde of a vibrating sj^'stem. By 
analogy, the electrical circuit serves as a model for the study of 
mechanical and acoustical vibrating systems. Historically, the 
equations of motion of mechanical systems were developed a long time 
before any attention was given to the equations for electrical circuits. 
It was because of this reason that in the early days of electrical circuit 
theory it was natural to explain the action in terms of jnechanical 
phenomena. At the present time, electrical circuit theory has been 
developed to a much higher state than the theory of corresponding 
mechanical systems. Mathematically, the elements in an electrical 
network are the coefficients in the differential equations describing 
the network. In the same way, the coefficients in the differential 
equations of a mechanical or acoustical system may bo looked upon 
as mechanical or acoustical elements. Kirchhoff^s electromotive force 
law plays the same role in setting uj) the electrical equations as 
d^Alembert’s principle does in setting up the me(;hanical and acoustical 
equations. Therefore, a mechanical or acoustical system may be 
reduced to an electrical network and the problem may be solved by 
electric-circuit theory. 

2. Electric Circuit Principles. The differential equations for elec- 
tric circuits with lumped parameters are of the same form as the 
equations for mechanical systems. Kirchhoff^s first law is the applica- 
tion of the conservation of electricity to the circuit and may be stated 
in the following form: 

а. The algebraic sum of all the currents into the junction point of a 
network is zero. 

Kirchhoff^s second law is a statement concerning the conservation 
of energy in the circuit and is usually stated in the following form: 

б. The algebraic sum of the electromotive forces around a closed 
circuit is zero. 

Let us apply the above Kirchhoff laws to the simple series circuit 

of Fig. 2.1. 
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The parameters R, L, and S of the circuit are expressed sym- 
bolically in the above diagram and are called the resistance, inductance, 
and elastance coefficients, respectively. From basic principles, we 
have 


( Er = iR = electromotive force drop of resistance 
d% 

El ^ L ^ = electromotive force drop of inductance 
Es = Sq = electromotive force drop of elastance 


R 


r — VWVW 

+_L 

-T -S-O- 


L 




Fig. 2.1. 


Where q is the charge on the 
condenser whose elastance is S, it 
is related to the current i by the 
equation 


( 2 . 2 ) 



The capacitance of the condenser C is related to S by the equation 


(2.3) 


C - 


JL 

S 


Applying Kirchhoff^s second law to the circuit, we have 


(2.4) 


L'^ + B.i + Sq = e{t) 


or in terms of q, it is written in the form 
(2.5) Li + Rq + Sq = e(0 


where g = § and g = ^. 

If = 0 and S ^ Oj the above equation reduces to 
(2.6) Lq = e(0 


(2.7) 


Mx 


This equation has the same form as that governing the displace- 
ment a; of a mass M when it is acted upon by a 
force F as shown in Fig. 2.2. 

In the mechanical case, we have by Newton^s 
law (F = Ma) the equation 


M 


X 

Fig. 2.2. 


If the mass is attached to a linear spring as shown in Fig. 2.3, we 
have by Newton^s law 


( 2 . 8 ) 


ilfi + kx — F 
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where k is the spring constant of the spring. This is analogous to 
Eq. (2.6) if we place i? == 0. If in addition to the spring the mass of 
Fig. 2.3 were retarded by a force proportional to its velocity of the 
form BXj then its equation of motion is 

given by ^ 

/ct f\\ TIT* I D** j 7 ^ — nnnnnp — M ► 

(2.9) Mx + Bx + kx ^ f 


This equation has exactly the same I * 

form as Eq. (2.5), we therefore see that we 

have the following equivalence between electrical and mechanical 
quantities: 

i e-^F 

Izl 


\ i-^x = V 

This correspondence between electrical and mechanical quantities 
is the basis of the electrical and mechanical analogies. 

3. Energy Considerations. The energy of an oscillating electrical 
or mechanical system is of importance in studying the behavior of a 
system. The potential energy stored in the spring of Fig. 2.3 when 
the mass has been displaced by a distance x is given by 

(3.1) Vti = J F dx = J kxdx = ^ 

In the electrical case, the energy involved in charging the condenser 
plays the same role as the elastic energy in the mechanical case. This 
is given by 

(3.2) V, = J‘eidt = J‘ Sqidt = S qdq = ^ 

The kinetic energy of motion of the mass is given by 




Mx dx 


Mv dv * 


where t; « i is the velocity of the mass. 
In the electrical case, we have 


Tb « iW* 
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The power dissipated in friction in the mechanical case is given by 

(3.5) Pm = v^B 

and the power dissipated in the electrical circuit is 

(3.6) Pe = m 

4. Analysis of General Series Circuit. We have seen in Sec. 2 that 
the equation governing the current of the general series circuit of 
Fig. 2.1 is given by 

fH 

(4.1) Lj^ + Ri + Sq^ e{t) 
where 

(4.2) i = (/ 

This is a linear differential equation with constant coefficients, and 
we may solve it l)y the methods discussed in Chap. VI. The Laplace 
transform method is particularly well suited to solve this equation. 
To do this, we let 

Note: In order to avoid confusion with the inductance parameter, 
the Laplacian transforms will be denoted by a script iJ. 

(4.3) (£i = /) {Stq - Q) 

We therefore have from Eq. (5.10), Chap. VI, 


£ 


\dt) 


pi — pio 


(4.4) 

From (4.2) we have 

(4.5) ^ Zq I ^ pQ -- pq 

where Zq is the initial current flowing in the circuit and go is the initial 


charge on the condenser. 
(4.6) 


From (4.5) we obtain 

Q = I + ffo 


Equation (4.1) is transformed to 
(4.7) L{pl - pio) +RI + SQ = Ste{t) 

Eliminating Q, we obtain 


(ip + « + I) / + (5?o 


(4.7a) 

Solving for 7, we obtain 
(4.8) 1 = 


Lpio) = JSc(0 


1 




R 


P“ + TP + 




p£e{t) + LpH 


Svq^ 
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The Case of Free Oscillations, Let us first consider the case when 
there is no external electromotive force applied to the S 5 ^stem. In 
this case, e{t) is equal to zero. To simplify the equation, let 


In this case, we have 


1 ( LpH q - 

ip + \ L J 


{p^ + ap + \ L / 

To obtain the inverse transform of this expression we use equations 
Nos. 49 and 50 of our table of transforms. There are three cases to 
consider 

(a) Wo > a,^ 

(h) w§ = a2 

(c) 0)1 < a^ 

Case a is called the oscillatory case. For this case, we obtain from 
the table 

(4.12) ^(0 = ^ — </>) — i /i 

w« LO W« 

where 


(4.13) 


w« = \/w§ — a^, tan <3^ = “ 


We thus see that the current is given as a damped oscillation, where 
io and qo are the initial current and charge of the system. If wo == a, 
we have case h, Tl’his is called the critically damped case. We then 
obtain 


(4.14) 


i(t) = ioC“’®^(l — at) 




In this case there are no oscillations and the current dies down in an 
exponential manner. The case c is the overdamped case, and the 
solution for this case may be easily obtained from Nos. 49 and 50 
of the table. 

If there is no resistance present in the circuit, then a = 0 and our 
transform becomes 


(4.15) 




LpHo ~ Spqo 
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We may compute the inverse transform of this equation by the use 
of transforms Nos. 10 and 11 of the table of transforms. We then have 


(4.16) 
where now 

(4.17) 


i{t) = io cos (woO — wo^o sin (woO 


0)0 


y/LC 


The foregoing equations give the velocity of the mass of the 
analogous mechanical system. In this case, go corresponds to the 
initial displacement xo and io corresponds to the initial velocity^! 
the mass of the mechanical system. The quantity wo = l/^LC 
in the case where we have no resistance is called the natural angular 
frequency of the electrical system. This corresponds to 


(4.18) 


<00 = 


1 

M 


for the mechanical system. Here k is the spring constant and M is the 
mass of the system. 

Forced Oscillations. If e{t) is not equal to zero, we must add to 
the preceding expressions the transform of 

p.Ce(() 


(4.19) 


/ = 


■^'(P* “I" 2ap + coo) 

The inverse transform of (4.12) gives the current in a general series 
circuit that has no initial current and no initial charge but has impressed 
on it an electromotive force e{t) at i = 0. Let us compute this for the 
case in which e(<) is an alternating potential of the form 

(4.20) e(0 = Eo sin (coi) 

By No. 11, of the tables, we obtain 

Eup 


(4.21) 


£e(t) = 


(p2 -1- (0®) 

Substituting this into (4.12), we obtain 


(4.22) 


Ew p® 

1/ + <i»*)(p* + ^p + <4) 


The inverse transform of this expression may be most simply 
computed by the use of No. 52 of the table of transforms. For this 
case, we have 


(4.23) 


I Nip) “ P* 

1 Dip) - (p* + <tf*)(p* + 2ap + <tfj) 
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The roots of D{p) are 


(4.24) 


We also have 


NjO) 

DiO) 


' Pi = —a + ja, 

Pi = —a — jw, when u. 
Pi = +iw 
, Pi - —ju 

0, and 


•s/wj — o* 


(4.25) D\P) = 2p(p* + 2op + «?) + (p* + to»)(2p + 2o) 
Hence substituting into No. 52 of the table, we obtain 


(4.26) 


Eu 

2L 

Eu 

2L 


Pie 


Pit 


Up + a)(p^ + 0)2) 


+ 




(P 2 + o)(pi + 




+ 


ojo + 2ajo) — 0 ) 2 ) (o)o 


— 2ajo) — 0 ) 2 ) _ 


Since the roots pi and p 2 have a negative real part, the expression 
in the first bracket vanishes ultimately as time increases. The second 
expression may be denoted by i,. It may be easily transformed 
to the form 


(4.27) 


E sin (o)< — 6) 



This term persists with the passage of time and is called the steady- 
state term. If R is zero so that the circuit is devoid of resistance, this 
becomes 

E sin (wt ± 

(4.28) i. ^ ' 



If 0 ) = 1/y/LC = o),i the denominator of (4.28) vanishes and the 
steady-state current amplitude becomes indefinitely great. This 
is the phenomenon of resonance and occurs when the impressed 
electromatic force has a frequency equal to that of the natural fre- 
quency of the circuit. If the circuit has resistance, then the denomi- 
nator of (4.27) does not vanish and we do not have true resonance. 

It may be noted that the steady-state cxirrent may be obtained 
more simply directly from the differential equation of the circuit 


+ Ri + ^ ^ E ^ (<at) 


(4.29) 
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by the method of undetermined coefficients explained in Sec. 4 of 
Chap. VI. The steady-state current is the particular integral of this 
equation. We replace the right member of (4.29) by Im £7 • e'"*. 
means the 'imaginary part of.^' 

We let 


(4.30) i = Im 

where ^4 is a complex number to be determined by (4.22). Suppressing 
the ^Tm'^ symbol and realizing that 


(4.31) q = j idt== J 

substitution into (4.29) gives 

(4.32) 


dt = 




j<^L + R+j^A = 


jo> 


E 


where we have divided both sides by the common factor c*"'. Hence 
we have 

E 


(4.33) 


A = 




It is convenient to introduce the notation 


(4.34) 


^ = K+i 




This complex number is called the complex impedance of the circuit. 
It may be written in the polar form 


(4.36) 

where 


Z = \Z\ei> 


(4.36) IZl 
We thus have 

(4.37) 


and tan ff = ^ 


A = e-i> 

1^1 


The steady-state current is now given by (4.30) in the form 


i = Im Eo 




sin («< — 6) 


(4.38) 
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This is the steady-state current given in (4.27) obtained more 
directly. The solution (4.26), however, contains both the steady- 
state solution and the transient response of the system produced 
by the sudden application of the potential Eq sin o)t on the system 
at < = 0. 

5. Discharge and Charge of a Condenser. An interesting appli- 
cation of the differential equations 
governing the distribution of charges 
and currents in electrical networks is 
the following one. Consider the elec- 
trical circuit of Fig. 5.1. 

Let a charge qo be placed on the 
condenser, and let the switch S be closed at ^ = 0. Let it be required 
to determine the charge on the condenser at any instant later. 

When the switch is closed, we have, by Kirchhoff's law, the 
equation 

( 51 ) ^w + ’‘x + i-o 

To solve this, let us introduce the transform 

(5.2) £q = Q 
The initial conditions of the problem are 

(5.3) 

Hence we have 

(6.4) 

Hence the Eq. (5.1) transforms to 

(5.6) L(p^Q - p*go) + R{pQ - pqo) + ^ = 0 

or 

(5.6) + pfi + Q = ip*So + Rpqa 

As before, let 



qo 

dq « 


^ = P*Q - P*?o 



S 

Fia. 6.1. 


(6.7) 
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We, therefore, have 

2apq 


( 6 . 8 ) 


Q = 




+ 


(p^ + 2ap + <*)§) + 2ap + wq) 

By the use of transforms Nos. 49 and 50, we obtain 

(5.9) 


q = ( cosh + — sinh co*< ) 

if a > Wo 

\ w. / 


q = goe~®*(l + at) 

J V 

if a = Wo 

q = (cos < 0 ,^ + — sin co,y 

if a < Wo 


where w, ~ — a^. 

The Charging of a Condenser. Let us consider the circuit of 

Fig. 5.2. 

In this case, at < = 0, the switch 

Ir is closed and the potential E of the 
battery is impressed on the circuit. 
It is required to determine the man- 
Fig. 5.2. ner in which the charge on the con- 

denser behaves. 




-AAAMAt- 

R 


The equation satisfied by the charge is now 


( 6 . 10 ) 


q + 2aq + w?g = ^ 


To solve this equation, we again let 
(5.11) Stq^Q 

and since is a constant, we have 


( 6 . 12 ) 

The initial conditions are now 
at t 


^L~ L 


(6.13) 

Hence we have 

(5.14) 


o(«“? 

( g = 0 

I £g = p*Q 
I £g = pQ 


The Eq. (5.10) transforms to 
(5.16) 


E 


(p* + 2op + c4)Q •= ^ 
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E 


L{p^ + 2ap + «g) 

To obtain the inverse transform of (5.16), we use transform No. 61 


of the table of transforms and thus obtain 
1 — e~“‘ 

[1 - e-»<(l + o<)] 

1 


(5.17) 


q-=CE 
q = CE 
= CE 


cosh cjtt H sinh 

co« 


)] 




cos Oiat H sin 0 >at 

0)» 


)] 


if d 0)0 
if d = 0)0 
if d < 0)0 
The analo- 



In each case, the charging current is given by i = q. 
gous mechanical problem is that of 
determining the motion of a mass 
when it has been given an initial 
displacement and is acted upon by 
a spring and retarded by viscous 
friction or if the mass has a sudden 
force applied to it. 

6. Circuit with Mutual Inductance, 
of Fig. 6.1. 

In this case we have two circuits coupled magnetically. The 
coeflScient Lu is termed the mutual inductance coefficient. It is 
positive if the magnetic fields of i and h add. If they are opposed, 
then the coefficient L 12 is negative. In any case, the equations 
governing the currents in the two circuits are given by appl 3 dng 
Kirchhoff’s laws to the two loops and are 


Fig. 6 . 1 . 


Let us consider the circuits 


dii 


d/i^ 


( 6 . 1 ) 


^ ^ ^11^1 ~ ^ 


J22 


d%2 

dt 


+ Li2 ^ + 1222^2 = 0 


We wish to determine the currents ii and 12 on the supposition 
that at = 0 the switch, 8 is closed and the initial currents are zero. 
Let us introduce the transforms 


( 6 . 2 ) 


1 


£ii = Ji 

£ i %2 ** 1*2 


Now since at < =* 0 we have 


at i » 0 I ^ 
U 2 « 0 


(6.3) 
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and also E is & constant. Hence Eq. (6.1) transforms to 

. I pLiiIi + pLiili + Hull — E 
I pLiili + pJjviJi + Ritli = 0 

We now solve these two algebraic equations by using Cramer’s 
rule and obtain 


(6.4) 


(6.5) 


h = 


h = 


E 


pLi2 



0 

ipL22 + 

R 22 ) 


{PLxi 

+ 

Ell) 

pLu\ 

pLii 


(PL 22 

+ R 

22)1 

(,PUt 

+ 

Ell) 

E 


pLn 



0 


{PLii 

+ 

Ell) 

PL 12 

PLi, 


(PLn 

+ E 22 ) 


Hence we have 
Ii = 

h = 


( 6 . 6 ) 


E{jpLii + 


(Z/11L22 — L12) p^ + (Eiii/22 + Rt^n)p + RnRis 
— EpLii 

(LiiLtt — L\i)p\RiiLii + RttLu)p + RuRa 


_ {RiiLii + E 22 L 11 ) 

2(LxiL22 - X!2) 


2 

Wo = 


R11R2 


If we let 

(6.7) 
and 

( 6 . 8 ) 

we then have 

(6.9) 

In this case, 

(6.10) a® > wj, -v/ (a* — w§) = 

Using the transforms Nos. 50 and 51 of the table, we obtain after 
some algebraic reductions 


h 

h 


{L11L22 — Lfg) 

E {yLn + R22) 


(LuL 22 - L\^) + 2ap + CU§) 

— E pLi2 

{LxxL22 - L\^) (^ + 2ap + wg) 


( 6 - 11 ) 


[ 1 _ cosh /3< + sinh ^<1 

/ill L P^22 J 

. (^2 ^ 


fiRnRn 


er^ sinh fit 
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For the transforms of 7i and J 2 . We see that as time elapses, ii 
approaches its final value E/Rn. If we set di2/dt = 0 and solve for t, 
we find that 12 rises to a maximum value when 


( 6 . 12 ) 


^ i tanh“^ 
P 


and then approaches zero asymptotically. An interesting special case 
is the symmetrical one. In this case the resistances of each mesh are 
equal and the self-inductances are equal. We then have 

“ -^22 ” -Kl 1^11 ” 1^22 “ 

M 


(6.13) 


I fill = 
1 Li2 = 


(6.14) 


The Eqs. (6.4) then become 

I pLIi "I” pMIt "h RIi — E 
I pLl 2 "h pMIi + 72/2 = 0 
If we add the two equations, we obtain 

(6.15) pE{Ii + Ii) + pM{Ii + It) + fi(Ji + It) = E 

If we subtract the second equation from the first one, we have 

(6.16) pL{h - 1 2 ) + pMih - It) + fi(Ii - It) ^E 
If we now let 


(6.17) 
we have 

(6.18) 

Hence 

(6.19) 


Xt = (/i + It) Xt = (/i — It) 


p(L + ilf)xi + fixi = E 
pIl — M)xt + fix2 = E 


Xi = 


E 


p{L + M) + K 


Xt — 


E 


p{L - M) + fi 


If we let 
( 6 . 20 ) 
we obtain 


ai 


fi 

{L + M)’ 


Uz 


fi 


(L - M) 


(6.21) ^ 1 - M) (p + 01 )’ 


X2 = 


E 


(L - ilf ) (p + 02) 
Using the transform No. 8 of the tables, we have 


(6.22) £-1x1 = I (1 - £-*** 


I (1 - c-^*) 
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Hence 

(6.23) 


(ii + *2) “ ^ ~ 

(ii - ii) “ ^ (1 - «■““) 


and adding the two equations we obtain 

(6.24) 


.B (1 — e-““ — e-“*0 
~ B 2 


Subtracting the second equation from the first equation, we obtain 


(6.25) 


*2 = ^ (e-“’‘ - e-“'‘) 


These are the currents in the symmetrical case. 

7. Circuits Coupled by a Condenser. Let us consider the circuit 
of Fig. 7.1. 


1 — VWNAr-^TniRP-*^ 

Sk R, L| ” 

+ JL *). 5 

) ^2 E2 Q 

bCxa *). 

Fig. 

7.1. 


In this case, we have two coupled circuits. The coupling element 
is now a condenser. Let the switch S be closed at ^ = 0, and let it be 
required to determine the current in the system. We write Kirch- 
hoff’s law for both meshes, we then obtain 


(7.1) 

L,^* + 122f2 + ^ 

+ < V - E 

O 12 

+ <«’ - - « 

^12 

where 



(7.2) 

11 

1.4 

11 

Let us introduce the transforms 


(7.3) 

( &ii = h 

= Qi 

[ £ti% = Iz 

£tq% = Qz 

If at t 

« 0, we have 


(7.4) 


gi = 0 

as n 
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The Eqs. (7.1) transform into 

Uj, + EJ.+^+ih^.O 

pCz pCi2 

We now solve these equations algebraically for the transforms 
h and 1 2 . We thus obtain 

^ + ^ + 

(^pLr + - (^) 

"fe) + + + 

(pXx + Ex + E 

-fe) ^ 

(pLx + Ex+ i + “Gfc) 

“fe) + + + 

Expanding the determinants, we obtain the transforms Ii and 1% 
as the ratios of polynomials in p. The inverse transforms of 1 1 and 1 2 
give the currents in the system. In this case, the determinant the 
denominator of (7.6) of the system is a pobmomial of the fourth degree 
in p. The inverse transforms may now be calculated by the use of 
No. 52 in the table. This entails the solution of a quartic equation 
in p. If numerical values are given, this may be done by the Graeffe 
root-squaring method described in Chap. V. The trend of the general 
solution may be determined by solving the symmetrical case in which 
we have 



(7.7) 


I B Cl = C2 - C 

t Li - L2 « L 
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In this case, the Eqs. (7.5) reduces to 
(7.8) 


‘ fi Ii 

pLh + Rh + ^+ 


h 


pC ' pCn pCu ~ ^ 


h . h 


pLIz + RI 2 + —7^ + 


h 


pC pCi2 pCu 
If we add the two equations, we obtain 


= 0 


(7.9) pR(Ji + ^ 2 ) + ^(^1 + ^ 2 ) + ^ (/i + = E 

If we subtract the second equation from the first, we have 

(7.10) pL(7i - h) + Rih - h) + ^ Hr - h) + 


If we let 

(7.11) 

we obtain 

(7.12) 


1 (/, _ j,) + 1 (jj _ j,) = E 

P^ 12 piy 12 


Xi = (Ii + I2) 

X 2 = (h - I 2 ) 
1 


pLxi + Rxi + xi = E 

pL 


If we let 


R 


(7.13) ^ = ai 


pLx, + Rx^ + ^ Q + = E 

= i(i+ 2\ 

L\C^ 


wf = 


col = -- 1 


the two equations become 
/ 


(7.14) 


E 


(p 2 + 2ap + wX)Xi = P 2 ; 
(p2 + 2ap + «|)X 2 = P 2 


The inverse transforms of Xi and X 2 may now be calculated by 
No. 50. In the case 


(7.15) 
we have 

(7.16) 


wf > a\ o)\> al 


( jCT 

£~^Xi = (e~®* sin co«0 Wa = 'N/wf — 

£r^X 2 = jF^ (e““* sin ojbt) wb = \/a)| — a* 
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Hence, adding the two equations (7.16), we have 
Ee~^^ / ^ ^ sin <jihi 

\ Ot)a 0)b 

E / sin 0 2at _ COftA 

2L ^ \ (tia Oih ) 

If there is no resistance in the circuit, then a = 0 and the currents 
oscillate without loss of amplitude with the angular frequencies 
and W 2 . 

8. The Effect of Finite Potential Pulses. It frequently happens 
that the response of an electrical circuit is desired when a potential 
pulse is applied to it. The general procedure may be illustrated by 
the following example. Consider the circuit of Fig. 8.1. 


(7.17) 


lx = 

^2 = 


eit) 


eit) 



Fig. 8.1. 


h 

Fig. 8 . 2 . 



Let e{t) be an impulse function of the form given by Fig. 8.2. 

It is required to find the current in the circuit. For generality, 
let us assume that the condenser has an initial charge go, at ^ = 0. 
The current satisfies the equation 

(8.1) Ri + ^ = e{t), i = 

We introduce the transforms 




( £i = 

I 

(8.2) 


] ^ = 

Q 



[ iJe = 

E 

We now have 




(8.3) 

4 !- 

= pQ - 

C! 

II 


Hence 

(8.4) 0 = I + go 


The transform of the potential e(t) is given by 

jE = p Eqc^p^ dt = Eo{€rp^^ — 6“^'*) 


(8.5) 
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Accordingly, Eq. (8.1) is transformed 

( 8 . 6 ) 

If we let 

(8.7) 

we obtain 

( 8 . 8 ) 

To obtain the inverse transform of I, we use No. 7 and Theorem 
VII of the table of transforms. We thus obtain 

aqoe'~^‘ 0 < t < h 

^ ti < i < h 

aqoe-^‘ + ^ t > h 

This example illustrates the general procedure. 

9. Analysis of the General Network. In this section the analysis 
of a general n-mesh network will be considered. Given a network, we 
can draw n independent circulating currents so that they permit a 
different current in each branch of the network. We shall use the 
following notation: 

a. The Resistance Coefficients, Rrg is the resistance common to the 
if and u circuits. Rrr is the total resistance in the ir circuit. 

h. The Inductance Coefficients, The inductance notation is com- 
plicated by the possibility of mutual inductance. If LJ, is the total 
self-inductance common to ir and and ilf r« is the mutual inductance 
between the ir and circuits, then we define Lr» to be 

(9.1) Lr. = ± Mr. 

The negative sign is used if Mr. opposes LJ,. We define Lrr as the 
total self-inductance in the ir circuit. 

c. The Elastance Coefficients, In the circuits that we are con- 
sidering, every condenser will be traversed by one or more circulating 
currents. For a given current, condensers appear in series but not in 
parallel. It is convenient if we write the equations in terms of the 
elastance coefficients rather than in terms of the capacitance coeffi- 
cients. The elastance coefficients are the reciprocals of the capacitance 
coefficients and are denoted by the symbol S. 



RI + ^(^ + go) = Eoie-”*' - e-p‘>) 

- _L 

RC 

T - ?J>P _ p 

R (p + a) ** (p + o) 
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Let us denote by the elastance common to the ir and circuits. 

We shall denote by Srr the sum of the elastances in the ir circuit. 

The Reciprocity Relations, With the notations defined above, we 
have 

(9.2) Rra == Rary = Lsry Sra = Sar 

These coeflBcients are called the mutual parameters of the network, 
and Srry Lrry and Rrr are called the mesh parameters. 

The General Equations, The set of differential equations describing 
the behavior of the general n-mesh networks may be written con- 
veniently if we introduce the operators 

(9.3) Zr.<,D) Rr. + ^ ( ) dt 

= Lr.D + 72 ,. + ^ 

If now (ci, 62, • • * e„) denote the potentials impressed on the con- 
tours of the meshes 1 , 2 , • • * n, and (n, ^2, * • * in) are the mesh 
currents of the corresponding n meshes, we have 


Zi\{U)i\ + Zi2(D)i2 + 
Z 2 i(D)ii + Z 22 {D)i 2 + 


+ Z\n{D)in = ei{t) 
+ Z2n{D)in == 62(0 


\ Znl{D)i + Zn2{D)i -j- • • • + Znn{D)i = 6„(0 

A concise form of these equations may be obtained by the use of 
matrix notation as explained in Chap. IV. To do this, we introduce 
the following square matrices: 


Ln 

Li2 * 

• x,„] 

ILl- 

L 22 * 

* L2n 



Rnn_ 

■-Su 

S12 • ' 

■ ■ Sin 

[S] = Su 

Sn • • 

' ■ Sin 

.Snl 

8n, ■ ■ 

■ ■ Snn_ 


IV. 

T 

0 do this, we introduce 



Rii 

Ri 2 * 

* Rln 

[R] 

== 

Rii 

R22 * 

Rin 



Rm 

Rn 2 * ' 

• ■ Rnn. 


In terms of these matrices,we construct the square matrix [Z(D)] by 


( 9 . 6 ) 


[zm = [L\D + [R] + ^^ 
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We also introduce the column matrices 



h\ 1 



\ 

^2 ] 

(9.7) 

{«! = <'> {»■} = < 

: 



1 / 


The set of differential equations (9.4) may then be written con- 
cisely in the form 

(9.8) [zmii] = {e\ 

In the usual network problem we are given the various mesh 
charges and mesh currents of the system at ^ = 0, and the various 
mesh potentials (eiC 2 * * * e„) are assumed impressed on the system 
at ^ = 0. We desire to find the subsequent distribution of currents 
in the system. 

Let us introduce a column matrix [E{'p)\ whose elements are the 
transforms of the elements of the matrix { c ) . That is, 

(9.9) = {E{v)} 

In the same way, introduce the column matrix {/(p)}. 

(9.10) {/(p)} ^£{i} 

If we now introduce the column matrices 



where (z?, * * ‘ the initial currents of the corresponding 

meshes of the system at ^ = 0, and (g^?, qh ' ' ‘ ql) are the correspond- 
ing initial mesh charges of the system at < = 0. Then the set of 
differential equations (9.8) transforms into 

(9.12) [Z{v)]{I] = {Eiv)} + vlLm - [«]{g^} 

If we now premultiply both sides of this equation by the inverse 
matrix [Z(p)]~^, we obtain 

(9.13) / = [Z{v)]-HE{P)} + p[Z{p)]-^[L]{i^} - [Z(p)]-HS]{?‘^} 
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Wc now obtain the various mesh currents from the equation 

(9.14) {il =/.-<{/} 

This formally completes the solution of the problem. In general, 
the above algebraic procedure will give the elements of the matrix / 
as the ratios of polynomials in p. The inverse transforms of these 
elements must be evaluated by using transform No. 52 of the table 
of transforms. The procedure involves the computation of the roots 
of the polynomial 

(9.15) \Z{p)\ = 0 

In the general case this polynomial cannot be factored and it is 
of the 2nth degree. The roots may be determined by the Graeffe- 
root-squaring method of Chap. V. 

If there are no initial mesh charges and mesh currents in the 
system, we have 

(9.16) = {goj = {0} 
and we have 

(9.17) [I] = [Zip)]-HEip)} 

The solution in this case is that of a system initially at rest that 
has the potentials { e , impressed on it at ^ = 0. 

10. The Steady-state Solution {Alternating Currents), The equa- 
tions of the last section give the complete solution of a system having 
initial charges and potentials and also impressed electromotive forces 
of arbitrary form at ^ = 0. 

There is one case of extreme practical importance in electrical 
engineering. This is the case where it is desired to find the so-called 
steady-state current distribution when the various mesh electromotive 
forces have the form 



/ El sin {cot “b <t>i) ] 

1 j 



\E 2 sin (co^ -[” <^ 2 ) i 

1 < 


(10.1) 

[e] == Ie^ sin {cot + 4>z) ' 

^ = Im < 



\En sin {cot -h <3&ni)| 

1 1 

^Ene’^'j 


This is the case that occurs in alternating-current theory. For 
generality, we shall assume that the various mesh potentials have the 
same frequency but differ in phase. To determine the steady-state 
mesh currents, it is necessary to determine the particular integral 
of the set of equations 

(10.1a) 


[zmw = [e] 
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It is convenient to write 

(10.2) {ej = Im 

where Im denotes “the imaginary part of” and 

(10.4) {i] = Im {I]ae’-< 

where {/}a is a column matrix whose elements arc the unknown com- 
plex amplitudes of the steady-state currents to be determined by the 
Eq. (10.1). Substituting (10.4) into (10.1) and suppressing the Im 
symbol, we obtain 

(10.5) [ZU^WU = {ea} 

Hence we have 

(10.6) {lU = [Z{jo>)]-neU 

The steady-state currents are now given by (10.4). The elements 
of the column matrix {/}a are called the complex currents of the 
system. The above procedure is a generalization of the method of 
Sec. 4 for the single-mesh case. We have 

(10.7) [7(;„)] =j^[L]-i-[/i:]+P 
This is called the impedance matrix. The terms 

(10.8) Zrr = joiLrr + Rrr + ^ 

are called the mesh impedances, and the terms 

(10.9) Zr» ~ jo)Lra + Rrs + ^ V 9^ S 

are called the mutual impedances. 

PROBLEMS 

1, What is the analogous electrical circuit for a mechanical pendulum that is 
subjected to very small displacements? 

2. A circuit consisting of an inductance L in series with a capacitance C has 

Ent 

impressed on it at f « 0 a potential e(i) =* -jr (0 < ^ < To) and e(t) «= 0, f > 0. 
Find the current in the system. 

8. Two circuits are coupled with a mutual inductance M. One contains an 
impressed potential Eo, R, Li and a switch in series, the other circuit has Ls and C 
in series. For what value of the circuit constants are oscillations possible? 
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4. Each side of an equilateral triangular circuit contains a capacitance C, and 
each vertex is connected to a common central point by an inductance L. Show 
that the possible oscillations of this circuit have the period IT ** 2ir \/3LC. 

6. Two points are connected by three branches, two of which contain both a 
capacitance C and an inductance L, and the third only a capacitance C, Show 
that the angular frequencies of oscillation of the network are l/'y/LC and \/Z/LC, 

6. Two circuits Li, and Li, R^ are coupled by a mutual inductance M, 
where =« L 1 L 2 . A constant electromotive force E is applied at f » 0 in the 
primary circuit. The initial currents are zero. Determine the currents in the 
circuits. 

7. An electromotive force E cos (tat 4* is applied sd t = 0 to a circuit con- 
sisting of capacity C and inductance L in series. The initial charge and current 
are zero. Find the current at time t. 

8. An electromotive force E sin where u> = lly/LC is applied a.t t « 0 to 
a circuit consisting of capacity C and inductance L in series. The initial current 
and charge are zero. Find the current. (This is the case of resonance.) 

9. Show that a combination of capacity C shunted by resistance jBi in series 
Avith a combination of inductance L shunted by resistance R behaves as a pure 
resistance for all forms of applied electromotive force if L « CE*. 

10. Two resistanceless circuits Li, Ci and L 2 , C 2 are coupled by mutual induct- 
ance M. If at ^ = 0, when the currents and charges are zero, a battery of electro- 
motive force Eo is applied in the primary, find the current in the secondary. 

11. A circuit consists of a resistance, an inductance and a capacitance in series. 
An electromotive force e » Ej coe wit 4- E% cos mi is impressed on the circuit. 
Find the steady-state cut rent. 

12. A series circuit consisting of an inductance capacitance and resistance has 
an electromotive force eif) of the meander type,^’ as shown in the figure, impressed 
on it. Find the steady-state current. 


eit), 










1 ^ 


Pros. Fig. 12. 
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CHAPTER VIII 


ELASTIC VIBRATIONS OF SYSTEMS WITH A FINITE 
NUMBER OF DEGREES OF FREEDOM 


1, Introduction. One of the most important and interesting sub- 
jects of applied mathematics is the theory of small oscillations of 
mechanical systems in the neighborhood of an equilibrium position 
or a state of uniform motion. In the last chapter we considered the 
oscillations of a very important vibrating system, the electrical 
circuit. By the analogy between electrical and mechanical systems, 
all the methods discussed in the last chapter may be used in the 
analysis of mechanical systems. In the mechanical system, we are 
usually concerned with the determination of the natural frequencies 
and modes of oscillation rather than the complete solution for the 
amplitudes subject to the initial conditions of the system. In this 
chapter, we shall use the classical method of solution rather than the 
Laplace transform method. By comparing the analysis of the equiva- 
lent electric circuits of the last chapter which were analyzed by the 
Laplacian transformation method and the classical analysis of the 
mechanical systems in this chapter, a proper perspectiv^e of the utility 
of the two methods will be apparent. 

2. Oscillating Systems with One Degree of Freedom, l^et us 
consider the vibrating systems of Fig. 2.1. 



Fig. 2.1. 


r-AAAAA/ 


(5 


Fo siDC4;t 

a 



(c) 


System a represents a mass that is constrained to move in a linear 
path. It is attached to a spring of spring constant k and is acted 
upon by a dashpot mechanism that introduces a frictional constraint 
proportional to the velocity of the mass. The mass has exerted upon 
it an external force Pq sin (at. By Newton^s law we have 

164 
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( 2 . 1 ) 


M£ = — Xa; — Rx + Po sin (at 


X = 

X = 


— 

dt 

dH 

di^ 


where -K is the spring constant and R is the friction coefficient of the 
dashpot. 

System b represents a system undergoing torsional oscillations. It 
consists of a massive disk of moment of inertia J attached by means 
of a shaft of torsional stiffness X. The disk undergoes torsional 
damping proportional to its angular velocity 6. The disk has 
exerted upon it an oscillatory torque Tq sin <aL By Newton's law we 
have 

(2.2) JS = —Kd — R6 + To sin cot 

System c is a series electrical circuit having inductance, resistance, 
and elastance. By Kirchhoff's law, the equation satisfied by the 
mesh charge q is 


(2.3) q + Rq + Sq — Eq sin cot 

By comparing these three equations, we obtain the following table 
of analogues: 


Linear 

Torsional 

Electrical 

Mass 

M 

Moment of inertia 

J 

Inductance 

L 

Stiffness 

K 

Torsional stiffness 

K 

Elastance S = 

l/c 

Damping 

R 

Torsional damping 

R 

Resistance 

R 

Impressed force 


Impressed torque 


Impressed potential 


Fo sin Oil 


To sin Q)t 


Eo sin (at 


Displacement 

X 

Angular displacement 

e 

Cyondenser charge 

3 

Velocity 

X — V 

Angular velocity & 

«=* CO 

Current i 

-4 


We see from this table of analogies that it is only necessary for 
us to analyze one system and then by means of the table we may 
obtain the corresponding solution for the others. 

Free Vibrations. Let us consider the system a when no impressed 
force is present. In this case, Eq. (2.1) reduces to 

(2.4) Mx + Rx + Xa: = 0 

This equation describes the free vibrations of the mass of Fig. 
2.1. To find the general solution of (2.4), we find two nontrivial 
solutions. An arbitrary linear combination of the two particular 
solutions will then be the desired solution. 
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Since Eq. (2.4) is linear and homogeneous, we know from the 
general theory of Chap. VI that we can obtain a particular solution 
of the form where s is a constant to be determined. If we sub- 
stitute for X in (2.4) and divide out the factor we obtain the 
quadratic equation 

(2.5) ilfs2 + + if = 0 

This equation determined the quantity s. Let us denote the two 
roots of the quadratic equation (2.5) by si and § 2 . We then have 

(2.6) X = 

for the general solution of (2.5), where Ci and C 2 are arbitrary constants. 
The nature of the solution depends on the nature of the roots. There 
are three cases to consider. 

o. The Case {R^ — AMk) > 0. In this case si and S 2 are real and 
unequal. The general solution is 

(2.7) X = 


Both roots are negative, and (2.7) represents a disturbance that 
vanishes as L 

6. The Case (R^ — AMK) « 0. In this case the quadratic equa- 
tion (2.5) has a double root 


( 2 . 8 ) 


5l = S2 = 


-R 

2M 


Thus Cie^^ is the only solution obtainable from (2.5). However, 
the general theory of repeated roots as discussed in Chap. VI shows 


-R. 


that there exists a second solution of the form x = te^^ 
solution is, therefore 


The general 


(2.9) 


x == (ci + C2i)e^^^ 


In both these cases we have the so-called aperiodic motion. As 
time increases, the displacement of the mass approaches zero asymp- 
totically without oscillating about x « 0. This means that the effect 
of damping is so great that it prevents the elastic force from setting up 
oscillatory motions. 

c. The Case (fi* — AMK) < 0. In this case, the roots si and S 2 
are complex conjugates. If we let 



Sue. 2J ELASTIC VIBRATIONS OF SYSTEMS 

we may write the general solution in the form 


167 


( 2 . 11 ) X = 

By using the Euler relation, this becomes 

Jg . 

(2.12) X ^ e 2^(cJ cos + cj sin 

where cj and cj are two new arbitrary constants. If we let 

(2.13) cj = A cos and = A sin 

where A and 5 are two new arbitrary constants, then (2.12) becomes 

R, 

(2.14) X = Ae cos a>,(< ~ 3) 

The constant A is called the amplitude of the motion, and is 
called the phase. 

(2.15) “ -v/l - m’ 

is called the angular frequency of the motion. The motion represented 
by (2.14) is quite different from the aperiodic motion discussed in 
cases a and b. In this case the damping is small compared with the 
elastic force, and the motion of the mass is oscillatory. The damping 
is not so small as to be considered negligible. The motion is one of 
damped harmonic oscillations. The oscillations behave like cosine 
waves with an angular frequency of w, except that the maximum value 
of the displacement attained with each oscillation is not constant. 

The amplitude is given by the expression Ae ^nd decreases 
exponentially as t increases. 

The quantity R/2M is called the logarithmic decrement. It indi- 
cates that the logarithm of the maximum displacement decreases at 
the rate 'R/2M, If there is no damping present (B = 0), we obtain 
harmonic oscillations with natural angular frequency. 


(2.16) 



The amplitude A and the phase must be determined from the 
initial state of the system. 

If, for example, 

I w « 0 
I u » Wo 


(2.17) 
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then 

(2.18) u = e sin o)st 

0>a 

is the particular solution. 

Forced Oscillations, If an external force F{t) is impressed upon 
the physical system a above, the equation governing the displacement 
X of the mass is given by 

(2.19) Mx + + Kx = F{t) 

From the general theory of Chap. VI, we know that the general 
solution of (2.19) is the superposition of the general solution of the 
homogeneous equation (2.4) and the particular solution of (2.19). 
Let the force F(JL) be a periodic force of the form 

(2.20) = Fq cos oit + jFo sin a>i 
Accordingly, we have 

(2.21) Mx + + Kx = Foe^'^^ 

Since this equation is linear, we attempt to find a solution of the 
form 

(2.22) x - 

We realize that the real part of the solution corresponds to the 
force function Fq cos cot and the imaginary part, to the force function 
Fq sin ot. Substituting the assumed form of the solution in Eq. (2.21), 
we obtain 

-Moo^A + jRoiA +KA = Fo 


{K — Mco^) + ji2co 

The complex number 

(2.25) Z^{K-Mo>^)+jRa> 
may be written in the polar form 

(2.26) Z = \Z\ei^ 
where 


(2.23) 
or 

(2.24) 


(2.27) 


\Z\ = V(A - 


^ = tan~* 


Rw 

{K - Mu^) 
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We then have 

(2.28) M 

Substituting this into Eq. (2.22), we have 

(2.29) X = 

The physical meaning of this solution is that if a force of the form 
Fo cos cot is impressed on the vibrating system the resulting steady- 
state motion is given by 


(2.30) 



cos (oot — 6) 


If a force Fo sin o)t is impressed on the system, then the steady- 
state response is 


(2.31) 


X = 


1^1 


sin (cot — 6) 


The complex number Z is called the mechanical impedance of the 
system. It is a generalization of the spring constant to the case of 
oscillatory motion. 

It is convenient to introduce the quantity /x, defined by 


(2.32) ^ ^ 

fi is called the distortion factor. The angle $ is the phase displace- 
ment. The solution (2.29) may be written in the form 

(2.33) a: = 

We see that the resulting steady-state motion is given by a function 
of the same type as that of the impressed force. However, it differs 
from it in amplitude by the factor /x and in phase by the angle 6, The 
solution (2.33) represents the steady-state asymptotic motion after 
the superimposed free vibrations which are damped have disappeared. 
The general solution is of the form 

Rt 

(2.34) z — Ae cos a;,(< — 5) + 


If the initial conditions at ^ = 0 are given, the arbitrary con- 
stands A and 6 may be determined. 

The Case of General Periodic External Forces. A very important 
case in practice is the one in which the impressed external force is 
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periodic of fundamental period T. That is, 

(2.36) F(jt + T) = F(0 

In this case, we may express F(t) in the complex Fourier series 

2/tr 


(2.36) 


F{t) = 2) 

n— — • 


T 


as explained in Chap. III. 

The coeflScients Cn are given by 

" 7 * 

(2.37) c. 


=- r 

Tjo 


dt 


To determine the response in this case, we assume a solution of 
the form 

n«* *4- • 

(2.38) X = ^ 

n— — • 

On substituting this assumed form of solution and equating the 
coefficients of the term we obtain 


(2.39) 

where 



(2.40) Zn = (IT - ildTn^w^) + jRrm 
This may be written in the polar form 

(2.41) Zn = 
where 

(2.42) |Z.| = \/iK-MnWY-\-BW 0„ = tan-» 

If we write 

(2.43) 

then we have 

(2.44) On = C„)Une~’** 

Substituting this into (2.38), we obtain 

(2.45) * = 

This represents the steadynstate response to the general external 
periodic force F{t). In this case, the general harmonic n is magnified 



Sbc. 2] 


ELASTIC VIBRATIONS OF SYSTEMS 


171 


by the distortion factor /zn. Equation (2.45) is of extreme importance 
in the theory of recording instruments. If the parameters M, K, and 
R are adjusted so that the UnS are vs large as possible, then the appa- 
ratus is as sensitive as possible. If for the various frequencies (nw) 
the fjLnS have approximately the same value, then there is a minimum 
amount of distortion. The phase displacements Bn are of secondary 
importance in acoustical instruments since they are imperceptible 
to the human ear. 

Resonance Phenomena, If we study the distortion factor n of 
Eq. (2.32) as a function of the frequency co, that is, if we write 

(2.46) ^ 
we notice that 

(2.47) lim M(to) = 0 

ca— ^ 00 

(2.48) lim iiiw) = i 

That is, if we impress on the system a force of very high frequency, 
the amplitude of vibration tends to zero. If we apply a steady 
force, the motion is of constant magnitude Fo/K, 

Between w = 0 and w = <» there is a value where iu(a;) has a 
maximum value. If we place 

(2.49) S-M-" 
we obtain 

(2.60) 2Mw2 = 2MK - R^ 

If we let cor be the value of w that satisfies tliis equation, we have 

(2-51) - ^2 

This value of o>r makes m(w) a maximum. If there is no friction, 
jB = 0, and the above analysis fails. In this case the equation of 
motion is 


Mx -f- Xx = 



= Wo 


(2.52) 

If 

(2.53) 


CO = 
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this equation has the particular solution 


(2.54) 


2jMa> 2j 


We then see that in this case if the impressed force coincides with 
the natural frequency of the system, coo, then the amplitude increases 
without limit as t increases. If friction is present, /x(co) is always 
finite and has its maximum value when co = cor. In the literature, the 
frequency cor is called the resonance frequency of the system. 

3. Two Degrees of Freedom. The system considered in the above 
section consisted of a mass restrained to move in a linear manner, and 
its position at any instant was specified by the parameter x measured 
from the position of equilibrium. 

Let us now consider the motion of the system of Fig. 3.1. 

This system is analogous to the electrical circuit of Fig. 3.2. 



Fig. 3 . 1 . Fig. 3 . 2 . 


The state of both of these systems is determined by two quantities. 
These are the linear displacements of the two masses of the mechanical 
system {xijX 2 ) or the mesh-charges of the electrical system (^1,52). 
We speak of a system whose motion and position are characterized by 
two independent quantities as a system having two degrees of freedom. 
If the position and motion of a system are characterized by n inde- 
pendent quantities, then the system is said to be one of n degrees of 
freedom. 

The equations of motion of the systems of Figs. 3.1 and 3.2 may 
be obtained by d^ Alembert's principle in the mechanical case or 
Kirchhoff's laws for the electrical case. We may pass from one 
system to the other one by means of the table of analogues of Sec. 2. 
It is usually simpler to write Kirchhoff 's laws for the system and then 
translate the electrical quantities to mechanical ones. 

Writing Kirchhoff's law for the fall of potential in the two meshes 
of the circuit, we have 

I Li^'i + SiQi + S(qi — ^2) = 0 

I L252 + ^2^2 + S{q 2 — • gi) = 0 


(3.1) 
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Translated to mechanical quantities, we have 


M\Xi -1- KiXx “1- — X 2 ) = 0 

M 2 X 2 + K 2 X 2 + K{X2 — Xi) = 0 


These equations are linear and homogeneous of the second order of 
the type discussed in Chap. VI. Their solutions are of the exponential 
type. To solve them, let us place 


(3.3) 


Xi = 

X2 = A2e*^*' 


where Ai, ^4.2, and a may be real or complex. 

Substituting this into (3.2) and dividing out the factor we 
obtain 

.. { Ax{Mxa^ + Kx + K)-A2K^0 

I -AiK + A2{M2a’^ + iiTg + iiT) = 0 

These are two homogeneous linear equations of the type discussed 
in Chap. IV. This system of equations has a solution other than the 
trivial one Ai = .^2 = 0, if 


(3.5) 


A(«) = 


(Mia* + Ki + K) -K 
-K (Maa* + K2 + K) 


= 0 


Expanding the determinant, we have 


(3.6) A(a) = (Mia* + iCi + + Xa + .«•) - X* = 0 

This is called the characteristic equation of the system. This 
equation may be written in the form 


(3.7) 


+ 


Kt-^K 


Ml 


)(«■ 


+ 


Ma } 


X* 

MiMa 


= 0 


It is convenient to introduce the notation 


(3.8) 


Xi + 
M 


> 


/a2 — 

CO 22 — 




K 

MiMa 


“ Ma 


We may then write the characteristic equation in the form 

(3.9) (a* + a>!i)(a* + cola) - cola = 0 

or 


( 3 . 10 ) 


a* + a*(cofi 4- cola) + (coiic^i* "" “> 12 ) = 0 
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We therefore have 


(3.11) ± i \/ {iliil — C022)^ + 4cof2 

The expression under the radical is positive, and the absolute 
value of the second term is less then that of the first term. Hence 
is real and negative. Accordingly, let us write 

(3.12) = —03^ or a = ±jo3 
Hence 

(3.13) CO* = 1 VCcofi - coD* + 4co}, 

Equation (3.13) gives two values for let us call them oji and 0 ) 2 . 
From (3.12) we obtain four values for a, jaj 2 , and — jaj 2 . 

We find from our original assumption (3.3) that the solutions for 
Xx and X 2 are of an exponential form, we obtained four values of a. 
The general solution may be written in the form 


(3 14) I + Ax2e-^^*^ 

^ ^ \ X2 ^ + A 2X6-^'^^^ + A 226 ^“”'* + A22d~»‘-»^ 

Since Xx and x^ are real. An must be the conjugate of An and 
similarly for A 12 and An, etc. If we write 


(3.15) 


. CnC'*‘ 

= 2 ' 

T 

II 

An = - 

Vll2 = 2 

-^21 = 2““^ 

T C2ie-»‘'* 

A 21 = - ^ 

. C22e''’ 

A 22 = 2 ' 

r C22C-’‘'* 

An ^ 


where Cn, Cn, C 21 , C 22 , Bx, and $2 are new arbitrary constants. We may 
then write the solution in the form 


(3.16) 


Xx ~ Cn cos {o3xt + ^ 1 ) “t” C 12 cos {(i) 2 t H" B 2 ) 
X 2 C 21 cos (coi^ “f* ^ 1 ) 4" C 22 cos (w 2 ^ “}“ ^ 2 ) 


The ratios cxx/c 2 x and C 12 /C 22 are determined by Eqs. (3.4), since 
for each value of a the ratios of the quantities An/A 21 and A 12 /A 22 
are determined by these equations. It appears that in Eqs. (3.16) 
there are four independent arbitrary constants. We may take them 
to be Cn, C 12 , ^ 1 , and ^ 2 . Equation (3.16) shows that the most general 
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solution of the system is made up of the superposition of two pure 
harmonic oscillations. In each of these oscillations the two masses 
oscillate with the same frequency and in the same phase. The 
amplitudes of oscillation are in a definite ratio given by Eqs. (3.4). 

The pure harmonic oscillations are called the 'principal oscillations 
or the principal 'modes of oscillation of the system. 

Special Case {M i = M 2 = M), {Ki = K 2 = Kq), A very interest- 
ing and illuminating special case of the above general theory occurs 
when the two masses of the system are equal, that is, 


(3.17) 

M 1 = = ilf 

and 


(3.18) 

Xi = X* = Ko 


This is a very symmetric case. Rather than to apply the above 
general theory, it is more convenient to begin with the differential 
equations of the system. The general equations (3.2) reduce in this 
case to 

/o .qn ( Mxi + (Kq + K)xi — Kx 2 = 0 

^ ^ \ Mx2 + (Ko + K)x2 - Xxi = 0 

If we add the two equations, we have 

(3.20) M{xi + 0 ^ 2 ) + Ko{xi + = 0 

Let us introduce the new coordinate t/i defined by 

(3.21) 'yi = {xi + X 2 ) 

We then have 

(3.22) Myx + Kayi = 0 

Hence the coordinate y\ performs simple harmonic oscillations of the 
form 

(3.23) yi — Ai sin <ait + Bi cos (ait 
where 

(3.24) 

This represents a motion where the two masses swing to the left 
and right with equal amplitudes in such a manner that the coupling 
spring is not stressed. If we now subtract the second equation from 
the first one and let 


(3.26) 


y2 « (xi - X 2 ) 
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we obtain 


(3.26) MPi + (Ko + 2K)y^ = 0 

This equation has a solution 


(3.27) 
where 

(3.28) 


yi = Ai sin W 2 < + cos tojl 


C02 


+ 2K 
M 


This case represents the one in Avhich the two masses move in 
opposite directions with the same amplitude. We may write the 
transformation from the x coordinates to the y coordinates in the 
matrix form 



and also 

In this very simple case, we see that by a linear transformation 
of the coordinates {xi^xn) to the coordinates (2/1, 2/2) we have effected 
a separation of the variables so that the motions of the yi and y^ 
coordinates are uncoupled. 

These new coordinates 2/1 aud 2/2 are called normal coordinates. 
They will be considered in greater detail in a later section. 

The general solution of the system may be written in the form 


(3.31) 


{ Xx = i{Ai sin o)it + Bi cos wit + A 2 sin o> 2 t + B 2 cos W 2 O 
X 2 = i(^i sin + Bi cos coit A 2 sin a? 2 ^ — B 2 cos C 02 O 


Let us suppose that the motion begins in such a manner, that 


(3.32) 


at i = 0 


X\ ““ Xq 
X 2 — 0 
xi = 0 

i:2 = 0 


That is, the system is initially at rest, but at ^ = 0 the mass 1 is 
displaced a distance Xo. In this case, the general solution (3,31) 
reduces to 

Xi ~ (cos Wit + cos CD2O 
^ (cos Wit — cos W2t) 


(3.33) 
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This solution may also be written in the form 


xi = xo cos 


( «l + OjA ^ f <|>1 — 0)21 ^ 


^ a ;2 = iTo sin ^ ^ — J ^ ^ — 2 — ) ^ 

If the coupling spring k is weak, then h is small and we may write 
(3.35) W2 “ wi + 26 

where 5 is small compared with o^i and we have 

We may then write (3.34) in the form 

3 y\ I Xi == Xq cos (cOiO cos {8t) 

^ ' I 0^2 = —Xo sin (coif) sin (5f) 


The motions of the two masses in this case execute a phenomenon 
called beats.'’ Each mass executes a rapid vibration of angular 
frequency coi with an amplitude that changes slowly with an angular 
frequency of 6. The two masses move in opposite phases so that the 
amplitude of vibration reaches its maximum when the other is at rest. 

4. Lagrange’s Equations. In this section a simple exposition of 
Lagrange's equations for conservative systems vill be given. For a 
more complete and detailed treatment, the 
reader is referred to the standard treatises on 
mechanics. 

Let us consider the simple mass and spring 
system of Fig. 4.1. 

x is a linear coordinate measured from the 
position of equilibrium of the mass. If the 
mass is moving with a velocity v — x, its kinetic energy T is given by 

(4.1) T = Wv^ - W{x)^ 

When the spring is stretched a distance x from its position of 
equilibrium, then the elastic or potential energy stored in the spring 
is 

(4.2) y = / y dx = / Kxdx^~ 

Jo Jo 2 

By Newton's second law of motion, the differential equation 
governing the motion of the mass is 



Fig. 4.1. 


(4.3) 


Ma = -F 
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where a = t) is the acceleration of the mass and F is the restoring force 
of the spring. The minus sign is introduced because the restoring 
force F acts in the opposite direction from Xj since x is measured from 
the position of equilibrium. We may also write the equation (4.3) in 
the more fundamental form 

(4.4) ^ (Mv) = -F 


If we differentiate the kinetic energy T of (4.1) with respect to 
i; i;, we obtain 


(4.5) 




Mx == Mv 


If we differentiate the potential energy V of (4.2) with respect to 
X, we have 

£7 

dx 


(4.6) 


= A = 

dx \ 2 / 


Kx = F 


Hence in terms of the energy functions, the equation of motion may 

be written in the form 




x 


(4.7) 




dt 


+ 


dx 


0 


Fig. 4 . 2 . 


^ This form of the equation of 

motion is called Lagrange’s equa- 
tion of motion and is simply a convenient way of writing Newton’s 
second law of motion. 

Let us now consider the system of Fig. (4.2). 

This is the system analyzed in Sec. 3. In this case the kinetic 
energy is given by 

(4.8) T « iMixl + iMzxl 
The potential energy stored in the springs V is 

(4.9) V = iKixl + iKixi - x^y + iK2xl 

In this case the kinetic and potential energies are quadratic func- 
tions of the linear displacements xi and X 2 - In this case, if we form 
the partial derivative 


(4.10) 


dxi 


MiXi == MiVi 


we obtain the momentum of the first mass. 
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The derivative 


(4.11) 


dx\ 


KiXi K{xi X2) 


is exactly the restoring force acting on the mass Mi. We thus see that 
the first of the equations (3.2) may be written in the form 


(4.12) 



dxi 


In the same manner the second equation of motion may be written 
in the form 


(4.13) 





In t his case the motion of the system is given by the two liagrango 
equations (4.12) and (4.13). 

The importance of Lagrange’s equations is that they hold in any 
sort of coordinates not merely the linear coordinates which we have 
used above. For example, in the symmetric case of Sec. 3 the kinetic 
and potential energies are given by 


(4.14) 


I T = Wixl + ii) 

\ V - Woixl + xi) + ^J5:(xx - 


We saw that the analysis was vastly simplified by introducing the 
new coordinates yi and yt by the linear transformation 


(4.15) 
or 

(4.16) 


yi = xi + Xi 
y2 = xt — xt 


{xi = iiyi + yt) 

\ Xt = i{yi - yi) 


In terms of these new coordinates, the kinetic and potential energies 
become 


(4.17) 


I T = + 2/1) 

1 V = iKo(y! + y\) + hKyl 


It was asserted that Lagrange's equations would hold in the yi and 
2/2 coordinates. We therefore have 


(4.18) 
or 

(4.19) 


dt \d2i'i/ 3yi 


= 0 


■J l/i + J/i 


0 
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y 3?2 + i Koy, + Ky, = 0 

Hence the equations of motion are 
(4.22) Myi + Koyi = 0 

and 


and 

(4.20) 
or 

(4.21) 


(4.23) My 2 + (Ko + ^K.)y = 0 


These were the equations of motion of the symmetric system 



m \ m \ m. 


t I 

Fig, 4 . 3 . 


obtained directly. 

In this simple example we see 
that the introduction of the two 
new coordinates yi and 2/2 reduce 
the potential and kinetic energy 
expressions to sums of squares. 
This is a general property of 
normal coordinates. Each nor- 


mal coordinate executes simple harmonic oscillations independently of 
the others. 

As another example, let us consider the motion of three pendulums 
of equal masses M and length I connected by springs at a distance h 
from the suspension points A, and C as shown in Fig. 4,3. 

The masses of the springs and the bars of the pendulums are 
assumed so small that they can be neglected. The motion of the 
pendulums may be expressed in terms of the angles ^ 1 , ^ 2 , and 6 z of 
the pendulums measured from the vertical in a clockwise direction. 
The kinetic energy of the system is 


(4.24) T = WW + 61) 


The potential energy of the system consists of two parts: the 
energy due to the gravitational force and the strain energy of the 
springs. If we limit ourselves to a consideration of small oscilla- 
tions, then ^ 1 , ^ 2 , and 6 z are small quantities. The energy due to 
gravity is 

(4.25) Vg ~ Mgl{l — cos ^ 1 ) + Mgl{l — cos 62 ) + Mgl{\ — cos Bz) 
== \Mgl{B\ + ^2 + ^ 3 ) 
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For small oscillations the springs may be assumed to remain always 
horizontal. 

The elongation of the springs is then given by 

(4.26) h(sm 62 — sin ^ 1 ) = h(d2 — ^ 1 ) 
and 

hi&in 6s — sin ^ 2 ) = h{6z ~ ^ 2 ) 

respectively. 

The strain energy of the springs is accordingly 

(4.27) ~ 

The total potential energy of the system is 

(4.28) V = ^ Mgm + 01 + Ol) + ^ - BiY + (6, - 9,)»] 


This mechanical system is analogous to the electrical circuit of 
Fig. 4.4. 





HI- 


S L 

S 

L 

s 

L 

i) *•= 

mm 

h) S»= 




Fig. 4.4. 


The magnetic energy of the electrical circuit is 

(4.29) Tm = iL(qi + gl + 41) 

Where Qr = ir, the mesh currents of the system and the electric energy 
of the system are 


(4.30) Ve = iS(^? + ^2 + d) + iSo(q2 - qi)^ + i5o(g8 ~ q2)^ 

These expressions are completely analogous to the kinetic and 
potential energies of the mechanical system. In this case we have 


(4.31) 


I Mgl->S, Kh^^So 

( ^ dr — > qr 


for the analogous electrical and mechanical quantities. The currents 
are analogous to the angular velocities of the pendulums. In this 
case, there are three Lagrangian equations of motion of the system. 


d 

dt 




- 0 


(4.32) 


r « 1, 2, 3 
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Performing the differentiation, we obtain 

' PMS, + MglSi + Kh^idi - ^? 2 ) = 0 

(4.33) • PM $2 + Mgld2 + Kh^($2 0i) + Kh^{d2 — ^ 3 ) = 0 

PMSs + MgldB + Kh^iSz - ^ 2 ) = 0 

We may find the normal coordinates in this case rather simply. If 
we add the three equations, we obtain 

(4.34) PM{B\ + $2 + ^s) + Mgl{0\ + 02 + ^ 3 ) =0 


If we let 


(4.36) 

equation (4.34) becomes 

(4.36) 


2/1 “ (^1 + ^2 + ^s) 


y + jyx = 0 


The solution of this equation is 

(4.37) 2/1 = sin ^ ^ + jSi cos t 

and represents an oscillation of all three i>endulums in synchronism 
with an angular frequency of 


(4.38) 




If we subtract the last equation (4.33) from the first one and let 

(4.39) 2/2 = (^1 - ^ 3 ) 
we obtain 

(4.40) MPy 2 + {Mgl + K}P)y 2 = 0 
The solution of this equation is 

(4.41) y 2 == i42 sin b) 2 t + B 2 cos 


where 

(4.42) 




KJ^ 


If we now add the first and last equations (4.33) and subtract 
twice the second equation and let 


(4.43) 


y» “ (®i ~ 2^2 + ^2) 
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we obtain 

(4.44) MPyz + (Mgl + ^Kh^)y^ - 0 
This equation has the solution 

(4.45) ys — Az sin cczt + Bz cos (azt 
where 

(4.46) C03 - 

We have thus succeeded in obtaining the three normal coordinates 
2 / 1 , 2 / 2 , and 2 / 3 . The three angular frequencies of the system are 
coi, 0 ) 2 , and 0 ) 3 . If we know the initial displacement and angular 
velocities of the pendulums, we may determine the six arbitrary 
constants Ary Br^ r = 1, 2, 3. Then the Br coordinates are given by 

I . 2/1 , 2/2 , ^3 

Bi = -r -r -Q 

= f 

fl _ 2/1 2/2 , 2/8 

These equations are obtained by solving the Br coordinates in 
terms of the yr coordinates. It may be shown that the kinetic and 
potential energies (4.25) and (4.29) are reduced to sums of squares in 
the 2/r coordinates. 

6. Proof of Lagrange’s Equations. In the last section we con- 
sidered a method of writing the equation of motion of oscillating 
systems in terms of the expressions for the kinetic and potential 
energy of the system. We saw that the state of motion of the system 
could be expressed in terms of different parameters or coordinates. 

In this section a proof of Lagrange’s equations will be given for a 
particle, the proof may be easily generalized to a system of particles 
and to rigid bodies. 

Let us consider a particle of mass m. According to Newton’s 
second law, the equations of free motion of this particle referred to a 
set of rectangular coordinates are given by 

(5.1) Mx « Fx, My = Fy, M'z = F. 

where (F*, Fy, F,) represent the components of the effective force 
acting on the particle in the x, 2/, and z directions. Suppose we desire 
to express these equations of motion in terms of another set of coordi- 
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nates (gi, qz) related functionally to the rectangular coordinates 
{x,yjZ). We may then express the coordinates {x,y,z) in terms of the 
coordinates (gi, q 2 y qz) by 

/K o^ ( ^ ^^ 2 , ga), y = qiy gV) 


^ = Fiiqu Q2y ga), 
2 = Fziqiy ga, ga) 


With this notation, on differentiation Avith respect to time, the 
expression for the component velocities of the particle (x,i/,i) may 
be expressed in the form 

I dx , . dx . , dx 

dz . , dz . , dz , 

^ ~ 'KZ “b ^ ^2 + ~r~ ?3 
dgi dg2 c>g3 

where in general Xj y^ z arc explicit functions of (gi, g 2 , ga, gi, g 2 , ga). 
Now since 

(5.4) X = Fi(5i, ^2, gs) 


Hence 


' \dqj dqi 


4>i(qi, qt, <?a) 


. . d<l>i . , d(l>i . 


d^x . 323 ; ^ 2 ^. 

dg! dg 2 3gi dga dqi 

Differentiating the first equation (5.3) with respect to gi we obtain 

dx d^x . d^x , . d^x 

dqi dgf 3gi dq 2 dqi dqz 

If we now compare (5.6) and (5.7), we obtain 


/ 3x\ _ 3£ 
5 \dqi/ dqi 


with similar relations for y and z. 

It is also evident by differentiating the first equation (5.3) with 
respect to gi that 

(5.9) 1^ = 

dgi 3gi 

with similar relations for y and z. 
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Let us now assume that we hold the coordinates and fixed and 
give the coordinate gi an infinitesimal increment bqx. If by^ and bz 
are the increments that this produced in x, y, and r, then if we let 
bW\ be the work done by the effective forces when the particle under- 
goes this infinitesimal increment, we have 

(5.10) bWx = gx + Fy by + Fz bz 

= M(x bx + y by z bz) 

as a consequence of Eqs. (5.1). 

We also have 


(5.11) 

Hence we may write (5.10) in the form 

( 5 . 12 ) + + 

The rule for the differentiation of a product yields 


(5.13) 

a(* 

da:\ 

dqx) 

.. dx 

X 

dqx 

, , d / dx\ 

or 





(5.14) 

.. dx 
dqi 


dx\ 

. d / dx\ 

^ dt \dqi/ 

Sx 

If we substitute the values of 

dqi 

, d ( dx\ 

:r, 1 ^ J 
dt \dqi/ 

(5.8), we obtain 





(5.15) 

.. dx 

d (, 

. dx\ 

. dx 

X — 

dqi 

dt\ 


~~~ 

dqi 


given by (5.9) and 


dldqi\2) dqi\2) 


and similar relations for y and z. However, the kinetic energy of the 
particle is given by 


(5.16) 


r = ^ (i* + ?/' + P) 


Hence as a consequence of (5.15) and (5.16) the expression (5.12) may 
be written in the form 


( 5 . 17 ) 


(d dT dT\ . 
‘ dqj 
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Now if Qi 6qi is the work done in the specified displacement of the 
particle, then it is convenient to regard Qi as a sort of generalized 
force. We may write 


(5.18) 

and we have 

(5.19) 


Wi = Qi 8qi 



By the same reasoning, if qi and qs had been held constant and (j 2 
given an increment 5(/2, we obtain the equation 


(5.20) 



and in the same manner, holding qi and q^ constant and giving qz an 
increment 5^3, we obtain 


(5.21) 



We see that there are as many equations as there are degrees of 
freedom. The Qr quantities are called generalized forces. The qr 
quantities are the generalized coordinates. 

Conservative Systems. If there is no loss of energy in the dynamical 
system under consideration, the generalized forces may be derived 
from the potetial energy of the system V in the form 


(5.22) 




Qz - 


dqz 


In this case the free motion of the particle is given by the three 
Lagrangian equations 



By an extension of the above argument, it may be shown that in 
the case of a conservative system having n degrees of freedom its 
Lagrangian equations are of the form (5.23). In this case there are 
n generalized coordinates (gi, ^ 2 , * ' • qn) and there are n equations. 

We notice that in the simple examples of Lagrange’s equations 
discussed in Sec. 4 we had 


(5.24) 


dqr 


0 


r 1, 2, • • • n 
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The reason for this was that the kinetic energy in the systems 
discussed in that section was not a function of the coordinates but 
only of the velocities of the system. As an example of a system where 
the kinetic energy is a function of the generalized coordinates qr as 
well as the generalized velocities qr, consider ^ . 
the two dimensional motion of a particle in the | 

xy plane as shown in Fig. (5.1J. 

In this case we have 

(5.25) T = + y^) 

Let us assume that the particle is attracted 
to the origin by a force proportional to the dis- 
tance so that the particle has a radial force Ft directed toward the 
origin given by 

(5.26) Ft = Kr 

In this case the potential energy is given by 



(5.27) 


V 


Kr^ 

2 


To describe the motion of the particle it is convenient to use the 
polar coordinates ri and $i as the generalized coordinates. These 
coordinates are related to the Cartesian coordinates Xi and yi by the 
equations 

(5.28) X = r cos 6 , y ^ r sin 6 

In terms of these coordinates, the kinetic energy becomes 

M 

(5.29) r = y (f2 + r^6^) 

The Lagrangian equations of motion are 


(5.30) 

i. ( ^ _ n 
dt \dr / dr dr 

or 


(5.31) 

Mf ~ Mr&^ Kr — 0 

and 


(5.32) 

dt\dt) de ^ d0 

or 


(5.33) 

1 mm - 0 
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Equations (5.31) and (5.33) are the equations of motion of the 
system. Equation (5.33) expresses the conservation of angular 

ST 

momentum of the system. The term — is seen to give rise to the 

or • 

BIT 

centrifugal force term. Terms of the form — which are absent in 

rectangular coordinates may be regarded as a sort of fictitious force 
introduced by using generalized coordinates. 

6, Small Oscillations of Conservative Systems. A very important 
class of problems in the theory of vibrations is that in which a dynam- 
ical system is performing free or forced oscillations without friction. 
The determination of the natural frequencies and modes of oscillations 
of the torsional vibrations of an engine, the oscillations of spring- 
mounted machinery, the oscillations of electrical networks whose 
resistance is so small as to be neglected, etc., are problems that come 
under this category. 

The Lagrangian equations of motion of a general conservative 
system of n degrees of freedom oscillating in the neighborhood of a 
position of equilibrium may be written in the form 


Miiqi 4- • • • + MinQn + Kiiqi -f- • • • Kinqn == 0 
M2iqi -[-•••+ + K2iqi 4 - • • ' + K2nqn = 0 


\ Mniqi 4 - • • • 4 “ MnnQn + Kniqi 4 “ * * • 4 ” Knnqn = 0 


where (gi • • • qn) are generalized coordinates, Mrs are inertia coeffi- 
cients, Kr» are stiffness coefficients. These are the equations governing 
the motion of the most general conservative system performing free 
oscillations in the neighborhood of a position of equilibrium. The 
examples discussed in Secs. 3 and 4 of this chapter are special cases 
of this general system. The analysis of these equations is greatly 
facilitated by writing them in matrix notation. If we let 


( 6 . 2 ) 

(6.3) 


[M] = 

IK] = 


Ml 


Ml 


JMfil ' • • JMnn 

Kii • • - Kir, 

Knl • • • Xnn. 

9l\ 


= the inertia matrix 


= the stiffness matrix 


(6.4) 


{g} / . y == the coordinate matrix 



Sec. 6] ELASTIC VIBRATIONS OF SYSTEMS 189 

The set of equations (6.1) may then be written in the convenient 
form 

(6.5) [M]{q}+lK]li] = {0} 

The coefficients and Kra have the important property that 

(6.6) Kra = Kar Mra = Mar 

Hence the matrices [M] and [K] are symmetric. The kinetic and 
potential energies of the system may be written in the convenient 
matrix form 

(6.7) T^m'[M]{q}. 

where {g}' and {g}' are the transposed matrices of the column matrices 
{g} and {g} and are hence row matrices. This is the notation used 
in Chap. IV. 

Let us consider solutions of Eq. (6.5) corresponding to pure har- 
monic motion of the form 

(6.8) {g} == {A} sin + 6) 

where {A} is a column matrix of amplitude constants, w is the angular 
frequency of the oscillation, and 6 is an arbitrary phase angle. Sub- 
stituting this into Eq. (6.5), we obtain 

(6.9) ([X] -a,W){A) = {0} 

This represents a set of homogeneous algebraic equations in the 
arbitrary amplitude constants {A}. 

It is convenient to premultiply both sides of Eq. (6.9) by the 
inverse of K. We then obtain 

(6.10) (/.~a,W^[M]){A} = {0} 

where I is the unit matrix of the nth order. The matrix is 

usually called the dynamical matrix. That is, we have 

(6.11) lU] — = the dynamical matrix 

In terms of the dynamical matrix, the set of equations (6.10) may 
be written in the form 

(6.12) (/ - «nC/])U} - {0} 

If we now write 

(6.13) Z = 1 

Then (6.12) may be written in the form 

(6.14) (ZJ- [C/]){A} - {0} 
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This set of equations will have solutions other than the trivial 
one zero if the determinant of the system vanishes. That is, 


(6.15) \ZI - U\ 
{Z - C/u) 

= -Usi 
-Vnl 


-Ul2 
(Z - U,,) 
-V„2 


_I/„ _ . . . 

-Un- ■ • • 


-t7i„ 

-Vin 

{Z - C7„„) 


= 0 


This is an equation of the nth degree in Z. It may be proved that all 
the roots are real and positive. In general, this equation will have n 
roots (Zi, Zt, Zj, • • • Z«). To each root Zr there corresponds a 
value of w, M, given by 


(6.16) 



r = 1, 2, • • • n 


These are the natural angular frequencies of the system. We thus 
see that our original assumed solution (6.8) has led us to n values of 
w. Each value of w, w, gives a solution of the form 

(6.17) sin {Url + dr) 

Since the original set of equations is linear, we may write the 
general solution by summing solutions of the form (6.17). We then 
have the general solution 

(6.18) {?} = % {AW} sin {urt + Sr) 

r»l 


The column matrices are called the modal columns. Every 

oscillation represented by each modal column is called a principal 
mode of oscillation of the system. The number of principal oscillations 
is equal to the number of degrees of freedom of the system. ' 

Every principal oscillation is a pure harmonic motion. The most 
general form of oscillation of a system of n degrees of freedom consists 
of the superposition of n pure harmonic motions. The frequencies 
of the principal oscillations are called the natural frequencies of the 
system. The lowest frequency is called the fundamental frequency. 

Orthogonality of the Principal Oscillations. The modal columns 
satisfy Eq. (6.9) with the proper value of co. For example, the rth 
modal column satisfies the equation 

(6.19) = [K]{A^-^ 

This equation fixes the ratios of the numbers of the rth modal 
column. If, for example, the first number is chosen arbitrarily, 
then by Eq. (6.19) the numbers A^{\ A^^, • • • A^^ may be expressed 
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in terms of A^iK We thus see that the general solution (6.18) contains 
only 2n arbitrary constants, since any number in any modal column 
may be specified arbitrarily and the phase angles Br are arbitrary. 

The modal columns possess a very interesting and important 
property that will now be derived. Let us write the equation satisfied 
by the mode This equation is 

( 6 . 20 ) - [K]{A^^^ 

Let us premultiply Eq. (6.19) by and Eq. (6.20 by (A^**^)'. 

We then obtain 

(6.21) = lA^»'>y[K\{A^^'>] 

(6.22) = {A<->l'[ii:]{A(*>} 

Now by a fundamental theorem of matrix algebra, if we have the 
product of three conformable matrices [a] • [b] • [c], then the transpose 
of the product is given by 

(6.23) ([a] • [b] • [c]y = [c]'[6]'[a]' 

(see Chap. IV). If we then take the transpose of Eqs. (6.21) and 
use the reversal law of transposed products (6.23), we obtain 

(6.24) co2{A^')}'[ilf]{A<*>} = {A(^>}'[ii:]{Ac>} 

in view of the fact that the matrices [M] and [K] are symmetric, and 
hence [M]' = M and [K]' = [K]. 

If we now subtract Eq. (6.24) from Eq. (6.22), we obtain 

(6.25) (coj ~ a)?){A(^>}'[ilf]{A(*>} = 0 

Now by hypothesis, co, and Wr are two different natural frequencies 
of the system; hence co, 5*^ Wr. It follows that 

(6.26) {A^-^Y[M]{A^^^ = 0 

This relation is known as the orthogonality relation for the principal 
modes of oscillation. 

7. Solution of the Frequency Equation and Calculation of the 
Normal Modes by the Use of Matrices. A very useful and important 
method for the determination of the roots of the frequency equation 
(6.15) and the determination of the normal modes of a conservative 
system has been presented by W. J. Duncan and A. R. Collar in their 
paper A Method for the Solution of Oscillation Problems by Matrices, 
Philosophical MagazinCy Ser, 7, vol. 17 (1934), p. 865. This method 
is most convenient in that it avoids the expansion of the determinantal 
equation (6.15) and the solution of the resulting high-degree equation. 
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The modal columns are also most simply obtained. Because 

of its great utility and increasing usefulness, a brief treatment of the 
method will be given in this section. 

We see from Eq. (6.14) that the rth modal column satisfies the 
equation 

(7.1) = ZrlA^^^ 

where Zr is the rth root of the frequency or determinantal equation 
(6.15). [U] is the dynamical matrix of the system. If we premultiply 

Eq. (7.1) by U, we obtain 

(7.2) 

If we premultiply (7.1) by [[/] s times, we obtain 

(7.3) [Uy{A<'^] = r = 1, 2, • • • n 

We have n equations of this type, one for each modal column 
and its associated root Zr. Let us now construct a square 
matrix [il] from the various modal columns in the following 

manner: 


(7.4) [A] = . . . ^<n)] ^ 

The set of equations (7.3) may be conveniently written in the form 





{Zi 

0 

0 

. . . 

0 




0 

Zi 

0 

. . . 

0 

(7.5) 

[V]iA] = [A] 

0 

0 

Zi 

0 • 

• • 0 




.0 

0 

. . . 


Z’r.. 

Postmultiplying (7.5) by [A] 

we obtain 





[Zl 

0 

0 . . . 

0 ■ 




0 

Zi 

0 . . . 

0 


(7.6) 

[uy = [A] 

0 

0 

Z| . • . 

0 

[A]-1 



.0 

0 

0 • • 

zi.. 



For convenience let 


(7.7) [B] = [Ar^ 

Now let the roots Zr of the determinantal equation be arranged in 
descending order of magnitude, that is, let Zi be the largest root of the 
determinantal equation, Z 2 the next largest, etc. That is, let 

(7.8) Zi > Z 2 > Zs • * * > Zn 
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assuming that the roots are all distinct. Now let us assume that s in 
Eq. (7.6) is so great that 

(7.9) Z\ > > Zl etc. 

If this is true, then only the terms corresponding to the dominant 
root Zi may be retained. By direct multiplication, we have for 5 
suflBciently large 



(AiiBii) 

(Aiii 5 i 2 ) • • • 


(7.10) Urn [171* = Zi 

S= 00 

(A21B11) 

(A21B12) • • • 

(A2lBin) 


_ (AnlBii) 

{AnlBi2) • • • 

• (AnlBin)_ 


As a consequence of this property of the dynamical matrix [C/], we 
may perform the following procedure that will >ield the dominant 
root Zi of the system as well as the modal column associated with 
this root. 

Let us select an arbitrary column matrix and form the following 
sequence: 

/ [C/]{x}o={a;h 

f7in [[/]{x}> = [f7]Mx!o= {x}. 

) [U]{x],^[Unx]o= {x], 

UC/]{xl._i = [f7]*{x)o= {x}. 


In view of Eq. (7,10), we have /or a sufficiently large s 


(7.12) 


where 


{x}. = [U]’{x]o^[V]’- 


= ZI 


A 21 R 1 

AnlRlI 



(7.13) Rl = BiiXlo + B 12X20 + • • • + BlnXnO 

That is, by repeated multiplication of the dynamical matrix [U] 
by the arbitrary column matrix {a:}o, we eventually reach a stage 
where further multiplication by [U] merely multiplies every element 
of the column matrix by a common factor. This common 
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factor is Zi, the dominant root 
(6.16), the fundamental angular 

(7.14) coi 


of the determinantal equation, 
frequency wi is given by 



By 


We also see that the elements of the column matrix {x}, are pro- 
portional to those of the modal matrix 

We now turn to a procedure by which we may obtain the next 
largest root Zz and its appropriate mode. 

To do this, let us place s = 1 in Eq. (7.6) and premultiply both 
sides by [-4]“^ We then obtain, since A~^ == J5, 




r^i 

0 

0 • 

••01 



0 

Z 2 

0 • 

• 0 

(7.16) 

[B][U] = 

0 

0 

z, ■ 

• • 0 



.0 

0 

. . . 



The matrix B is given by 


(7.16) 

[B] = 

'Bn 

B2I 

Bn 

B22 

Bn ’ 
Bn • 

• Bu 

• B2n 




Bn2 

BnZ * ' 

' • Bnn_ 


We thus see that if we take a typical row [Br] of the square matrix 
[B] in the form 


(7.17) [Br] = [BrlBrzBrZ ’ * * Brn] 
then as a consequence of Eq. (7.15) we have 

(7.18) [Br][U\ = ZrlBr] 

We also have, by (7.1), the relation 

(7.19) 

a relation satisfied by the modal column Now since the 

dynamical matrix [JJ] is equal to [KY~^[M]f we may write (7.19) in 
the form 


(7.20) [K]-^[M]{A^^^] = 2r{A<^>} 

If we premultiply both sides of this equation by 3f, take the 
transpose of both sides, and use the reversal law of transposed products, 
we obtain 

(7.21) 





Sec. 7] 


ELASTIC VIBRATIONS OF SYSTEMS 


195 


Comparing Eqs. (7.21) and (7.18) we see that they are identical 
in form; hence we have 

(7.22) [Bd = ar{A<^mM] 

where ar is an arbitrar'^* quantity. Equation (7.22) is of great impor- 
tance in determining the higher roots of the determinantal equation 
as well as the modal columns corresponding to these roots. 

We notice that since [B] = [A]~^ we have 

(7.23) [B][A] = I 

where 1 is the unit matrix of the nth order. Hence the row matrices 
[Br] and the modal column matrices have the property that 

(7.24) = 

The general solution of the problem under consideration is given 
in terms of the natural angular frequencies Wr and the modal columns 
{ A in the form 


(7.25) {g} « ^ CrlA^^^ sin (03rt + Or) 

r-l 

where Or are the arbitrary phase angles determined from the initial 
conditions of the system at f = 0. The Cr are arbitrary constants 
also determined from the initial conditions of the system. 

This equation may also be written in the convenient matrix form 


(7.26) Iq} = lA] 


sin + ^i) 0 • • ’ 0 

0 sin (w 2 ^ “f” O 2 ) 0***0 


\C] 


^0 * * • sin (coj + 0n)_ 

Normal Coordinates, If we premultiply both sides of (7.26) by 


[J?] = [^]“S we obtain 
(7.27) { 2 /} = [B]{q} = 


sin {(ad + 0i) 0 * * * 0 

0 sin {(ad + ^ 2 ) • • * 0 


0 


sin {(ant + On)j 


[C] 


Hence we have 


(7.28) 


( yi = (7i sin {uit + Oi) 
yt=‘Ci sin (ws< + Ot) 

l/n “ Cn Sin {p3ni "}~ 6n) 


The yr quantities are the normal coordinates of the system. 
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Continuing the Solution. By Eq. (7.12) we have seen how the 
fundamental frequency «i and the fundamental mode may be 

obtained. We shall now develop a procedure by which the higher 
angular frequencies and the corresponding modal columns may be 
obtained. 

If we premultiply (7.25) by the row matrix [Bi], we have in view 
of (7.24) 

(7.29) [Bi]lq} = C, sin (a,i^+ ^i) 

If now, the fundamental mode is absent, we have 

(7.30) miq] = 0 
Hence expanding this equation, we obtain 

(7.31) Biiqi + Bi2q2 + • • • + Binqn = 0 


or 


(7.32) 


Bi2 


Bis 


q2 = q2 

qs = qz 


qn = qn 


Bln 

Bn 


?« 


This set of equations may be written in the matrix form 


(7.33) 



Or if we call the square matrix above [S], we have 


(7.34) 


{q\ = [S] ■ {?} 


This constrains the coordinates in such a manner that the funda- 
mental mode is absent. The original differential equations of the 
system (6.5) may be written in terms of the dynamical matrix in the 
form 


(7.35) [U]-{q} +I[q] = {0} 

where I is the unit matrix of the nth order. If we now differentiate 
Eq. (7.34) twice with respect to time, we have 

(7.36) [q] = [8]{q} 
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Substituting this into (7.35), we obtain 

(7.37) [C/] •[«]•{?} +I{q\ =0 
If we let 

(7.38) irniS] = [Uh 
Eq. (7.37) becomes 

(7.39) [f7]i{g} +I{q] = {0} 

This set of equations has the same form as the original set (7.36). 
It represents a sj^^stem whose dynamical matrix is [U]i and whose 
natural frequencies and modes are the same as those of the original 
system, but since we have used the constraint (7.34), the fundamental 
frequency and mode is now absent. 

By carrying out the same procedure with the matrix [?7]i that was 
performed with the matrix [(/], we obtain the root Z 2 and hence the 
next highest natural frequency C 02 together with the corresponding 
mode. We then obtain a new row matrix [B 2 ] by Eq. (7.22) and 
repeat the procedure until all the angular frequencies and all the modal 
columns of the system have been found. An example of the general 
procedure will now be given. 

8. Numerical Example, The Triple Pen- 
dulum. As a simple numerical example of the 
above theory, let us consider the oscillations of 
a triple pendulum under gravity in a vertical 
plane. This example is given by Duncan and 
Collar in their fundamental paper referred to 
in Sec. 7. The dynamical system under con- 
sideration is given by (Fig. 8.1). 

We shall consider the case of small oscillations, and for the coordi- 
nates of the system we shall take the small horizontal displacements 
of the masses Afi, M 2 , Mz, respectively, from the equilibrium position. 
The first step in the procedure is to compute the dynamical matrix [f7]. 

The Flexibility Matrix. If we apply a set of static forces Fi, F 2 , Fz 
in the direction of the coordinates gi, q 2 , and qz, we may write the rela- 
tion between the displacements gi, g 2 , and qz and the forces Fi, F 2 , Fz 
in the form 

Kii Ki2 Kiz fgi 

(8.1) |F2> ss= K21 K22 K2Z |g2 ■ 

Kzi Kz2 Kzz ^gs 

where the square matrix [if] is the stiffness matrix. We may pre- 
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multiply by and obtain the displacements in terms of the forces 
in the form 


( 8 . 2 ) 



011 

012 

013 

(Fi) 

021 

022 

023 

JFj 

031 

082 

038 

W 


where the matrix [<^)] = [iir]“4s the flexibility matrix. Since -fiCr. = 
we have 


(8.3) 4>r» = 

That is, the flexibility matrix is a symmetric matrix. 

In terms of the flexibility matrix, the dynamical matrix is given by 

(8.4) [U] = IKrW] = MM] 

To determine the elements of the flexibility matrix, it is only 
necessary to impose a unit force Fi on the system and compute or 
measure the corresponding deflections {qiq^qz). This gives the 
elements of the first column of [<!>]. Applying a unit force F 2 and 
obtaining the corresponding deflections yields the second column of 
[0], etc. 

If a static unit force is applied horizontally to mass ilfi, then the 
three masses will each be displaced a distance a given by 

® “ g{Mi + M2 + M,) 


Hence the first column of the flexibility matrix is given by 


( 8 . 6 ) 


a = <l>ii — ^21= 031 


When a unit force is applied horizontally to M 2 , Mi will again be 
displaced a distance a, but M 2 and Mz will each be displaced a distance 
(a + h) where 


(8.7) 


b = 


h 

g{M2 + Mz) 


Hence the second column of the matrix [0] is given by 


(8.8) 012 = d, 022 == 032 = (<x + ^) 

Applying a unit horizontal force to Mz displaced Mi a distance ^ 
Ms a distance (a + & + c) where 


U 

gMz 


(8.9) 


c 
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the third column of the flexibility matrix is 

( 8 . 10 ) • <t>n = u, <#>23 == (a + 6 ), <#>33 =* (a + + c) 

Hence the flexibility matrix is given by 

d CL CL 

(8.11) [<^.] = a (a + h) (o + h) 

CL (a + 6) (a “f- 6 + c) 

This mass matrix, in this case, has the diagonal form 

“Ml 0 0 “ 

(8.12) [M] =0 M 2 0 

0 0 M3_ 

Hence the dynamical matrix is given by 

(8.13) [U] = [<#>] • [M] 

“Mia M2a M^a 

= Mid M^icL "b ?>) Mz{(l “f" h) 

Mia Mzia + b) Mz{a + b + c) 


As a numerical example, let us take the case where all the masses 
are equal and the lengths of the pendulums are equal. In that case we 
have 

(8.14) Ml == M 2 = Ms = M, Zi == Z 2 = Z 3 = i 

_ I 1. _ I _ I 

“ ~ 3Mg ° 2Mg ^ Mg 
Hence the dynamical matrix in this case becomes 



Equation (6.12) reduces in this case to 

(8.16) = {0} 
If we let 

(5.17) 

then Eq. (6.14) becomes 

(8.18) (^I -[«]){ A} = {0} 
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where [u] is the numerical part of the d 3 Tiamical matrix, [17] and the 
factor 6ff/l has been absorbed into Z. 

The angular frequencies are given by 


(8.19) 



To find the roots we begin the iterative procedure of Eq. (7.11). 
If we choose for our arbitrary column {a;}o, the column 


( 8 . 20 ) 




We begin the sequence 


(8.21) [M]{a;io 



It is unnecessary to carry the common factor 18 in the further 
operations since it is the ratios of the successive elements in the 
multiplications that are important. Dropping the factor 18 and 
continuing, we have 


( 8 . 22 ) 


2 

2 

.2 

2 

2 

2 


2 

5 

5 

2 

5 

5 


2 

5 

11 

2 

6 

11 



After nine multiplications, we have 


(8.23) 


2 

2 

2 


2 2] [0.254885' 
5 5 ] 0.584225 
5 llj ll 


14.4309 


0.254885 

0.584225 


Eepeating the process merely multiplies the column matrix by the 
factor 14.4309; we therefore have 

Z^. = 14.4309 


(8.24) 
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The fundamental frequency of the oscillation is given by 
(8.25) 0.102624 

1 0.254885] 
0.584225 >• 
1 ) 

To obtain the higher harmonies, we first make use of Eq. (7.22) to 
obtain the row B\. In this case we have 


(8.26) 


[Bi] = a,[0.254885, 0.584225, 1] 


M 

0 

0 


0 

M 

0 


0 

0 

M 


since a, is an arbitrary factor and we are interested only in a row pro- 
portional to [fill, we may take Bi equal to [0.254885, 0.584225, 1]. 
The matrix [S] of (7.34) is now given by 


(8.27) 


[S] = 


We then obtain 


-2.29211 -3.92334 

1 0 

0 1 


(8.28) [u]i = [m][8] = 


0 -2.58422 -5.84668 

0 0.41578 -2.84668 

0 0.41578 3.15332 


This is the dynamical matrix that has the fundamental mode 
absent. We now repeat the iterative procedure by again choosing an 
arbitrary column matrix xd; we thus find 


(8.29) 



-2.4309 

3.5691. 

-3.1299 

2.8701 


3.5691 


I -0.68110 


2.8701 


I -1.09049 


After 15 multiplications, the column repeats itself, the multiple 
factor is 


(8.30) Zi = 2.6152 

The modal column for this approximation may be taken 

to be 
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( -0.95670'j 
-1.29429| 

Hence the first overtone has this mode and a frequency given by 

(8.32) 0.24107.^" 

Again by Eq. (7.22) we may take the row [Bt] equal to 
The condition for the absence of the second overtone is 

(8.33) [J3s]{g} = 0 = [-0.95670,-1.29429, 1] • {g} 

Solving this for gi, we have 

(8.34) gi = -1.35287g2 + 1.04526g3 

We may eliminate gi between this equation and the equation 

(8.35) [-BiKg} = 0.254885gi + 0.584225g2 + g. 

We thus obtain 


(8.36) g 2 = -5.2900gs 

This ensures that both the fundamental and first overtone modes 
are absent from the oscillation. Equation (8.36) may be written in 
the convenient matrix form 





’l 0 0 ■ 

(qi 

(8.37) 

Wi 


0 0 - 5.2900 





0 0 1 




= 

[-S]i • (g) 



We now construct a new dynamical matrix [m ]2 that has the funda- 
mental and overtone modes absent; this new matrix is given by 


(8.38) 


[uh = [m]i[-S]x = 


'0 

0 

0 


0 7.8238‘ 

0 - 5.0461 

0 0.9539 


We again repeat the iterative process and obtain 


0 0 7.8238 

0 0 - 5.0461 

0 0 0.9539 

7.8238) 


-6.0461 

0.9539 


0.9539 


’ 8.2019) 
-6.2900 1 
. 1 ) 


(8.39) 


[ulafx} 



Sec. 9] 


ELASTIC VIBRATIONS OF SYSTEMS 


203 


Repeating the process merely repeats the factor 0.9539 so it is 
unnecessary to go further. We thus have 

(8.40) 2i = 0.9539 

The highest frequency is given by 

The mode corresponding to this frequency may be taken to be 

( 8.20191 

(8.42) = I -5.2900 1 

to a factor of proportionality. The modal matrix may be taken to be 

“(0.254885) (-0.95670) (8.2019) " 

(8.43) [A] = (0.584225) (-1.29429) (-0.52900) 

1 1 1 

In this case because of the simplicity of the mass matrix [M], we 
may take 

(8.44) [B] = [AY 

the transpose of matrix [^4]. 

The normal coordinates arc then given by 

(8.45) {y] = [B]{q] 

9. Nonconservative Systems. Free Oscillations, In the last few 
sections, we have considered in some detail the general theory of con- 
servative systems. Conservative systems are characterized completely 
by their kinetic and potential energies. Conservative systems are of 
tremendous practical importance. In many practical problems arising 
in practice, the frictional forces are so small that they may be dis- 
regarded and the system treated as a conservative one. If we consider 
a general system with viscous damping so that the retarding effect 
of the frictional forces are proportional to the generalized velocities, 
then the differential equations governing the free small oscillations 
of the system about a position of equilibrium may be written in the 
convenient matrix form 

(9.1) [M]{q] + [R\{q] + [iq{g} = {0} 

where the matrices [M], [IT], and {g} have the same significance as in 
Eq. (6.6) and [12] is a square matrix having n rows and n columns 
called the damping matrix. The elements of the damping matrix have 
the property that Rn * B.rJ hence [J?] is symmetric. 
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To solve this set of eciuations, Ave assume a solution of the expo- 
nential form 

(9.2) {q} = {A}e«^ 

where a is a number to ho determined and [A] is a column of con- 
stants. Substituting this assumed form of solution into Eq. (9.1), we 
obtain 

(9.3) {[MW + [R]ci + {01 

On dividing the factor 6*“^, this represents a set of linear homogeneous 
equations in the column of constants { *4 } . F or this set of equations 
to have a nontrivial solution, we must have the determinant of the 
coefficients vanish; hence we must have 

(9.4) A{a) = \[MW + [n]a + [AH = 0 

This is called Lagrange/s deterniinantal equation for a. In general 
it is of degree 2n. The following properties concerning the roots of 
A{a) may be proved. ^ 

1. None of the roots are real and positive. 

2. If [K] = 0 so that there is no dissipation of energy, we have a 
conservative system. In this case the roots are all pure imaginaries. 

3. If [M] = [OJ or [/C] = [0] so the s.ystcm is devoid of inertia or of 
stiffness and [R\ 9^ 0, the roots are real and negative so that the 
motion dies away exponentially. 

4. If the elements of the damping matrix [R] are not too large, all 
the roots are conjugate (jomplex numbers with a negative real part. 
This is the most frequent case in practice. 

Let us now suppose that Eq. (9.4) has 2n distinct roots (oci, 
« 2 , • • • <x 2 n)* Then in view of (9.3) there are 2n equations of the 
type 

(9.5) {[MWr + [Rhr + [K]){Ar\ = {0} T = 1, 2, 3, * * * n 
where {Ar} represents a column of constants associated with the root 

Ctr. 

Each column {Ar} has the form 

/Air 

lA2r 

(9.6) • {Ar} - < ' 


^See A. G. Webster, ''The Dynamics of Particles and of Bigid, Elastic, and 
Fluid Bodies/' B. G. Teubner, Leipzig, 1925. 
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Equation (9.5) fixes the ratios 

(9.7) ‘ * .-^nr 

The theory of linear differential equations shows that for the 
general solution we must take the sum of the particular solutions 
{ for all the roots ar. We thus obtain the general solution 

T~2n 

(9.8) g = X 

r = l 

It must be noted that the ratios of the in any one column are 
determined by the linear equations (9.5); therefore there is a factor 
that is still arbitrary for each column and hence 2n in all. We there- 
fore have only 2n arbitrary constants in the general solution (9.8) as 
we should. 

If the arS are complex, they occur in conjugate complex pairs. 
In the general solution (9.8) there appear terms of the type 

(9.9) {Ar}e^^^ + = e^’-^{Br}*COS (o)rt + 6r) 

where {Br} represents another column of constants and dr are phase 
angles. In this case the general solution may be written in the form 

(9.10) O' == 2) cos {Oirt + Sr) 

r-l 

It may easily be shown that the {.Br} columns satisfy Eq. (9.5) 
in the same manner as do the {Ar} columns. Hence the ratios of the 
B^s in each column are fixed. Each column then contains an arbitrary 
constant in the phase angle Br belonging to the column. The following 
results may be stated. 

If the roots of the determinantal equation are distinct and con- 
jugate complex quantities, then the motion of a dynamical system 
having n degrees of freedom slightly displaced from a position of stable 
equilibrium may be described as follows: 

Each coordinate performs the resultant of n damped harmonic 
oscillations of different periods. The phase and damping factors of 
any simple oscillation of a particular period are the same for all the 
coordinates. The absolute value of the amplitude for any particular 
coordinate is arbitrary, but the ratios of the amplitudes for a particular 
period for the different coordinates are determined solely by the 
nature of the system. The 2n arbitrary constants determining the 
n amplitudes and phases are found from the values of the n coordinates 
q and velocities q ior a particular instant of time. 
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The classical method of solution for the general nonconservative 
system consists of setting up the determinantal Eq. (9.4), expanding 
the determinant, then solving the resulting equation of the 2n degree 
in a by the Graeffe method of Chap. V. We then determine the ratios 
of the columns {Bt\ from Eq. (9.5). We then determine the arbitrary 
constants from a knowledge of the initial conditions of the system. 

The matrix iterative method discussed in Sec. 7 above, has been 
extended to the nonconservative system.^ 

10. Forced Oscillations of a Nonconservative System. Let us sup- 
pose that on each coordinate of the general nonconservative system 
there is impressed a harmonically varying force 

(10.1) Ft cos r = 1, 2, • • • n 

In this case the differential equations (9.1) become 

(10.2) lM]{q] + [ifJlgl + [AK?) = [F] cos a 

where {F} is a column matrix whose elements are the amplitudes of the 
impressed forces Fr. Wq, replace cos cot by Re and solve the 
equation 

(10.3) [M]{g} + [«]{gj + [K]{q} = \F]e’'“ 

retaining only the real part of the particular solution. To do this, let 
us assume 

(10.4) {3} = 

where {Q} is a column of amplitude constants to be determined. 
Substituting this assumed solution into (10.4) and dividing the com- 
mon factor e^"‘, we have 

(10.5) ([A] - o>W] +MR]){Q} = {f*’} 

If we let 

(10.6) [Z] = ([A] - -H MR]) = [Y]-^ 

then on premultiplying both sides of (10.6) by IZ]~^ = [T] we have 

(10.7) {Q} = [Y]{F} 

■ The steady-state solution of the forced oscillation is now given by 

(10.8) (g} = Re ([rKFle**') 

where Re signifies “the real part of.” The matrix [Z] is sometimes 
termed in the literature the mechanical impedance matrix and [F], the 

> Duncait, W. J., and A. R. ConLAK: Matrices Applied to the Motions of 
Damped Systems. PhUotophieal Magamne, Ser. 7, vol. 17, p. 866, 1934. 
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mechanical admittance matrix. Equation (10.8) represents the 
forced oscillations after the damped free oscillations have vanished. 

It must be noted that if [E] = [0] and the system is conservative, 
then if co happens to coincide with one of the natural frequencies 
of the system, then [Z] as given by Eq. (10.7) vanishes, and we have 
the case of resonance. 


PROBLEMS 

1. Obtain the flexibility matrix of the three pendulums system of Fig. 4.3. 
Write the dynamical matrix of the system. 

2. An electric train is made up of three units: a locomotive and two passenger 
cars. Each unit has a mass AT, the spring constants of the coupling connecting 
them are equal to K, Write the Lagrangian equation of motion of the system. 
Draw the equivalent electrical circuit, and determine the natural frequencies of 
the system. 

8 . If in the system of Prob. 2 identical shock absorbers that act by viscous 
friction are placed between the three units, determine the smallest value of the 
damping factor R so that the relative motion of the locomotive and cars is not 
oscillatory. 

4. A long train of n identical units of mass M coupled by springs of spring 
constants all equal to K ia oscillating. Draw the equivalent electrical circuit, and 
write the frequency equation of the system. 

6. A uniform shaft free to rotate in bearings carries five equidistant disks. 
The moments of inertia of four disks are equal to /, while the moment of inertia 
of one of the end disks is equal to 2J. Set up the dynamical matrix and obtain the 
lowest natural frequency by the iterative matrix method of Sec. 7. Draw the 
equivalent electrical circuit. 

6. A particle of mass M is attracted to a center by a force proportional to the 
distance, or F* ~ —aXj Fy = —ay. Write the equations of motion of the particle. 
Show that z and y execute independent simple harmonic vibrations of the same 
frequency. 

7. Solve Prob. 6 by using polar coordinates. 

8 . Two balls, each of mass Af, and three weightless springs, one of length 2d 
and the others of length d, are connected together in the arrangement spring 
d — ^ball — spring 2d — ^ball spring d, and the whole thing is stretched in a straight line 
between two points, with a given tension in the spring. Gravity is neglected. 

Investigate the small vibrations of the balls at right angles to the straight line, 
assuming motion only in one plane. Set up the equations of motion. Determine 
the natural frequencies and the normal modes. What are the normal coordinates? 

9. One simple pendulum is hung from another; that is, the string of the lower 
pendulum is tied to the bob of the upper one. Discuss the small oscillations of 
the resulting system assuming arbitrary lengths and masses. Determine the 
natural frequencies and obtain the normal coordinates in the case of equal masses 
and equal lengths of strings. 

10. Consider the case of the three coupled pendulums of Fig. 4.3. In this 
case that each pendulum is retarded by a viscous force proportional to its angular 
velocity. Consider an equal retarding force on each pendulum. Draw the 
equivalent electrical circuit, and obtain the general solution of the equations of 
motion. Assume that the damping is so small that oscillations are possible. 
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11. A particle subject to a linear restoring force and a viscous damping is 
acted on by a periodic force whose frequency differs from the natural frequency of 
the system by a small quantity. 

The particle starts from rest at i = 0 and builds up the motion. Discuss the 
whole problem including initial conditions. Consider what happens when the 
frequency gets nearer and nearer the natural frequency and the damping gets 
smaller and smaller. 

12. Show that for a particle subject to a linear restoring force and viscous 
damping the maximum amplitude occurs when the applied frequency is less than 
the natural frequency. Find this resonaiK^c frequency. Show that maximum 
eneifey is attained when the applied frequency is equal to the natural frequency. 
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CHAPTER IX 

THE DIFFERENTIAL EQUATIONS OF THE THEORY 
OF STRUCTURES 

1. Introduction. This chapter is devoted to the solution of the 
differential equations encountered in the determination of the deflec- 
tion of loaded cords and beams and in the study of the transverse 
oscillations of beams subject to different boundary conditions. Since 
the differential equations encountered in these studies are linear, they 
may be solved simply by the use of the Laplace transform or opera- 
tional method. 

2. The Deflection of a Loaded Cord. Perhaps the simplest prob- 
lem encountered in the theory of structures is the determination 


yix) 


Fig. 2.1. 

of the deflection of a cord stretched between supports under various 
conditions of loading. 

Consider a section ds of a perfectly flexible cord as shown in 
Fig. 2,1. 

Let y{x) be the deflection curve of the cord, w{x) be the load per 
unit length, and T be the tension of the cord. Then the equilibrium 
condition obtained by equating the net force on the segment in the 
y direction is 

(2.1) T sin 01 — jT sin 02 == dx 
Equating the forces in the x direction, we have 

(2.2) T cos 01 == r cos 02 = J? 

where H is the horizontal component of the tension T and is constant 
for the span. Dividing (2.1) by (2.2), we have 

(2.3) tan 0i — tan 02 = 

209 
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But we have 


Hence by Taylor’s expansion, we have 


(2.4) «. = (|)_ to 

Hence by Taylor's expansion, we have 

(2.6) tan 62 = + (higher order terms in dx) 

Substituting this into (2.3), we obtain 

( 2 . 6 ) 

This is the fundamental differential equation governing the 
deflection of a cord under the influence of a load w(x) per unit length 
and a horizontal component of tension H, 

Equation (1.6) may be solved most conveniently by the Laplace 
transform or operational method. To do this, let us introduce the 
transforms 

(2 7) / = ^(p) 

^ ' \Lwix) = Wip) 


(2.7) 

We then have 


( 2 . 8 ) 

where 


». - »( 0 ) y. - (|)_^ 


Hence Eq. (1.6) is transformed into 


( 2 . 10 ) 


psy _ piy^ _ ppj - _ 


a. Uniform Load. Let us first consider the case of a uniform load 

Wq per unit length. 


( 2 . 11 ) 


w{x) = Wq 


Let the cord be suspended from the 
points X ~ 0 and x = s that are at equal heights as shown in Fig. 2.2. 
In this case we have 


(2.12) I 

I 2/0 = 0 and y{a) « 0 
Hence (2.10) becomes 


(2.13) 
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To determine y{x) we use the table of transforms in the Appendix 
and we have 


(2.14) 


y{x) = L->r(p) = yix - ^ 


2H 


To determine y, we use the condition y{s) — 0 and obtain 


(2.15) 


yi = 


WoS 

2H 


Substituting this into (2.14), we obtain 
(2.16) 


y = ^ (sa: - *2) 


for the deflection of the uniformly loaded cord. 

b. Uniform Load Extending over Part of the Span. The power of the 
operational method is demonstrated in the solution of the case of 
Fig. 2.3. 


WQ 


x«0 


*2 

Fig. 2.3. 


In this case we have 

(2.17) TF(p) = p P* e^^^wodx = — e"***^) 

Jx\ 

for the transform of the unit load Wo extending from xi to x^. In this 
case, Eq. (2.10) becomes 


Ly{x) 


By the use of the table of transforms and the rule that if 
(2.19) L“V(P) = h{x) 

then 

0 


( 2 . 20 ) 


L'”ie“*p^(p) = 


h{x — k) 

where fc > 0, it is seen that we have 
yix 


X < k 

x > k 


(2.21) y{x) = 


Vix - a:i)* 

hix ^ 


0 < X < Xi 
X1 < X < Xi 

X2 < X < S 
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To determine yi, we use y{s) = 0, and we find from (2.21) that 

(2.22) ^ Ks - *i)* - (8 - x,y] 

Substituting this into (2.21), we obtain the deflection curve. We 
thus see that the deflection curve has discontinuities at a: = xi and 
X = X2* The advantage of the operational method over the classical 
method is that we are able to write one equation for the entire span, 
while in the classical procedure it is necessary to write several equations 
depending on the discontinuous nature of the load and then evaluate 
the constants by using the condition that the deflection is continuous. 

c. The Effect of a Concentrated Load, Let us compute the deflection 
of a flexible cord fixed at both ends and supporting a concentrated 
load Pq as shown in Fig. 2.4. 


s 4C-0 

Fig. 2 . 4 . Fig. 2 . 6 . 

The concentrated load is located at the point x «= a. 

In order to solve this problem operationally, we must compute 
the transform of the concentrated load. This may be done by con^ 
sidering the concentrated load Po as the limit of a distributed load w- 
distributed over a very small region as shown in Fig. 2.5. 

The transform of such a load is 

(2.23) W{p) = p dx = - e-pU+«)) 

== — e~^^) 

Now we take the limit 3 — > 0 and o® in such a way that 

(2.24) lim w^b = Po 

tt?o— 

The exponential function may be expanded in the form 

(2.26) e-*-* = 1 - pfi + ^ • 

Substituting this into (2.23), we have 

(2.26) lim W{p) lim bp =« pP^^er^ 
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This is the transform of the concentrated load situated at the 
point rr = o. Substituting this into Eq. (2.10), we have 

(2.27) Y{p)=^-^?^^Ly(x) 

Computing the inverse transform of this expression by the table 
of transforms, we obtain 


(2.28) 


2 /(^) = 


yix 
yix — 


Po(x — a) 
H 


0 < X < a 
a < X < 8 


The constant yi may be determined by the condition yis) = 0, and 
it is 


(2.29) 


yi 


Po 

Hs 


(s - a) 


Substituting this value of yi into (2.28), we obtain the following 
equation for the deflection y(x ) : 


(2.30) 


i'C®) = 


. »<»<“ 

) P# / . . 

■jjroll 1 a < X < s 

\H \ s/ 


d. The Effect of an Arbitrary Load. A tisefiil relation may be easily 
obtained giving the deflection of an arbitrary load by the use of the 
FaJtung theorem established in Chap. XXI. The theorem states 
that if 


(2.31) 

then 


L-^gi(.p) = hi{x) 
L~^giip) - hi(x) 


(2.32) 


L-i ^ hi{u)hi{x - u) du 

= h 2 {u)hi{x — u) du 


Returning to Eq. (2.10) with the initial deflection yo = 0, we have 


(2.33) r(p) „ Li _ M „ Ly^x) 
Now since 

(2.34) , L-^^ = x L-Wip)^w(,x) 
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we have by the Faltung theorem 

(9 r-i - f* w{u)(x - u) du 

(2.35) ^ //p 2 ^ Hp-p Jo H 

Hence from (2.33), we have 


(2.36) 


1 /** 

y{x) ^ y^x - / 


w{u){x — u) du 


To determine yi we again use y{s) = 0 and we have 


1 / * 1 / ® 

(2.37) ^ ^ J ^(^)(s — u) du — j 2 J w{u){x — u) du 

This gives the deflection of the cord in the span from x — 0 to a; = s 
due to the influence of a general load w(x). 

3. Stretched Cord with Elastic Support. Let us assume that the 
vertical deflection of the cord is restrained by a large number of springs 
such that their effect can be considered as a distributed restoring force 
per unit length equal to hy, where fc is a measure of the ‘^spring con- 
stant^' of the support and y is the deflection. In this case we must 
add the amount —ky to the vertical load of Eq. (2.6), and we obtain 
the differential equation 


(3.1) 


^ dx^ 


ky = 


—w{x) 


for the deflection y{x). To solve this equation operationally, we 
again introduce the transforms 

(3.2) Ly{x) = Y{v) 

(3.3) Lw{x) = Wiv) 


and Eq. (3.1) transforms to 
(3.4) (p2 






c^)Y = pVo + VV'i - 
where 

(3.5) c* = I 

Y/. 


Y/. 


Fig. 3.1. 


a. Cord Fixed at Its Ends^ 
Concentrated Load, Let us con- 
sider the case shown in Fig. 3.1. 
In this case the transform of the concentrated load is by (2.25) 
Since 2/0 = 0, Eq. (3.4) becomes 


Y{p) 


e-.p p 

(p* - c») H (p* - c») 


= Ly(x) 


(3.6) 
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Consulting the table of transforms, we find the inverse transform 
to be 


(3.7) y{x) = 


2/1 

2/1 


sinh {cx) 


sinh (cx) Po 


0 < X < a 
— sinh c(x — a) a < x < s 


c He 

. If we use the boundary condition y{s) = 0, we obtain 


(3.8) 


2/1 = 


__ Po sinh [c(s — a)] 


II sinh (cx) 


Substituting this value of yi into (3.7), we obtain the following 
deflection of the cord 


(3.9) 


y{^) 


Po sinh [c(s — a)] sinh (cx) 

lie 


sinh (sc) 

(3.10) y{x) = ~ 


Q <x < a 


(cs) 


Po 

HC 


sinh c(x — a) a < x < s 


b. Infinite Cord Elastically Supported^ Concentrated Load, The 
deflection of an infinitely long elasti- 
cally supported cord under the 
influence of a concentrated load Po 
may be obtained as a special case of 
(3.10). 


x»a x^o 


x»0 


Fig. 3.2. 

In order to obtain the deflection in this case, let 


(3.11) Z — (x — a) and ® | 

Making these substitutions in (3.10), we obtain 

(3.12) y(z) — ^ sinh ^ sinh ^ + c^ — ^ sinh cz z > 0 
Now 

(3.13) v(.) . > 0 

This is the required deflection where z is measured from the point 
of application of the load. 

c. Elastically Supported Cord with Uniform Load, Let us consider 
the case of Fig. 3.2. 
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In this case the cord is loaded with a uniform load Wo per unit 
length. The load extends from x to x — b. 

For this case we have 

(3.14) Lw{x) = — er^^) 

In tliis case the general equation (3.4) becomes 

(3.16) 

Consulting the table of transforms, we obtain 

' 0<a:<a 

I y(^) = 2/1 ^‘“ 1 * ^ [cosh c(a: — o) — 1] a < x <b 


(3.16) 


I y(.x) = yi 



sinh cx 


Vi 

c 

sinh cx 

Wo 

yi 

c 

Hc^ 


sinh cx 

Wo 

yi 

c 

Hc^ 


my 7 \ ^ 

cosh c(x — d) h < x < s 


Using the boundary condition y{s) = 0, we obtain the following 
value for the constant yi: 


(3.17) 2/1 = ffc cs - a) - cosh c(8 - 6)] 


Substituting this value of t/i into (3.16) gives the required deflection. 

d. Elastically Supported Cord, General Loading. The transform 
of the deflection of an elastically supported cord under the influence 
of a general load w{x) is given by Eq. (3.4) in the form 


(3.18) 

where 


F(p) = 


VVi 

(p» - c*) 


1 Tr(p) 

H (p2 - c^) 


= Ly{x) 


(3.19) Lw{x) =» ir(p) 

Now by the Faltung theorem, we have 


(3.20) L~‘ ~ ^ j ~ 

Hence the inverse transform of (3.18) is given by 

(3.21) y(x) a= yi f w{u) sinh [c(x — «)] du 

C tie JQ 
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Using the boundary condition y(s) = 0, we find the following 
value of yii 

(3.22) yi = jj ^ to(u) sinh [c(8 - w)] du 

Substituting this value of Ui into (3.21) gives the required deflection 
produced by the general loading 
w{x). 

4. The Deflection of Beams 
by Transverse Forces. Consider 
a uniform straight beam supported 
as shown in Fig. 4.1. 

Let us measure the deflection y(x) of the beam at any point x 
downward. Then it is shown in works on elasticity^ that y{x) satisfies 
the following differential equation: 

(4.1) El^^^wix) 

where E is the Young^s modulus of elasticity of the material of the 
beam, / is the moment of inertia of the cross section of the beam with 
respect to a line passing through the center of gravity of the cross 
section and perpendicular to the x axis and to the vertical direction 
y. The quantity El is called the flexural rigidity of the beam. w{x) 
is the load per unit length of the beam. 

There also exist the two following relations: 



(4.2) 
and 

(4.3) 


m - 


where F{x) is the shear force and M(x) is the bending moment The 
deflection y{x) is measured positive downward, the load per unit 
length w{x) is measured positive downward, the shear force F(x) is 
measured positive upward, and the bending moment M(x) positive 
clockwise. 

To solve Eq. (4.1), let us introduce the transforms 


(4.4) Ly(x) « F(p) 

(4.5) Lw{x) == W{p) 


1 Southwell, R. V. : Introduction to the Theory of Elasticity for Engi- 

neers and Physicists,'' Oxford University Press, New York, 1936. 
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Hence since 


^ ~ ~ ~ py* 

where 


!" - (S)' 

Eq. (4.1) transforms into 


evaluated at x = 0 


(4.8) 


Y(v) = 

EIp* 


+ 2'« + ^' + S + ^ 

P p2 p8 


a. Uniform Beam Clamped Horizontally at Both Ends under the 
Influence of a Uniformly Distributed Load, Consider the deflection 

of the beam of Fig. 4.2. 

In this case, the deflection and slope 
at X = 0 are both equal to zero; hence 

(4.9) ^0 = 2/1 = 0 

The transform of the uniform load Wo is given by 
(4.10) W{p) = 



rx. 

Fig. 4.2. 


Hence in this case, (4.8) reduces to 


(4.11) 7(p)=^ + p + p=i,(.) 

The inverse transform of this gives 


(4.12) 


, Wo I x’' , X 

yw “ £;/ 4 | + 2/2 ^ + 2/3 


_ 

2! 


3! 


The constants and yt are determined by the conditions 


(4.13) atx = s 

These conditions give 


(4.14) 


Wos 

12EI 


1/2 =- 


Wos* 

Tw 


Substituting these values into (4.12) we obtain the following equation 
for the deflection; 


l/(x) = 


WoX®(s — x)* 

24i?/ 


(4.15) 
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6. Uniform Beam Clamped Horizontally at Both Ends and Carrying 
a Concentrated Load. Consider the problem of determining the deflec- 
tion of the beam shown in Fig. 4.3. 

In this case the transform of the concentrated load is 

(4.16) W{p) = pe'~^^Po 1^— a — 

Since the deflection and slope arc | ^ 

zero at a; = 0, Eq. (4.8) in this case **=0 
reduces to 


El 4- ^ -f. ^ = Lv(x) 

El p^ ^ -b ^3 


The inverse transform of this is 


x^ 

y(^) == 2/2 ^ + 2/3 ^ 


0 < a: < a 


( + 2 / 2 + 2/3 1* a < a: < s 

The conditions that the deflection and slope must vanish at a; ± 6 ‘ 
enables yi and 2/2 to be determined. Inserting these values of 2/2 and 
2/3 into (4.18), we obtain the following equations for the deflection: 


y{x) = — ay[Sas — (s + 2a)x] 0 < x < a 


^3 (a - s)“[(3s - 2a) - as] 


a < X < s 


c. Uniform Beam Clapped Horizontally at One End and Free at the 
ether Carrying a Concentrated Load. Let us determine the deflection 
p of the beam shown in Fig. 4.4. 

I 1 In this case, Eq. (4.8) becomes 


(4.20) Y{p) = 


2/2 , 2/3 


+ f^ + 


^^^3 • p2 • p8 

The inverse transform of Y{p) is 


y { x ) = 2/2 “2 + 2/8 -Q 


0 < a: < a 


( ^ + 2/2 ^ + 2/8 a<x <s 

In this case, since the end a; = s is free, it follows that the bending 
moment and shear force at that point must vanish. We therefore 
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have by (4.2) and (4.3) 

(4.22) g-g-0 at. = . 


Inserting these conditions in (4.21), we obtain 


(4.23) 


2/2 = 


oPo 

El 


yz = - 


Po 

El 


Substituting these values into (4.21), we obtain the following 
equations for the deflection: 

PqX^ /a 
'Ei V2 


(4.24) 


/ \ I 3/ \ 


0 < a; < a 


a < X < s 


6. Deflection of Beams on an Elastic Fotmdation. Let us assume 
that a uniform beam is attached to a rigid base by means of a uniform 

elastic medium as shown in Fig. 5.1. 

Fia. 5.1. introducing a restoring force —ky 

acting in a direction opposite to 
that of the load w{x). In this case Eq. (4.1) becomes 


(5.1) 


EI^, + ky=^w{x) 


the constant k is called the modulus of the foundation. 
Let us divide Eq. (5.1) by EI. We then obtain 


dx^ Ejy ~ EI 


(5.2) 

If we now let 

(5.3) o = (; 
Eq. (5.2) may be written in the form 

(5.4) » 


JlY 

iEl) 


^ + 4o4„ 

dx* EI 


To solve this equation operationally, we write 

(5.5) Ly{x) = Yip) 

(6*6) Lwix) = Wip) 
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Equation (5.4) is then transformed to 

(5.7) (p^ + 4o^)y = - + p‘po + P*2/i + + py'z 

a. Beam on Elastic Foundation Clamped Horizontally at Both Ends 
under the Influence of a Concentrated Load, Let us consider the deflec- 
tion of the beam shown in Fig. 5.2. 

In this case, the conditions ^ ^ 

that the slope and deflection at i — ■ 

X = 0 must vanish lead to ^ 

4f«0 

(5.8) 2/1 = 2/0 = 0 5 2. 

The transform of the concentrated load Po acting at a: = 6 is 

(5.9) W(p) = pPoe-^ 

Hence in this case, Eq. (5.7) becomes 


I 


X/. 

xsa 


I— j»6 


(5.10) r(p) - + 2/2 ^ 

The transform of ^ is given by 

(5.11) /.(D-P^p) 

Po p^e~’’* 


I P 

(p4 + 4a4) -t- ys (p4 4 . 4^4) 


p» 


El (p* + ia*) (p" + 4a<) 


+ Pa • 


We have the following inverse transforms: 
P 1 


(5.12) Ii-» 

(5.13) L-> 


(p* + 4a‘) 4a» 

= 4>i{x) 
1 


(p« + 4o‘) 

(sin ax cosh ax — cos ax sinh ax) 


(p‘ + 4a^) 2a^ 


= ^ (sin ax sinh ax) = <t> 2 ix) 


P* 1 

(5.14) p ^+ 4a^ ~ ^ ~ 

jyA 

(5.15) = cos ax cosh ax = <t>\{x) 

In terms of these functions, the inverse of Y{jp) in equation (5.10) is 


(5.16) 


y = y 2 <l> 2 {x) + yz<t>i(x) 0 < x < b 

jp 

P = ^ 4>i{x — b)+ y 2 <l>t(x) + ya4>i(,x) b <x < a 
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The constants 2/2 and ys may be found from the condition that the 
deflection^ and slope must vanish at a: = s. From (5.16) we thus 
obtain 

(5.17) 0 = ^ <^>i(s — 6) + 2/202(«) + 2/30 i(s) 


From the transform of (5.11), we obtain 
(5.18) 0 = ^ <l>2{s — 6) + 2/203(s) + 2/s<^>2(s) 


These two equations may be solved for the constants 2/2 and 1 / 3 . 
This gives 


(5.19) 

(5.20) 


___ Po 02 (*s) 02 (s — h) — </> 2 (s) 0 l(s — b) 
El <j>l{s) 

== <^ 2 (<s) 02 (g - h ) — <t>s(s)<i)i(s - h) 

El 0l(s)</>2(s) — 02 (s) 


The deflection is obtained by substituting these values of 2/2 and 2/3 
into (5.16). 

b. Beam on Elastic Foundation Clamped Horizontally at Both Ends 
under the Influence of a General Load, In this case, since the deflection 
and slope vanish at x = 0, Eq. (5.7) becomes 


(5.21) 


Y{p) = 


W{p) phh , pyz 

EI{p^ + 4a^j p'^ + 4a" p" + 4a"" 


The inverse transform of the slope is given by 


( 5 . 22 ) 


T 4. _L 'p^y^ 

\dx) Ei{p^ + 4a") p" + 4a" p" + 4a" 


Now by the Faltung theorem, we have 


(5.23) . L-' w{u)<t>i(.x - u) du 

(5.24) L*' w{u)<t>2(.x - u) du 


Hence the inverses of (5.21) and (5.22) give the following equations 
for the deflection and slope: 


1 P 

(5.25) 2/ = w{u)<t>iix — u) du + P 202 (x) + yz<l>i{x) 

(5.26) ^ ^ ^ ^ w(u)<l>z{x — u)du + yzfpzM + 
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Now if we let 


(5.27) 

(5.28) 


B 


=j_ r 

El jo 

=-- r 

El jo 


w{v)(t>i{s — u) du 
w(u)(l> 2 (s — u) du 


and make use of the fact that the slope and deflection both vanish at 
re = s, we obtain the following values for the constants 2/2 and 2 / 3 : 

B4)i(s) - A(I)2(s) 


(5.29) 

(5.30) 


2/2 


2/3 


B<t)2{s) - A(l>i{s) 


Consider a 


If these values of 2/2 and 2/3 are substituted into (5.25), the value of the 
deflection is obtained. 

6. Buckling of a Uniform Column under Axial Load. 

column hinged at the point x = s and supported at 
a; = 0 in sucli a way that lateral deflection is prevented 
but free rotation is allowed as shown in Fig. (>.1. 

The column is under the influence of an axial load 
considered positive when acting in a downward direc- 
tion to cause a compression. Let y{x) be the deflec- 
tion of the column. The bending moment at any 
point X is given by 


f-n 


(C.l) 


El Pi = -M 
dx^ 


-^x=0 


7777777^7777:^^^ 


Fig. 6.1. 

The bending moment at any point M due to the force B is given by 
(6.2) M = By 

Hence substituting this into (6.1), we have 


(6.3) 

If we let 

(6.4) 

we obtain 

(6.5) 


E/g+Pj-O 


^2/ 

dx^ 


El 


+ a^y = 0 


The general solution of this equation is 

(6,6) y — A cos {ax) + B sin {ax) 
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where A and B are arbitrary constants. In order to satisfy the 
boundary condition y(P) = 0, we must have 

(6.7) ^ = 0 

so that the solution reduces to 


(6.8) y = B sin (ax) 

To satisfy the condition y(s) = 0, we must have 

(6.9) sin (as) = 0 


or 


(6.10) as= kir /b = 0, 1, 2, 3, • • • 

To each value of fc, there corresponds a solution 


( 6 . 11 ) 



where the Bk& are arbitrary constants. These deflections are called 
the modes of buckling. To each mode, there corresponds a load 


( 6 . 12 ) 



These loads are called the critical loads. For each of these loads, the 
corresponding mode of buckling represents an equilibrium position 
with an arbitrary amplitude. The first critical load is obtained by 
placing A; = 1, in (6.12), so that we have 

(6.13) ■ 


This equation is known as Euler^s formula. It gives the upper 
limit for the stability of the undeflected equilibrium position of the 
column. 

7. The Vibration of Beams. To find the equation of motion for 
the free vibrations of a uniform beam, we use d'Alembert^s principle 
that states that any dynamical problem may be treated as a static 
problem by the addition of appropriate inertia forces. The equation 
giving the static deflection of a beam y(x) under the influence of a 
static load w(x) is 

(7.1) EI^, = w{x) 


The equation of the free vibration of a beam may be obtained from 


this equation by considering 


-m ^ as the load, where m is the mass 
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per unit length. Accordingly, letting 


(7.2) 

in (7.1), we obtain 

(7.3) 


w{x) — m 


dt^ 



— m 


d^y 

dt^ 


where partial differentiation symbols must be used because the deflec- 
tion y is now a function of the two independent variables x and L 

Let us investigate oscillatmns of the harmonic type. To do this, 
we let 


(7.4) = *^(^) sin 03t 

If we substitute (7.4) into (7.3), we obtain the following ordinary 
differential equation for the variable v{x) : 


(7.5) 

If we let 

(7.6) 


El 


d^ 

dx^ 


mo)h 


= 


'W 


Eq. (7.5) may be w:‘itten in the form 


(7.7) 



This equation has solutions of the exponential type 

(7.8) V = 

where c is an arbitrary constant. Substituting this into (7.7), we find 
the possible values of 6 are given by 

(7.9) 0^ = 


or 

(7.10) 6^-- ±fc2 

and hence 


(7.11) 6 = ±k or ±jk j = \/ — 1 

Therefore, the general solution of (7.7) is given by 

(7.12) V a= 

where the Cf quantities are arbitrary constants. 
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It is convenient to express the solution of (7.7) in terms of hyper- 
bolic and trigonometric functions instead of exponential functions 

in the form 

(7.13) v{x) = A cos kx + 

B sinh X + C cosh kx + B sinh /;::: 

where A, C, I), are arbitrary (jonstants. 
a. Natural Frequencies of a Cantilever. 
T^et us determine the natural frequencies and modes of oscillation of 
the cantilever beam shown in Fig. 7.1. 

To determine the natural frequencies of the cantilever beam, we 
have the boundary conditions 



*»0 

Fig. 7.1. 


(a) 

« = o] 



dv ^ [ 

X == 0 


dx~^} 

ib) 

11 

o 

at .T = s 

(c) 

dh) 


- = 0 
dx^ 

at a: = 


(fixed end) 
(bending moment 
(shear force = 0) 


0 ) 


Imposing these conditions on the general solution (7.13), we have 

(7.14) A + C = 0 B + D = 0 
Hence we have 

(7.15) A = -C B = -D 

(7.16) C(cosh ks + cos ks) + -D(sinh ks -f sin ks) — 0 

(7.17) C(sinh ks — sin ks) + D(cosh ks + cos ks) = 0 

In order that these homogeneous linear equations in C and D may 
have a nontrivial solution, itds necessary that 

(7 18) (cosh ks + cos ks) (sinh ks + sin ks) _ ^ 

^ ^ (sinh ks — sin ks) (cosh ks + cos ks) 

or 


(7.19) 
Therefore 

(7.20) 



This equation may be solved graphically by letting ks ^ Z and 
plotting cos Z and — (1/cosh Z) as shown in Fig. 7.2. 

If Zr are the abscissas of the points of intersection of these curves, 
then they are the solutions of the Eq. (7.20). The first few roots of 
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(7.20) are given by 

(7 21) I = 4.694 Z, - 7.854 

^ ‘ ^ 1 Z4 = 10.996 Z5 == 14.13 etc. 

]^ach root Zr fixes a value of k, K by the equation 
(7.22) 

By (7.6) each value of ky kry fixes a value of the possible natural 
frequency w by the equation 

(-) -«^/f=(f)’^/S 

The lowest natural angular frequency is given by 

/l.875\^ fM 

= V'~/ 


h. Natural Frequencies of a Hinged Beam. Let us consider the 
determination of the natural frequencies of oscillation of a beam 



Fio. 7.2. 

hinged at both ends a; = 0 and x = s. The boundary conditions for 
this case are 

(a) v = 0| v = 0| 

a: == 0 ) a: .= s j 

£-0 £-»| 

X = 0 ) X = s ) 

Imposing these conditions on Eq. (7.13), we obtain the following 
equations 

I 0 = A+C 
\0^ -A + C 


I 0 = 2 
|o = 


(7.25) 
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Hence 


(7.26) 
and 

(7.27) 


I 0 = -B sin i 
I 0 = -B si 


ks + D sinh ks 
sin fcs + Z> sinh ks 


Now Eqs. (7.27) show that either 

(7.28) B sin ks — 0 


or 

(7.29) D sinh ks = 0 

Now since sinh ks cannot be zero for real values of its argument, it 
follows that I) = 0. Then for a nontrivial solution B 0, we must 
have 

(7.30) sin fes = 0 
Hence 

(7.31) ks = nr r = 0, 1, 2, 3, • * • 
and to each value of r there corresponds a value of k, kr given by 

(7.32) jfc, = - 

s 


By (7.6) the natxiral frequencies are given by 


'A 

(7.33) 

£ 

iff 


999 

The natural modes are given by 


(7.34) 

I 

Fig. 7.3. 

Vr(,x) = Br sin >■ = 1> 2, 3, • 


c. Beam Clamped at One End and Carrying a Mass at the Free End, 
As a more complicated example of the general method, let us consider 
the system of Fig. 7.3. 

This represents a cantilever beam supporting a mass M at its free 
end. In this case we must adjust the general solution (7.13) to the 
boundary conditions 
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(а) 

(б) 


V 

— 

dx 

dh) 

dx^ 


* 0 
= 0 

= 0 


X = 0 (clamped end) 
at X = s (zero bending moment) 


The fourth condition is that at the free 
is the force due to the inertia of the mass M. 
F is given by 


(7.35) 


F = 



end the shearing force 
Now the shearing force 


in terms of the deflection y(x,t). The inertia force of the mass is 


(7.36) 


Hence we have 



To obtain the boundary condition in terms of the variable t;(x), 
we use the fact that 


(7.37) ~ v(x) sin (at 

Hence, substituting this into (7.36) and dividing both sides by the 
common factor sin cot, we obtain 

This is the required boundary condition. 

We now impose these boundary conditions on the general solution 
(7.13). Condition (a)- gives 


(7.38) 


0 = A + C 
0 = 5 + 2) 


Therefore we may write 

(7.39) v(x) = .4 (cos kx — cosh kx) + 5(sin kx — sinh kx) 
Condition (6) gives 

(7.40) —A (cos ks + cosh ks) — 5(sin ks + sinh ks) = 0 
and condition (c) gives 

(7.41) — A;’[A(sinh ks -- sin ks) + 5(cosh ks + cos Jfc«)] 

« + [-4 (cosh ks — cos ks) + 5(sinh fcs — sin fcs)] 

M/I 
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In order that Eqs. (7.40) and (7.41) may have nontrivial solution 
4 = i? = 0, the determinant of their coefficients must vanish. If 
we let 


(7.42) 


ms Mb 


so that <t> is the ratio of the mass M to the mass of the beam Mb and 
also let 


(7.43) 


Z = ks 


we obtain, after some reductions, the equation 


(7.44) 


1 + cosh Z cos Z 

cosh Z sin Z — sinh Z cos Z 


<t>Z 


This equation can be solved by plotting the curve 


(7.45) 


1 + cosh Z cos Z 

y. ~ : 

cosh Z sin Z — sinh Z cos Z 
— cos Z + sech Z 
sin Z — cos Z tanh Z 


and the straight line 

(7.46) 2/2 = 4>Z 

and finding the values of Z at the intersections. 

If 0 = 1, the graph gives the following approximate values of Z 
for the intersection of yi and 2 / 2 : 

(7.47) Z = 1.238, 4.045, ’ 


If we call the rth root of (7.45) Zr, then we have 


(7.48) 



for the natural angular frequencies of the oscillations of the system. 

If ilf >> Mb so that the supported mass is much larger than the 
mass of the beam, then 0 > > 1. In this case the angular frequency 
is very small and Z is small. Now when Z is small, we can use the 
following approximations: 


( cos Z = 1 


2 


\ 


sin Z 



cosh Z = 1 + -^ 
Z® 

sinh Z - Z + ^ 
o 


(7.49) 
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(7.60) 


■-f) 

= 

or 




(7.51) 



^ 4 


Neglecting Z^/4 in comparison with 2, we have 


(7.52) Zi 

In this case we have from (7.48) 


sm 


for the fundamental frequency in the case that the supported mass is 
much greater than the mass of the beam. This result may be com- 
puted more simply by computing the ^‘effective spring constant'' 
of the beam by impressing a unit force at the free end and computing 
the resulting deflection. 

8. Rayleigh’s Method of Calculating Natural Frequencies. Lord 
Rayleigh^ has given an approximate method for finding the lowest 
natural frequency of a vibrating system. The method depends upon 
the energy considerations of the oscillating system. 

From mechanics it is known that if a conservative system (one that 
does not undergo loss of energy throughout its 
oscillation) is vibrating freely then when the 
system is at its maximum displacement the 
kinetic energy is instantaneously zero since 
the system is at rest at this instant. At this 
same instant, the potential of the system is at 
its maximum value. This is evident since the 
potential energy is the work done against the 
elastic restoring forces, and this is clearly a maximum at the maximum 
displacement. 

In the same manner, when the system passes through its mean 
position, the kinetic energy is a maximum and the potential energy is 
zero. By realizing these facts, it is possible to compute the natural 
frequencies of conservative systems. 

^ ** Theory of Sound/' 2d ed., Vol. I, pp. Ill and 287, Dover Publications, 
New York, 1945. 


r 


> 1 . 


Fig. 8.1. 
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To illustrate the general procedure, consider the simple mass and 
spring system shown in Fig. 8.1. 

Let V be the potential energy and T be the kinetic energy of the 
system at any instant. We then have 

(8.1) V F dx ^ Kxdx 

since the spring force is given by kx, where k is the spring constant. 
The kinetic energy is 

( 8 . 2 ) 

Let the system be executing free harmonic vibrations of the type 

(8.3) a; = a sin Q)t 
Now at the maximum displacement 

(8.4) sin co< = +1 cos wi = 0 
Hence from (8.1) and (8.2), we have 

(8.5) Vm = W 

where Vm denotes the maximum potential energy. 

Now when the system is passing through its equilibrium position, 
we have 


(8.6) sin = 0 cos < 0 ^ = ± 1 
Hence we have 

(8.7) Tm = iMaW 

Now the total energy in the system is the sum of the kinetic and 
potential energies. In the absence of damping forces, this total 
remains constant (conservative system). It is thus evident that the 
maximum kinetic energy is equal to the maximum potential energy, 
and hence 


( 8 . 8 ) 


Tm = Vm 


or 

(8.9) 

We thus find 

( 8 . 10 ) 


iKa^ = 
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for the natural frequency of the harmonic oscillations. The above 
illustrative example shows the essence of Rayleigh^s method of com- 
puting natural frequencies. The method is particularly useful in 
determining the lowest natural frequency of continuous systems in the 
absence of frictional forces. 

The method will now be applied to determine the natural fre- 
quencies of uniform beams. 

Kinetic Energy of an Oscillating Beam, Consider a section of 
length dx of a uniform beam having a mass m per unit length. The 
kinetic energy of this element of beam is given by 


( 8 . 11 ) 


dT 


2 \dt) 


dx 


St/ • 

since -rf is the velocity of the element and mdx is its mass. The 
at 

entire kinetic energy is given by 


( 8 . 12 ) 










where s is the length of the beam. 

The Potential Energy of an Oscillating Beam, Consider an element 

of beam of length dx as shown in Fig. (8.2). 

If the left-hand end of the section is fixed, the 

■* ^ ^ ^ 
bending moment M turns the right-hand end ^ 

through the angle <t> and the bending moment is ^ 

proportional to that is, we have ^ / 

V 

(8.13) = k<l> Fig. 8.2. 

where fc is a constant of proportionality. If now the section is bent 
so that the right-hand end is turned through an angle 6, the amount of 
work done is given by 


P mm 0 /* 0 ** ^ 

(8.14) dV= d<f,== H d<t> 

J*-o J<l>-0 


k$» _ M(d)8 
2 ~ 2 


Now the slope of the displacement curve at the left end of the 
section is and the slope at the right-hand end is 

by Taylor's expansion in the neighborhood of x. 
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Hence neglecting higher order terms, we have 


(8.16) 


« = - 


dx^ 


dx 


Substituting this into (8.14), we have 

(8.17) dF.-f(g)* 

for the potential energy of the section of the beam. However, we have 

(8.18) iJf =-JE7(g) 

Hence substituting this into (8.17), we obtain 


(8.19) 



The potential energy of the whole beam is 


( 8 . 20 ) 



dx 


If now the beam is executing harmonic vibrations of the type 


(8.21) = i;(x) sin wt 
we have on substituting this into (8.12) 

(8.22) Tm = imw* v'^{x) dx 


for the maximum kinetic energy, and substituting into (8.20), we 
obtain 


(8.23) 


Vm 


El 

2 



dx 


for the maximum potential energy. 

The natural angular frequency co can be found if the deformation 
curve v(x) is known by equating the two expressions (8.22) and (8.23). 

The procedure is to guess a certain func- 
tion v{x) that satisfies the boundary con- 
ditions at the ends of the beam and then 
equate expressions (8.22) and (8.23) to 
determine co. 

As an example of the general procedure, consider the system of 
Fig. (8.3). 


I ~ 

Fio. 8.3. 
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This system consists of a heavy uniform beam simply supported at 
each end and carrying a concentrated mass M at the center of the 
span. The boundary conditions at the ends are 


(8,24) 


2/ = 0 


X — 0 


y = 0 

_n 


This expresses the fact that the displacement and bending moments 
at each end are zero. To determine the fundamental frequency, let 
us assume the curve 


(8.25) 


v(x) = A sin 


where A is the maximum deflection at the center. This assumed curve 
satisfies the boundary conditions and approximates the first mode of 
oscillation. 

From (8.22) the maximum kinetic energy of the beam is 


^.26) — f A^8in^(^-^dx 

^ jo \ ^ / 


mo)^A^s __ Mbo^^A^ 
4 4 


where Mb is 


Mb = ms 


the mass of the beam. 

The maximum kinetic energy of the central load is 
(8.28) 

Hence for the whole system, the total maximum kinetic energy is 

(8.29) 5^ 7’,, = i + m) 

From (8.23), the maximum potential energy of the system is 

El f‘ (dh\ , EIAV f\ . .wx , 

(8.30) r. - I 2 ,m* - d. 

We have 

(8.31) j‘ 2 sini* dx = s 


Hence 


Vm = 


EIAhr* 
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Equating expressions (8.29) and (8.32), we obtain 


(8.33) 


48.7EI 


This gives the fundamental angular frequency o). There are two 
interesting special cases: 

a. If the central load is zero, M = 0, and we have 


(8.34) 


, 97.4^/ 


This turns out to be the exact expression obtained by the use of the 
differential equations of Sec. 7. 

6. If the beam is light compared with the central load, then 
Mb << M and we have 


(8.35) 


_ 4S.7EI 

Ms^ 


Rayleigh^s method is very useful in the computation of the lowest 
natural frequencies of systems having distributed mass and elasticity. 
The success of the method depends on the fact that a large error in the 
assumed mode v{x) produces a small error in the frequency w. If it 
happens that we choose v(x) to be one of the true modes, then Ray- 
leigh^s method will give the exact value for w. In general, it may be 
shown that Rayleigh^s method gives values of the fundamental 
frequency w that are somewhat greater than the true values. 

PROBLEMS 

1. A flexible string is held under a horizontal component of tension, jET, and 
extends between a; = 0 and z — s. It is loaded by a uniformly distributed load Wq 
per unit length, extending from a; « o to a? « &. Find the location and magnitude 
of the maximum deflection. 

2. Find the deflection of the string of Prob. 1, if two concentrated loads P« 
and Ph act on it at a; « a and a; =» 6. 

3. A string extending from a;=«0toa; = «is under a horizontal component 
of tension, and rests on an elastic foundation of spring constant k, A load Pa 
at a; « a and a load Pj, at a; » 6 act on the string. Determine the deflection of 
the string. 

4. Determine the deflection of a cantilever beam of flexural rigidity El under 
the influence of a uniform load per unit length extending from a; >» a to a; « 6. 
The beam is clamped at a; « 0 and extends to x » a. 

5. An infinite beam of flexural rigidity El rests on an elastic foundation. 
The modulus of the foundation is k. The beam extends from x « to 
a? « 4- 00 , and at x » 0 there is applied a concentrated load Po. Detennine the 
deflection of the beam. 



THE DIFFERENTIAL EQUATIONS 


237 


6. Consider a beam of length 8 clamped at a; » 0 and x ^ s. Let Vi{x) be 

a mode of oscillation corresponding to an angular frequency ox and let be a 
mode corresponding to an angular frequency w,-. Show that “ 

J* Vi(x)vj(x) dx - 0 if t i 

7. Determine the natural frequencies of oscillation of a uniform beam with 
free ends. 

8 . Determine the natural frequencies of oscillation of a uniform beam with a 
built in end at x ~ 0 and simply supported at x = «. 

9. Derive the equation giving the natural frequencies of a beam clamped at 
X ** 0 and x — s resting on an elartic foundation of modulus equal to k, 

10. A string of length s under a tension t carries a mass M at its mid-point. 
Using Rayleigh’s method, determine the fundamental frequency of oscillation, 
{Hint: Obtain the total potential and kinetic energies, etc.) 

11. A uniform beam is built in at one end and carries a mass M at its other 
end. Use Rayleigh’s method to determine the fundamental angular frequency 
of oscillation. 

12. A uniform beam is hinged at x = 0 and is elastically supported at x =* « 
by a spring whose constant is k. Find the natural frequencies of oscillation. 
Discuss the limiting cases A; = 0 and A; = « . 

18. Apply Rayleigh’s method to determine the fundamental frequency of the 
system of Prob. 12, 
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CHAPTER X 


THE CALCULUS OF FINITE DIFFERENCES AND LINEAR 
DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS 

1. Introduction. A groat many electrical and mechanical systems 
encountered in practice consist of many identical component parts. 
Such problems as the determination of the potential and current 
distribution along an electrical network of the ladder type or the 
determination of the natural freciiiencies of the torsional oscillations 
of systems consisting of identical disks atta(*hed to each other by 
identical length of shafting may be most simply solved by the use of 
difference equations. 

The calculus of finite difference is of extreme importance in the 
theory of interpolation and numerical integration and differentiation. 
In this chapter some of the elementary procedures of the calculus of 
finite differences will be considered, and methods for the solution of 
linear difference equations will be developed. 

2. The Fundamental Operators of the Calculus of Finite Differ- 
ences. The calculus of finite differences is greatly facilitated by the 
use of certain operators. An oi^erator may be defined as a symbol 
placed before a function to indicate the application of some process to 

the function to produce a new function. The symbol D == ^ is an 

example, we have 

(2.1) Dfix) = £ fix) 

In the calculus of finite differences, it is convenient to use the 
operators A, D, and fc, any constant. These operators indicate the 
following processes: 


i EF(x) = F(x + h) 

AFix) = Fix + h)- Fix) 

DFix) == F'ix) 
kFix) = kFix) 

The operator E when applied to a function means that the function 
is to be replaced by its value h units to the right, D indicates differen- 

238 



Sec. 3] THE CALCULUS OF FINITE DIFFERENCES 239 

tiation, and the constant operator k merely multiplies the function 
by a given constant. 

If now an operator is applied to a function and a second operator is 
applied to the resulting function, etc., the several operators are 
written as a product. Each new operator is written to the left of 
those preceding it. It may be shown that the order in which the 
operators are applied is immaterial. For example, 

(2.3) ^DF{x) - LF\x) = F\x + h) - F\x) = D AF(x) 

If an operator is repeated n times, this is indicated by an exponent. 
For example, 

(2.4) EEE- F(x) = EW(x) 

In this manner all positive and integral powers of operators may 
be defined. An operator with power zero produces no change in the 
function, for example, 

(2.5) D^F(x) = F(x) 

Products of powers of operators combine according to the law of 
exponents, that is, 

(2.6) D^DWix) = DW{x) 

At present we shall restrict the powers of D and A to be integral 
and nonnegative numbers. However all real powers of E may be 
admitted. The general power of E is defined by the equation 

(2.7) E^F(x) = F{x + nh) 

These powers combine according to the law of exponents 

(2.8) E”^E^F{x) = F{x + n/i + rah) = E^-^^Fix) 

The sum or difference of two operators applied to a function is 
defined to be the sum or difference of the functions resulting from the 
application of each operator, that is, 

(2.9) {E + D)F{x) = EF{x) + DF{x) = F{x + h) + F\x) 

3. The Algebra of Operators. In the above section the definitions 
of the operators E, A, Z), and k were given. The meaning of all 
operators found from E, A, D, and k by addition, subtraction, and 
multiplication was given. The question of separating these operators 
from the functions to which they apply and working with them as if 
they were algebraic quantities will now be considered. 
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Two operators are said to be equal if, when applied to an arbitrary 
function, they produce the same results. For example, 

(3.1) A = {E-1) 

These operators which we may call A, B,C, etc., may be combined 
as if they were algebraic quantities provided they conform to the 
following five laws of algebra: 

(a) A -{• B = S A 

(b) A + (B + C) (A +B) + C 

(c) AB = BA 

(d) A(BC) = (AB)C 

(e) A(B + C) =AB + AC 

It is easy to show that the operators satisfy these fundamental 
laws of algebra. For example, to prove that 

(3.2) = DE’^ 
we have 

(3.3) E^DFix) = E’-F'ix) = F'(x + nh) 

= DF(x + nh) = DE’'F{x) 

Since the operators satisfy the laws of algebra, operators can be 
pombined according to the usual algebraic rules. For example, 

i (F*A - D)iEiA + D) = EA^ - 
(D - A)(D - A) = Z)* - 2DA + A* 
etc. 

4. Fundamental Equations Satisfied by the Operators. As a 

consequence of the definition of the operators E and A, we have 

(4.1) E = (1 + A) 

The connection between the operator E and the derivative operator 
D may be obtained by means of the symbolic form of Taylor’s series 
given in Sec. 16 of Chap. I. We there saw that Taylor’s expansion 
could be written in the form 

(4.2) EF{x) = F{x + h) 

A . LT^ . , h*D* , , 

= (^l + A2> + -^ + -^+ • • -jFix) 

= e*®F(x) 

provided that F{x) is such a function that F{x) is valid. If F{x) is a 
polsmomial, the series -converges to the function, in this case the 
number of terms is finite. 
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Comparing both members of Eq. (4.2), we see that we may write 
symbolically 

(4.3) E = 

We also have from (4.1) 

(4.4) (1 + A) = 


or 

(4.6) A=:(e^^-1) 

6. Difference Tables. If a function is known for equally spaced 
values of the argument, the differences of the various entries may be 
obtained by subtraction. It is very convenient to write these differ- 
ences in tabular form. For example, let us consider the function 
F{x) == and let the tabular difference be = 1, we then construct 
the following table of differences: 

F{x) « 



We see that the third differences of this function are constant and 
the fourth differences are zero. This is a special case of the following 
theorem: 

The nth differences of a polynomial of nth degree are constant, 
and all higher differences are zero. The proof of this theorem is not 
diflScult and is left as an exercise for the reader. 

Difference tables are of extreme importance in the theory of inter- 
polation. Interpolation in its most elementary aspects is sometimes 
described as the science of reading between the lines of a mathe- 
matical table. However, by the use of the theory of interpolation, 
it is possible to find the derivative and the integral of a function 
specified by a table tak^n between any limits. The utility of a 
difference table depends on the fact that in the case of practically all 
tabular functions the differences of a certain order are all zero. 

6. The Gregoiy^Newton Interpolation Formula. Let us consider 
a function F(z) whose values at a: *= a, a: « a -H A, x ^ a + 2h, 
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X — a + Shy etc., are given. Suppose that from these given values 
of F{x) we construct a difference table and that the differences of 
order m are constant. We desire to compute the value of the function 
at some intermediate value of the argument (o + nh). By the use 
of the operator E of Sec. 2, we have 

(6.1) E-F{a) = F{a + nh) 

By Eq. (4.1), we have 

(6.2) £7^ = (1 + A)« 

But by the binomial theorem, we obtain 

(6.3) £“ = (1 + A)” = 1 + nA + A2 + • • • 

Hence we have from Eq. (6.1) 

(6.4) Fia + nh) = F{a) + n AF(a) + ~ AW{a) + • • • 

Now in order to compute the value of F{x) corresponding to any 
intermediate value of the argument such as (a + ih) we simply sub- 
stitute the value of n = i in Eq. (6.4). Equation (6.4) is often 
referred to as Newton^s formula of interpolation. It was discovered 
by James Gregory in 1670. 

7. The Derivative of a Tabulated Function. From the equation 

(4.5) giving the relation between the derivative operator D and the 
difference operator A, we have 

(7.1) = (1 + A) 

Hence wc have 

(7.2) D = ilii(l+A) 

If we expand In (1 + A) into a Maclaurin series in powers of A, we 
have 



We thus have 


(7.4) DF(a) = F'(,a) = ^ AF(o) - i A*F(o) + i A*F(o) - • • • 
for the derivative of the function F{x) at a: « a. 
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To obtain higher derivatives we have from (7.2), 

(7.5) D' = p|n (1 + A}f r = 1, 2, • • • 

The second member is expanded and applied to F{a), 

8. The Integral of a Tabulated Function. It is sometimes required 
to obtain the integral of a tabulated function over a certain range 
of the variable. To do this, it is convenient to introduce the operator 
or 1/D. This operator is defined as the operator which when 
followed by D leaves the function unchanged, that is, we have 

(8.1) D^W{x) = iF{x) dx + c 

Since if we operate on (8.1) with D, we obtain 


( 8 . 2 ) 


D • D-W{x) 


= - f 

dx J 


F{x) dx + ^c = F{x) 


We also have the definite integral 


(8.3) 


r 


F(x)dx = ^Fix)\ 


|o+A 


= ^ [F(a + ft) - l!’(a)] 

= 5AF(a) 

If we use Eq. (7.2) for D, we may write (8.3) in the form 


(8.4) 


I* a+A 

Ja ^ 


F(x) dx = 


hA 


In (1 + A) 


F{a) 


hA 




A^ A® A® 

_ 4. z 4. 

2^3 6 ^ 


■) 


F{a) 


By division, the right member of (8.4) may be written in the form 
ra+A 


(8.5) 




Fia) 


By similar reasoning, we have 

ra+nA 


(8.6) /; 


F(x) dx = 1 [Fia + nh) - F(a)] l)F(a) 

/t[(l + A)"- l]f(o) 

“ In (1 + A) 


12 




24 


n(6n* - 45n* + llOn - 90) 
720 


A« + 


F(a) 
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2 + 2A + - — + 

^ ^ 3 90 ^ 


na) 


If n — 2, we have 

fa+2h / 

(8.7) / F{x) dx=^h\\ 

If F{x) is such that its fourth and higher differences may be 
neglected, we have 

ra+2/t 


•) 


/ a+2h / 

F(x) dx = h\2 + 2A + 


F(a) 


= h[2 + 2{E -l)+i{E - iWia) 

= I (1 + 4£ + E^)F{a) 

This is known as Simpson^s rule for approximate integration. If 
F{x) is a polynomial of degree less than four, formula (8.8) is exact. 
If we place n = 3 in (8.G) and neglect fourth and higher differences, 
we obtain 


(8.9) 


ro+3A 

I ^ 


F{x) dx = ^il+ ZE + ZE^ + E^)F{a) 

= ^ [^’(a) + 3F(a + h) + 3F(a + 2h) + 


F{a + 3/01 

This is known as the ‘Hhree-eights’^ rule of Cotes. 

9, A Summation Formula. A formula of great utility for tlie 
summation of polynomials may be easily obtained by the use of the 
finite difference operators. Consider the sum of the n terms. 

(9.1) >S. = F{a) + F(a + /i) + • • • + F[a + (n ~ l)h] 

= {I + E + +••• + E--^)F(a) 

The geometric progression in E may be summed, and we have 

(9.2) 




F{a) 


Expanding (1 + A)’^ by the binomial theorem and dividing by A, 
we obtain 


(9.3) S. - [» + a + - IK" - 2) a. + . . .] f 

As an application of this equation, let it be required to find the 
sum of the first n cubes. To do this, we let F(x) ~ x®, A = and 
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(9.4) 1* + 2» + 3» + • • • + n* = w + • 7 + 

w(n - l)(n - 2) n{n - l)(n - 2)(n - 3) . . 

6 24 ® 

= ^ (n + 1)2 

The summation formula is exact if F(x) is a polynomial. 

10. Difference Equation with Constant Coefficients. An equation 
relating an unknown function u{x) and its first n differences of the form 

(10.1) ao A”u(x) + aiA^-^u{x) + * • • + an-iAu{x) + 

anu{x) = <l>{x) 

where the arS are constants is called a linear difference equation of 
order n with constant coefficients. 

This type of equation is of frecpient occurrence in technical appli- 
cations. It has many striking analogies with the linear differential 
equations discussed in Chap. VI. If (t>{x) = 0, the equation is said 
to be homogeneous. By the use of the relation (3.1), the equation 

(10.1) may be written in terms of the operator E in the form 

(10.2) (boE- + + b 2 E-^ + • • • + bn)u{x) - «(x) 

where the Vs are constants. This is the form in which difference 
equations occur in practice. 

The Coinplenmitary Function, As in the case of linear differential 
equations, the solution of the difference equation (10.2) consists of the 
sum of the particular integral and the complementary function. The 
complementary function is the solution of the homogeneous equation 

(10.3) Q),E'^ + + • • • + br.)u{x) - 0 

In the usual applications of difference equations /i = 1, that is, 

(10.4) Eu{x) = u{x + 1), etc. 

To solve the homogeneous difference equation (10.3), we assume a 
solution of the exponential form 

(10.5) ' u{x) == ce”'® 

vrhere c is an arbitrary constant and m is a number to be determined. 
If we operate on Eq. (10.5) with JE, we obtain 

(10.6) Eu{x) = Ece'^^ = 5-. 
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In the same manner, we have 

(10.7) E^u{x) = Ece^*e^ = 
and in general 

(10.8) E*u{x) = ce”**^*** 

We therefore see that if we substitute the assumed solution (10.5) 
into the homogeneous difference equation (10.3) we obtain 

(10.9) ce’”*(6oe"«‘ + + * . . + b J = 0 

If we let 

(10.10) g = 

Eq. (10.9) may be written in the form 

(10.11) cg*(5og« + + • • • + 6„) = 0 

If we exclude the trivial solution u{x) = 0, then 

( 10 . 12 ) cq^ yA 0 

Hence the term in parenthesis of (10.11) must vanish, and we have 

(10.13) (6< + + . . . + 6n) = 0 

This is an algebraic equation that determines the possible values 
of g. There are three cases to be considered. 

a. The Case of Distinct Real Roots. If the algebraic equation 

(10.13) has n distinct roots (gig 2 . • . qn)f then the general solution 
of the homogeneous difference equation (10.3) is 

(10.14) u{x) = cigl + C 2 gl + • • • + CngS 

where the c’s are arbitrary constants. 

For example, let it be required to solve the equation 

(10.15) (2E^ + 5E + 2)u{x) = 0 

In this case the algebraic equation determining the possible values 
of g are 

(10.16) (2g2 + 5g + 2) = 0 
The two roots of this equation are 

(10.17) gi « - ^2 = 0-2 

Hence the solution of (10.15) is 

(10.18) u{x) = Ci(--2)* + C 2 (- i)* 

where ci and C 2 are arbitrary constants. 
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b. The Case of Complex Roots, Let us suppose that the algebraic 
equation (10.13) has pairs of conjugate complex roots. Let 

(10.19) qi = Re^*y qt « 

be a pair of complex roots. The solutions of the difference equation 
corresponding to these terms are of the form 

( 10 . 20 ) ciiqiY + c^iq^Y = cji^e^*^ + 

= R^{A cos 0a: + B sin 0a:) 

where A and B are two new arbitrary constants. As an example, 
consider the equation 

(10.21) (B2 - 2B + A)u{x) = 0 
The roots in this case are 

(10.22) q\ = 2^^*’/* and qz = 

Hence the solution of (10.21) is 

(10.23) u = 2M cos + B sin 

where A and B are arbitrary constants. 

c. The Case of R( pealed Roots, Suppose we have the difference 
equation 

(10.24) (E - aYu{^) == 0 

In this case the algebraic equation has repeated roots equal to a. 
To solve this equation, assume the solution 

(10.25) u{x) = a^v(z) 

We now have 

(10.26) {E — a)u{x) = (B — a)a^v{z) , 

= a^'^h){x + 1) — a®+^i;(x) 

« a^^^iE - l)v{x) 

Similarly, 

(10.27) {E - aYu{x) = _ i) 2 ^(^) 

Hence the function v(x) satisfies the difference equation 

(10.28) (E^ -2E + l)v{x) = 0 
This equation is obviously satisfied by 

(10.29) v(t) « (A + Bx) 
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where A and B are arbitrary constants. Hence the solution of (10.24) 
is given by 

(10.30) u(x) = a^{A + Bx) 

In the same manner it may be demonstrated that if the algebraic 
equation (10.13) has a root a that is repeated r times then the part 
of the solution due to this root has the form 

(10.31) u{x) = (ci + C2a: + • • • + CrX^~'^)a^ 

where the c's are arbitrary constants. 

The Particular Integral, The difference equations most frequently 
encountered in practice are of the linear homogeneous type. The 
methods used for obtaining the particular integrals of linear differential 
equations with constant coefficients have their counterpart in the 
theory of difference equations. To illustrate the general procedure 
of determining the particular integral, let us write the linear inhomo- 
geneous difference equation (10.2) in the form 

(10.32) £>{E)u{x) = <t){x) 

where £{E) denotes the linear operator involving the various powers 
of E expressed in Eq. (10.2). 

a, <l>{x) Is of the Exponential Form In this case to obtain the 
particular integral, assume the solution 

(10.33) u{x) = 

where A is to be determined. On substituting this into (10.32), we 
have 

(10.34) Ae”^^£{e”^) = e”^ 

Hence provided that 


(10.35) 
we have 

(10.36) 


£{e^) 9^ 0 

, 1 - 1 
£(e”‘) 


This case enables one to determine the solution when <l>{x) is 
sin (mx) or cos (mx) by the use of Euler’s relation. 

b. <l>{x) Is of the Form o®. In this case we assume a solution of the 
form 


(10.37) 


u = Aa* 
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On substituting this into (10.32), we obtain 


(10.38) 


.4a*£(a) » a® 


hence 


(10.39) 


A = 


1 

£{a) 


provided that £{a) ^ 0. 

c. Decomposition of 1/£{E) into Partial Fractions. It is sometimes 
convenient to decompose the operator 1/£{E) into partial fractions. 
For example, consider the difference equation 


(10.40) (E^ - 5E + 6)m(x) = 5® 

In this case the operator £(F) has the factored form 


(10.41) £{E) = {E -S)iE - 2) 
We may write 

(10.42) uix) = 

Kx Kx 

= I + ci3® - I + C22® 

= 'I + ci3® + C22® 


The decomposition of the operator l/eC(J^) into partial fractions 
frequently facilitates the determination of the particular integral. 
Methods for the determination of the particular integral when <t>{x) 
contains functions of special form will be found in the references 
quoted at the end of this chapter. 

11. Oscillations of a Chain of Particles Connected by Strings. The 
calculus of finite differences may be applied to the solution of dynamical 
problems whether electrical or mechanical. This calculus has great 
power when the system under consideration has a great many com- 
ponent parts arranged in some order. It may be that there are so 
many component parts that to write do^^m all their equations of 
motion would be impossible. If there exists a certain amount of 
similarity between the successive component parts of the system, it 
may be possible to write down a few difference equations and in this 
manner include all the equations of motion. This may be illustrated 
by the following problem. 

Consider a string of length (n + l)a whose mass may be neglected 
that is stretched between two fixed points with a force r, and is loaded 
at intervals a with n equal masses M not under the influence of gravity 
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and is slightly disturbed. I^et it be required to determine the natural 
frequencies of the system and the modes of oscillation. 

Let {A,B) Fig. (11.1) be the fixed points and (t/i, ?/ 2 , . . . 2/n) be 
the ordinates at time t of the n particles. 


m 



Fia. 11.1. 


Consider small displacements only and hence the tensions of all 
the strings as equal to t. 

The force on the A;th mass is given by 

(11.1) ~ a 

This is a restoring force acting in the negative direction. By 
Newton’s second law, the equation of motion of the fcth particle is 
given by 

( 11 . 2 ) + ^ ( - + 2y, - = 0 

Since each particle is vibrating, let us place 

(11.3) Vk = Ak cos {o)t + </>) 

Substituting this into (11.2) and dividing out the common cosine 
term, we obtain 

(11.4) —wWiljfe H — (— iljfc-i + 2Ak — Ak^i) = 0 

Of 

If we let 

(11.5) c - ^2 - 

we may write (11.4) in the convenient form 

( 11 . 6 ) —Ak+\ + cAk — Ak^\ = 0 

This is a homogeneous difference equation of the second order with 
constant coefficients in the unknown amplitude Ak* To solve it, we 
use the method of Sec. 10 and assume a solution of the form 

(11.7) Ak = 

where B is an arbitrary constant and B is to be determined. If we 
substitute this assumed form of the solution into (11.6), we obtain 

(11.8) + c - =0 
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Therefore, for a nontrivial solution we must have 

(11.9) 2 2 ““ 

This equation determines two values of 6 since cosh {$) is an even 
function and we also have 

(11.10) cosh (“‘^) *= I = cosh (0) 

Hence, Bie^^ and B 2 e~^^ are solutions of the difference equation 
(11.6), and the general solution is the sum of these two solutions. It 
is convenient to write the general solution in terms of hyperbolic 
functions rather than in terms of exponential functions. We thus 
write 

(11.11) Ak — P sinh (dk) + Q cosh (Bk) 

where P and Q are arbitrary constants. Equation (11.2) represents 
the amplitude of the motion of every particle except the first and last. 
In order that it may represent these also, it is necessary to suppose 
that 2/0 and 2/n+i are both zero, although there are no particles corre- 
sponding to the values of k equal to 0 and (n + 1). With this under- 
standing, the solution (11.11) represents the amplitude of the oscillation 
of every particle from fc = 1 to Aj = n. 

Now since Aq = 0, we have from (11.11) 

(11.12) P 2 = 0 

The fact that An+i = 0 gives 

(11.13) sinh 6(n + 1) = 0 

This equation fixes the. possible values of they are 


(11.14) ^ = r = l,2,3, •••n 

Having determined the possible values of By we now turn to Eq. 
(11.9) to determine the possible values of w. We thus obtain 


(11.15) 


c 


2 - 


coWg 

T 


« 2 cosh 


rrj 
n + 1 


Hence, 

(11.16) 




262 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. X 


It is convenient to write Wr to denote the value of w that corresponds 
to the number r. We thus write 

The amplitude of the motion of each particle is given by Eq. (11.11) 
in the form 

(11.18) Ak = P sinh ($k) 

The amplitude of the motion of the first particle is given by 

(11.19) ^i=Psinh0 

if, now, the value r = 0 were admitted, this would preclude the motion 
of the first particle. Similarly the value r = (n + 1) is not admitted. 
The values of co given by Eq. (11.17) are the n natural angular fre- 
quencies of the system. Giving r other values not multiples of 
(n + 1), we merely repeat these frequencies. To each value of 0, dr 
there corresponds a term of the amplitude of the fcth particle. This 
may be written in the form 

(11.20) Ak = Pr sinh drk = Pr sin — 

where Pr is an arbitrary constant. 

By (11.3), the coordinate of the fcth particle corresponding to the 
value of dy dr is given by 

(11.21) yk == Pr sin cos (o)rt + 0r) 

71 "t" 1 

The general solution is then of the form 

r^n 

(11.22) = sin - cos {urt + «^r) 

r-l 

The 2n arbitrary constants Pr and 4>r are determined by the initial 
displacements and velocities of the particles. 

The problem of the loaded string is of historical interest. It is 
discussed by Lagrange in his ^‘M4canique analytique.'' He deduced 
the solution from his own equations of motion. By means of an 
extension of the above analysis, Pupin has treated the problem of the 
vibration of a Iwavy string loaded with beads both for free and forced 
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vibrations and by an electrical application solved a very important 
telephonic problem.^ 

12. An Electrical Line with Discontinuous Leaks. The following 
interesting electrical problem may be solved by the use of difference 
equations. 

Let us suppose that the current for a load of resistance R is carried 
from the generator to the load by a single wire with an earth return. 
The wire is supported by n equally spaced identical insulators, as 
shown in Fig. 12.1. 



The resistance of the sections of wire between insulators is ro. The 
resistance of the earth return is negligible. Let us suppose that in dry 
weather when the insulators are perfect the current supplied by the 
generator is but in wet weather it is necessary to supply a current 
Iw in order to receive a current Id at the load R. Assuming that the 
leakage of all the insulators is the same, let it be required to find 
the resistance r of each. 

If we write Kirchhoff\s second law for the «th loop, we obtain the 
difference equation. 

(12.1) ur — + z>o + ur — %-^ir = 0 

This may be written in the form 

(12.2) iu + f<r-i == 0 

If we assume a solution of the form 

(12.3) = ce®* 

where c is an arbitrary constant and substitute this into the difference 
equation, we find that 

(12.4) cosh ® 

The general solution of (12.2) may be written in the form 

(12.5) = A cosh sB + B sinh sB 

1 M. Pepin, Wave Propagation over Non-uniform Electrical Conductors, Trar»- 
(uiiona of the American Mathematical Society^ vol. 1, p. 259, 1900. 
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To determine the arbitrary constants A and B we have for the 
current in the first loop 

(12.6) h — ii — A cosh B + B sinh 6 

Also in the (n + l)th loop we have 


(12.7) Id — A cosh (n + 1)^ + ^ sinh {n + 1)^ 


If we solve these two simultaneous equations for A and 5, we 
obtain 


( 12 . 8 ) 



sinh (n + l)g -- Id sinh $ 
sinh nB 

—Icq cosh (n + 1)B + Id cosh B 
sinh nB 


Substituting these values for A and B into (12.5), we obtain 


(12.9) 


/a, sinh (n — g + 1)^ + Id sinh (g — 1)^ 
sinh nB 


If we write Kirchhoff ^s second law around the last loop, we obtain 

(12.10) h (l + = in 

If we solve Eq. (12.4) for r, we obtain 


( 12 . 11 ) 


r = 


ro 

2(cosh ^ — 1) 


ro 

4 sinh^ I 


Substituting this value of r and in from (12.9) into (12.10), we 
obtain after some reductions 

(12.12) 2IdR sinh nB sinh | + rold cosh ^ — - j — ro/« cosh | ~ 0 

This equation may be solved graphically for B by the methods of 
Chap. V. Substituting the value of B determined by this equation 
into Eq. (12.11) gives the desired value of r. If as is usually the case, 
the line resistance u is small in comparison with the insulator resist- 
ance, that is, if 

(12.13) 7 < < 1 
then we have 

(12.14) 48inh*|<<l 
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and we may make the approximation 

(12.15) 4 sinh^ g = 
realizing that if x is small we have 

x2 

(12.16) sinh x = x, cosh x =s= 1 + 
these approximations in Eq. (12.12) arid 

^ hro(/o, — Id) ^ 

SnRId “h ro[Jd(27i +1)^ — 1^] 

_ SnRId 4“ ro[/d(2n + 1)^ — /„] 

*■ 8 (/„ - I,-) 

for the required value of r. 

13. Filter Circuits. In Chap. VII the mathematical technique for 
the determination of the steady-state behavior of alternating-current 
networks was explained. A very important type of network is one in 
which numbers of similar impedance elements are assembled to form 
a recurrent structure. Networks of this type are called filters because 
they pass certain frequencies freely and stop others. Various forms 
of structure may be employed. A very common structure is the 
so-called ladder structure. This is shown in Fig. 13.1. 

m—i — m— r T-®- 

Fia. 13.1. 

This structure consists of a number of identical series elements of 
complex impedance Zi and a number of shunt elements of complex 
impedance 22 . The input and output impedances are Zo and 
respectively, and there is a complex applied electromotive force 

(13.1) c(<) = JJoC'-' j = 

applied to the first mesh. The real and imaginary parts of this com- 
plex electromotive force correspond to actual electromotive forces of 
the type Eo cos wt or Eo sin (at. We assume that the instantaneous 
currents in the various meshes, have the form 

(13.2) u(t) « 




Using 

obtain 

(12.17) 
Hence 

(12.18) 


solving for we 

n 

r 
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where /, are the ordinary complex currents of steady-state alternating- 

current theory. The real or imaginary parts 
of (13.2) correspond to an applied potential 
of the form Eo cos cct or Eo sin wf, respec- 
tively, with proper phase. 

The circuit of Fig. 13.1 is composed of 
n T sections of the type shown in Fig. 
13.2. 



Fig. 13.2. 


As shown, the filter ends with half-series elements and is said to 
have mid-series terminations. It is sometimes more convenient to 
arrange the filter circuit as shown in Fig. 13.3. This circuit is said 



Fig. 13.3. 


to have mid-shunt terminations. In this case we regard the filter 
as made up of (n — 1) so-called sections as shown in Fig. 13.4. 

The type of termination affects the values of the currents in the 
different sections of the filter for 
given input and output impedances. 

However, it does not affect the 
frequency characteristics of the filter. 

It is, therefore, only necessary to 
analyze one case, and we shall choose 
the case of the mid-series termination. If we apply Kirchhoff ^s second 
law to the various meshes of Fig. 13.1, we obtain the following set of 
equations: 

Zoh + + ZsC/o - h) = 

— Z2I0 + (Zi -f- 2 Z^Ii — Z2J2 = 0 
— -f- (Zi + 2^2)/# ~ ZJt+l = 0 


— ZJn-l + ^ Zn + = 0 

The equation for the sth mesh may be written in the form 





Fia. 13.4. 


~ I $-1 + 



(13.4) 


0 
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This difference equation has a general solution of the form 

(13.5) I, = 

where A and B are arbitrary constants. The number a is given by 

(13.6) cosh a = „ 

Z2 

The quantity a is, in general, complex and is called the 'propagation 
constant of the filter. Since a is complex, let us write 

(13.7) a = —a — j<l> 

The actual instantaneous current i^it) is obtained by multiplying 
the complex amplitude /, by in the form 

(13.8) u{t)= = (Ae^^ + 

We thus see that there is an attenuation factor e""® introduced 
into the amplitude of the first term by each section of the filter as 
we move away from the input end. Similarly, for the second term of 

(13.8) there is an attenuation for each section of the same amount as 
we move toward the input end. It is thus apparent that if a differs 
from zero for any frequency and the filter has an appreciable number 
of sections the current transmitted by the filter is effectively zero. 
On the other hand, a current whose frequency is such that a = 0 is 
freely transmitted. The quantity a is called the attenuation constant. 
In the same manner, 0 is called the phase constant since it gives the 
change of phase per section (measured as a lag) in the currents as we 
move along the filter. 

The physical significance of Eq. (13.8) is now clear. The first 
term represents a space wave of current traveling away from the input 
end, attenuated from section to section much as the time waves of the 
free oscillations of a circuit are attenuated from instant to instant. 
The second term represents a similar wave traveling back toward the 
input end, arising from reflection at the output end. 

From Eq. (13.8) we see that there are two separate points of 
interest to be considered: 

а. The dependence of the frequency characteristics upon the filter 
construction, that is, on the nature of Zi and Z 2 . 

б. The dependence of the transmission characteristics upon the 
terminating impedances Zo and Zn. 

The first matter involves only Eqs. (13.6) and (13.7), while the 
second matter involves the determination of the arbitrary constants 
A and B, 
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Frequency Characteristics, If the resistances of the elements of 
the filter, Zi and Z 2 are so small that they may be neglected, then 
Zi and Zt are pure imaginary quantities. It follows, therefore, that 

(13.9) cosh a = ^2 + 
is real. 

If we now express cosh a in terms of a and we have 

(13.10) cosh a = cosh (— a) = cosh (a + j<l>) 

* cosh a cos <!> + j sinh a sin 0 

Now since cosh a is reoZ, either a must be zero or 4> must be an 
integral multiple of t. Hence since cosh a is never less than unity 
and cos <t> is never greater than unity, we have three cases to consider. 


(a) 

-1 

< cosh a < 1 

a =0, 

a = -j(t> 

ib) 

cosh a 

> 1 

« = 0, 

a = —a 

(c) 

cosh a 

< -1 

<t> - +«•, 

+1 

1 

II 


In the frequency range corresponding to case a, currents are 
transmitted freely without attenuation. The range of frequencies 
for which this is the case is called a pass hand. Frequency ranges 
corresponding to the other two cases are called stop bands. 

In terms of Zi and Z 2 , the pass bands are given by 

(13.11) 
or 

(13.12) 0 < (- < 4 

Stop bands are given by all other ranges of values. 

The simplest filters of the tjrpes we are considering are given by 
Figs. 13.5 and 13.6. 



Fio. 13.5. 


For the arrangement of Fig. 13.6, we have 

(13.13) Zi =* joiLi, Z% 


Fio. 13.6. 
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The pass band is given by 

(13.14) 0 < < 4 

or 

(13.15) 0 < w < a)c We = — 7=£= 

vLiC 2 

Since all frequencies from 0 to a critical or cutoff frequency given by 


are passed without attenuation, we have a lmv~pass filter. 
In the arrangement of Fig. 13.6, we have 


(13.16) 


Cii' 


Zi ^ i Zz ^ 


(13.17) 
or 

(13.18) 


The pass band is now determined by 

1 


0 < 


L2CiO)^ 


< 4 


Wc ^ w < 00 We = 


2 \/JL'2C 1 


Here all frequencies above a critical frequency are passed without 
attenuation. This arrangement is called a high-pass filter. More 
complicated arrangements may be treated in a similar manner. 

Transmission Characteristics, The values of the arbitrary con- 
stants, A and B of the solution of the difference equation 13.5 are most 
simply expressed in terms of the characteristic impedance Z* of the 
given filter. 

By definition, the characteristic impedance of a filter of the type 
we are considering is the input impedence of the filter when it has an 
infinite number of sections. It is evident that in this case, the wave 
due to reflection at the output end, which is represented by the second 
term of tl3.5), vanishes. The current in each section is now independ- 
ent of the terminal impedance Zn and the general solution (13.5) 
reduces to 


(13.19) I. = Ae^ 
If s « 0, we have 

(13.20) Jo = 
hence we may write 

(13.21) * h = 
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The first of the equations (13.3) now becomes 

(13.22) [ -Z2(e» - 1) + + Zoj Jo = 

But by definition, sinee Zk is the impedance at the sending end 
of the entire filter that has an infinite number of sections, we have 

(13.23) (Z, + Zo)Io = Eo 
Comparing Eqs. (13.22) and (13.23), we have 

(13.24) = -Z*(e“ - 1) + ^ = Z 2 ~ — ) 

If we square this equation and use Eq. (13.6), we obtain 



Hence, finally, 

(13.26) Z, - ^Z,Z, + ^ 

We see that when we neglect the resistance parts of Zi and Z 2 
then Zk is real in the pass bands and imaginary in the stop bands. 

To determine the constants A and B for the actual filter with a 
finite number of sections, we substitute (13.5) in the first and last 
of the equations of (13.3). We then obtain 

(13.27) [ -Z2(e<- - 1) + ^ + Zo] 4 + 

[-Z2(e-“ + 

[-Z2(e-» - 1) + A + 

-Z2(e“ - 1) + + Zoj B - 0 

However, from Eq. (13.23) we have 


(13.28) 

and, similarly, 

(13.29) 


-Z, = ^- Zi(e-> - 1 ) 
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Hence the equations (13.26) may be written in the convenient 
form 

/io OQN I {Zk + Zi^A — (Zfc Zo)B = Eo 

^ ^ 1 - Zr.)A + c-«(Z, + Zn)B = 0 

Solving these simultaneous equations for A and B and substituting 
the result into (13.5), we obtain 


(13.31) 
where 

(13.32) 


7 = ~ 

" "* (Zo '+ Za-)(<?”“ - 
— ^0 ~~~ 

Zo + Za* ^ Zn + Za 


The quantities r, and Tr are called the sending-end and receiving-end 
reflection coefficients ^ respectively. 

If the output impedance matches the line characteristic impedance 
of the line, then 

(13.33) Zn = Za 

Under this condition, the filter with its terminating impedance 
behaves like an infinite filter. The reflection coefficient tr = 0, and 
refle(;tion is absent. In this case all the energy delivered to the 
filter at the input cad is transmitted to Z„, and the filter operates at 
maximum efficiency. In this case, Piq. (13.31) reduces to 


(13.34) 


L = 


E,e- 


(Zo + Za) 

In practice one is more interested in the input and output currents 
than in the intermediate currents. The completeness of filtering is 
measured by the ratio 

(13.35) ^ = 6““ 

io 


14. Four Terminal Networks Connection with Matrix Algebra. In 

this secjiion it will be shown that there 
exists an intimate connection between 
difference equations and matrix multiplica- 
tion. To fix the ideas, we shall consider 
an application to electric-circuit theory, 
and we shall see that in certain cases matrix multiplication has certain 
advantages over the method of difference equations in that we need 
not solve for the arbitrary constants that appear in the solutions of 
the difference equations. 

Consider the electrical circuit of Fig. 14.1. 



Fig. 14.1. 
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This circuit consists of a series impedance and a perfect conductor 
return path. We suppose that an electromotive force 

(14.1) ci(0 = 

is impressed on one end of the circuit and that an electromotive force 

(14.2) C2(0 = 


is impressed on the other end of the circuit. 

This gives rise to a current 

(14.3) ii(l) = 

Since we are interested in steady-state values, we may suppress 
the factor as is customary in electric-circuit theory. We then 
concern ourselves only with the complex amplitudes Ei, E^j /i, and 
By Kirchhoff^s laws, we have the relations 


(14.4) 


El = E2 "f" ZI2 

h = I2 


This may be written in the convenient matrix form 

It! - [i f] |tl 


This matrix equation expresses a relation between the input 
quantities Ei and /i and the output quantities E 2 and 1 2 . We notice 
that the determinant of the square matrix of (14.6) is equal to unity. 
Let us now consider the circuit of Fig. 14.2. 



Fig. 14.2. 


By Kirchhoff^s laws, we now have 
the relations 


(14.6) 


\ h = YE2 + h 


where Y is the admittance of the circuit and is hence the reciprocal 
of the impedance. This relation may be written in the matrix form 

We notice that in this case also, the 
determinant of the square matrix is equal 
to unity. 

Let us now consider the network of Fig. 14.3. 

Fig. 14.3. 

We may regard this pircuit as being formed by a circuit of the 
type of Fig. 14.1 in series with a circuit of the type of Fig. 14.2 and 
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another circuit of the type of Fig. 14.1. Since the output currents 
and voltage of one circuit are the input currents and voltages of the 
next network, we obtain 

“*■*> ?][J ?](':) 

^ f (1 + ZiF)(Zi + Z 1 Z 2 F + Z 2 )] (EA 
Fi (1 + Z 2 F) J ( hj 

We thus may obtain the input and output quantities directly. 
The elements of the square matrix are functions of the impedances and 
admittances of the component parts of the network. Since the square 
matrix of (14.8) is the product of three matrices whose determinants 
are each equal to unity, therefore, its determinant also is equal to 
unity. The square matrix of the equation (14.8) is called the asso- 
ciated matrix of the network. 

Let us consider a box with four accessible terminals as shown in 
Fig. 14.4. 

Let us assume that within the box there exist various impedance 
and admittance elements joined together 
in a general manner. Let us also assume j ^ 

that there are no potential sources 

within the box. It may then be showm — o o 

by a repeated multiplication of the asso- Fig 144 

ciated matrices of the individual elements 

Avithin the box that the input and output potentials and currents are 
related by the equation 



lA 

b' 

E 2 

Ui) 

C 

D_ 

h 


Where in general A, J5, C, D are complex numbers and the deter- 
minant of the square matrix of (14.9) satisfies the relation 

(14.10) AD - BC -- 1 


obtain 


If we premultiply both sides of the Eq. (14.9) by > 

ain 

•”> {51 -[c a"{5i-[j 


{5i=[c ir{5i=[-" 

If the network within the box is symmetrical so that it appears the 
same when viewed from the right as when viewed from the left, we 
have 


(14.12) 


A « Z? 
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Cascade Connexion of Symmetrical Networks. Let us suppose that 
we have a chain of n symmetrical networks connected as shown in 
Fig. (14.5). 









° 2 ® 


3 


n 






— o o— 


Fig. 14.5. 

Since the networks arc identical and symmetrical, we have the 
relation 

There exists a very convenient manner of writing the matrix 


to enable one to raise it to a positive or negative integral power. 

CA\ 

To do this, we let 

(14.14) A = cosh a 

(14.15) C = — 


_ sinh a 

^ ~ ~zV 


(14.16) 
or 

(14.17) 


BC = 1 


Now since the determinant of unity, we have 


— 1 __ (cosh^ a — l)Zo 
C sinh a 


Zo sinh a 


Hence with these substitutions we write 

114 181 il]_rcosha Z 

(14.18) U - sii^h a 

[ Zo" 

We now have 


cosh a Zo sinh al f cosh a Zq sin 

sinh a , sinh a , 

— ^ — cosh a — « — cosh c 

Zio 

(cosh^ a + sinh® a)2Zo(cosh a sinh a) 

2 

cosh a sinh a (cosh® a + sinh® a) 

cosh 2a Zo sinh 2a“ 

sinh 2a , ^ 

— « — cosh 2a 

^0 


Zo sinh a 
cosh a 


cosh 2a 
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(14.20) 


By mathematical induction it may be shown that 
r A r cosh an Zo sinh an 




sinh cm 
"Zo* 


cosh an 


The result (14.20) holds for n a positive or negative integer. 
We therefore have 


(14.21) 


nA ^ r cosi 

f.| 

L ^ 


cosh an Zo sinh an! \Er\ 

sinh an , 1X1 

— — cosh an 


This gives the relation between the receiving-end quantities and the 


sending-end quantities. If we premultiply Eq. (14.13) by 


we obtain 


(14.22) 




\Er\ _ 

I Ir\ ■' 


cosh an 
sinh an 


— Zo sinh an 
cosh an 


Expressions (14.21) and (14.22) are extremely useful in the field 
of electrical circuit theory, and by the electrical and mechanical 
analogues, they are of use in the field of mechanical oscillations. 

16. Natural Frequencies of the Longitudinal Motions of Trains. 
As a simple mechanical example of the above general theory, let us 
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This is a ladder network having n meshes. By the electrical- 
mechanical analogy principle, we have the following analogous 
quantities : 

(15.1) M-^L 

(15.2) 

(15.3) ir -~^Xr = Vr 

(15.4) Qr Xr 

where L is the inductance parameter of each mesh of the ladder net- 
j. work, S is the elastance of each condenser 

of the network, is the mesh current of the 
rth mesh, and Qr is the mesh charge, Xr is the 
coordinate of the rth unit of the train, and 
Vr is the velocity of the rth unit. 

The electrical circuit may be regarded 
as being composed of n units of the tt type as shown in Fig. 15.3. 

The associated matrix of the circuit of Fig. 15.3 is 


(16.5) 



— ' vvuv 


f= 




-T 


Fig. 15 . 3 . 


! 


'i o' 

1 

1 

r-H O 
L — 

'l o' 

J.C ^ 



2 


[2 J 


We now let 

(15.6) 

(15.7) 


(i - 


cosh a- 


Zq = 


sinh a 


jcoC I 1 


(■ 


cc^LC \ 

4 / 


in accordance with Eqs. (14.14) and (14.15). 

We may then write the associated matrix of the circuit (15.5) in 
the form 

cosh a Zo sinh a] 
sinh a 


(16.8) 


'A B] ^ 
C Aj 


Zo 


cosh a 


To obtain the natural frequencies of the dynamical system of Fig. 
15.1, we realize that when the train is oscillating freely there are no 
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external forces exerted upon it at either end. Hence, in the equivalent 
electrical circuit, the sending-end and receiving-end potentials must 
be equal to zero. We thus have 


(15.9) 



cosh an 
sinh an 


Zo sinh an 
cosh an 



Since Ea = 0, we have 


(15.10) Er = laZo sinh an = 0 

for la is arbitrary. The frequency equation of the system is given by 


(15.11) Zq sinh an = 0 
If in Eq. (15.6), we let 

(15.12) a = jb j = 


and solve for w, we find 

(15.13) 



If we now substitute this into (15.7), we have 

sin b 


(15.14) 


Zo = 


(aC cos^ b/2 

The frequency equation (15.11) then becomes 
j sin b sin bn 


uC co^b/2 ■ 
This equation is satisfied if 
(16.16) sin 6n = 0 


0 


or 

(15.17) 6 = J r = 0, 1, 2, • • • (n - 1) 


Substituting this into (15.13), we obtain the n natural angular 
frequencies Wr 


(15.18) 



r = 0, 1, 2, • • • (n - 1) 


Translating this result into mechanical language, we obtain 
(15.19) = 2.^sin(^) r = 0, 1, 2, • • • (n - 1) 

for the natural angular frequencies of oscillation of the train of n units. 
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PROBLEMS 

1. Find the successive differences of F(x) *== the interval h being unity. 

2. Evaluate j f integrating numerically. 

4 Jo (1 “t” j 

3. A curve expressed by F(x) has for rr = 0, 1, 2, 3, 4, 5, 6 the ordinates 0, 
1.17, 2.13, 2.68, 2.62, 1.77, —0.07, respectively. Find the slope of the curve at 
each of the seven points, and lind the area under the curve from a; = 0 to a; = 6. 

4 . Show that +•••+«< = ~ {Cm* + ISn^ + lOw^ - 1). 

5. Derive the formula 

f F(x) dx = (7 + Z2E + \2E^ + 32/?’ + 7E*)F(,a) 

Ja 4i) 

6. Sum to m terms, the scries 

(32 4. 8) (52 4 ,1) 4 (72 4 14) 4 (92 4 17) 4 . . . 

Solve the following differoii<;e equations: 

7. u(a; + 2) — 3u(a; + 1) — Au{x) = w* 

8. u{x + 2) 4" ^uix -f 1) -1-4 — a; 

9. Na{x) -f N^u(x) = sin a* 

10. it(x + 2) + n^u(x) = cos m.x 

11. A seed is planted. When it is one year old it. produces tenfold, and when 
two years old and upward it. produces eighteenfold. ICvery seed is i)lanted as 
soon as produced. Find the number of grains at the end of the arth year. 


12. A low-pass filter with mid-series termination is constructed of elements 
Li =* - henry, C^ — - mic.rofarad. Find the cutoff frequency. 

IT TT 

A ns*. 03c — 1,200 cycles 

13. Draw the ecpiivahmt electrical circuit for the loaded string. Use the 
matrix method to compute the natural frec|uencies of the system. 

14. Consider an infinitely extended string under tension F. The string carries 
equal equidistant masses m and is immersed in a viscous fluid. Draw the equiva- 
lent electrical circuit, and discuss the nature of wave propagation when a harmonic 
transverse force is impressed on the first mass. 

15. A shaft of constant cross section carries n identical disks spaced at equal 
intervals of length a. The moment of inertia of each disk is denoted by J. The 
torsional stiffness of each section of shaft between two disks is determined by the 
constant c such that if the relative angular displacement of two neighboring disks 
is equal to d the torque transmitted by the section is equal to c$. Determine the 
natural frequencies of the torsional oscillations of the system. If an oscillatory 
torque is applied to the first disk, deteiminc the motion of the last disk. 

16. A transmission-line conductor carries an alternating current of angular 
frequency a>. It is supported by a string insulator of n identical units attached 
to a metallic transmission-line tower that is at zero potential. Assume that the 
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metallic conductors between two insulators forms an electrical condenser of 
capacitance Ci; also each metallic conductor and the tower form a condenser of 
capacitance C 2 . 

Determine the potential distrilmtion aloni; the chain of insulators. 

17 . A light elastic string of length ns and coefilcient of elasticity E is loaded 
with n particles each of mass m ranged at intervals s along it, Ixiginning at one 
extremity. If it is suspended by the other end, prove that the periods of its 
vertical oscillations arc given by tl;c formula 

T cosec [ (1^) 2 ] when r = 0, 1, 2, ■ • • (n - 1) 

18 . A railway engiru'. is drawing a train of equal carriages connected by spring 

couplings of strength n, and tlie driving powder is adjusted so that the velocity is 
(A -f B sin qi). Show that if q^[{M 4ya)62 -f- 4mA:^] is nearly equal to 2ijb^j the 

couplings will probably break. M is the mass of a carriage that is supported on 
four equal wheels of mass m, radius 6, and radius of gyration k. Are there any 
other values of q for wliich the couplings will probably break? 

19 . A regular polygon Ai, A 2 , • • • A„ is formed of n pieces of uniform wire, 
each of resistance r, and the center 0 is joined to each angular point by a straight 
piece of the same wire. Show that, if the point 0 is maintained at zero potential 
and the point Ai at potential F, the current that flows in the conductor A„ A,+i is 

/ _ 27 sinh 6 sinh (n — 2s -f 1)<^ 
r cosh nB 

where 0 is given by the equation 

cosh 20 = 1 + sin 
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CHAPTER XI 

PARTIAL DIFFERENTIATION 

1 . Introduction. A great many of the fundamental laws of the 
various branches of science are expressed most simply in terms of 
differential equations. For example, the motion of a particle of 
mass Mj when acted upon by a force whose components along the 
three axes of a Cartesian reference frame are F*, Fy, and F„ is given 
by the three differential equations 

(1.1) Jifg-f, 

where z is the position of the particle at any time L In this 
case, the motion is given by a system of ordinary differential equations. 

The physical laws governing the distribution of temperature in 
solids, the propagation of electricity in cables, and the distribution of 
velocities in moving fluids are expressed in terms of partial differential 
equations. It is therefore necessary that the student of applied 
mathematics should have a clear idea of the fundamental definitions 
and operations involving partial differentiation. 

2. Partial Derivatives. A quantity Fix^y^z) is said to be a function 
of the three variables x, y^ z if the value of F is determined by the 
values of x, y, and z. If, for example, x, y, and z are the Cartesian 
coordinates of a certain point in space, then F{x,yyZ) may be the tem- 
perature at that point, and as x, 2/, and z take on other values, F{x,y,z) 
will give the temperature in the region under consideration. 

Continuity, The function F(x,yjZ) is continuous at a point . (a,fe,c) 
for which it is defined if 

(2.1) UmF(Xjy,z) = F(a,6,c) 

x-^a 

independently of the manner in which x approaches a, y approaches 6, 
and z approaches c. 

Now, given F{x,y,z)f it is possible to hold y and z constant and 
allow X to vary; this reduces F to a function of x only which may have 
a derivative defined and computed in the usual way. This derivative 

270 
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is called the 'partial "derivative of F with respect to x. Therefore, by 
definition, 


= lim 

_ 


F{x + h, y, z) - F(x,] 


The symbol ^ denotes the partial derivative. Sometimes the alterna- 
tive notation is used 

dF ^ /dF\ 

(2-3) K - f. - 

Again, if we hold x and z constant, we make F a function of y alone 
whose derivative is the partial derivative of F with respect to y; this 
is written 


(2.4) ^ = Fy = (^ = lim 


y + k,z) - F(x,y,zy 


In the same manner, we define the partial derivative with respect 


dF 

(2.5) 


^ = lim 


F(x, y,z + q)- F{x,y,zy 


If FiXjPjZ) has partial derivatives at each point of a domain, then 
those derivatives are themselves functions of x, yy and z and may have 
partial derivatives which are called the second partial derivatives 
of the function F, For example, 


dx V dXi 


dx^ 


m- 

m- 


d^F dF 

Order of Differentiation, -z — z- denotes the derivative of .r" with 

dxdy &y 

d^F dF 

respect to x, while denote the derivative of ^ with respect to 

dF dF 

y. It may be shown that if F(x,y) and its derivatives — and are 

dx By 

eontinuoua then the order of differentiation is immaterial, and we have 

dxdy dydx ^ ' 



272 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XI 


^p+ qJP 

In general signifies the result of differentiating F{Xyy,z) 

p times ^ith respect to x, and q times with respect to Pj the order of 
differentiation being immaterial. The extension to any number of 
variables is obvious. 

3. The Symbolic Form of Taylor’s Expansion. In -Sec. 16 of 
Chap. I, we wrote Taylor^s expansion of a function of one variable 
in the form 

(3.1) =f{x + h) 
where 

(3.2) O. - I 
and 

e is the base of the natural logarithms. The symbolic expansion of a 
function F{x,y) of two variables written in the form 

(3.3) = F{x + A, ^ + k) 
where 


(3.4) 




Dy = 


dx’ dy 

is to be interpreted by substituting 
(3.5) u = (hDx + kDy) 

in the Maclaurin expansion 


(3.6) 




+ - + 
^ n! ^ 


and operating with the result on F{x,y), Terms of the type and 
etc., are interpreted by 


(3.7) 



DlDl = 


Qr+s 

dx^ dy* 


The justification of (3.1) depends on the fact that the operators 
Dx and Dy satisfy the laws of algebra and commute with constants as 
discussed in Chap. X. This form of Taylor ^s expansion is of great 
usefulness in applied mathematics. 

4. Differentiation of Composite Functions. As a simple case of 
composite functions, let us consider 


(4.1) 


F =. F{x,y) 
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where x and y are both functions of the independent variable t, that is, 

(4.2) X = x(t), y = y{t) 

Now if t is given an increment A/, then x and y receive increments 
Ax, Ay, and F receives an increment LF given by 

(4.3) AuF = F(x + Ax, y + Ay) - F(x,y) 

Now by Taylor’s expansion, we have 

(4.4) F{x + Ax, y + Ay) = 


= F(x,y) + ^ Ax + — Ay + 5i Ax + 52 ^ 


where 

(4.5) 

Hence 

(4.6) 


lirn 5i 
Ax— >0 
A 2/-^0 


lim 52 = 0 
Ax— >0 
Ai/->0 


dF dF 

AF = — Ax + — Ay + di Ax + dt Ay 


Dividing this by At and taking the limit as At 0, we have 


, . AF /dl< Ax 

(4.7) hm -77 = — 

At-*0 ^ A<-*0 


,&F Ay , ;j 


Ay\ 

m) 


Now as A^ 0, Ax 
variable, we have 


0, and Ay — » 0, and if t is the only independent 


r ^ 
lim — 

At-^0 


(4.8) 

Therefore (4,7) becomes 

(4.9) 


dF 

dF 


A.r dx ^ 
lim -TT ^ -ji, etc. 


iW 

dt 


dF dx dF dy 
dx dt dy dt 


If there are other independent variables besides t, then we must 
use the notation 


(4.10) 


,. INF dF 

lim = — » 


and we have 
(4.11) 


dF ^ dF dx , dF dy 
lit '^'di 


This formula may be extended to the case where F is a function of 
any number of variables x, y, 2 , * * • and x, y, 2 ;, • • • , etc., are 
functions of the variables r, s, p, • • • , etc. 
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The results may be stated in the following form: 

If is a function of the n variables Xij 2 : 2 , * * ‘ Xn so that 

(4.12) F = F{xi, X2j ajs, • • * x^) 

and each variable a; is a function of the single variable t so that 


(4.13) 


Xr = Xr(t) 

II 

3^ 

• • n 

then 






dF _ 

dF dxi , dF dxi 

, ,^dxn 


(4.14) 

dt 

dxi dt dx2 dt 

dx, dt 



If however each variable x is a function of the p variables tij 



tp so that 



(4.15) 

Xr ” Xritxy tij * • 

■ ^p) 

r = 1 , 

then 




(4.16) 

' dF _ dF dxi , 

dh dxi dti dXi ati 

. 

dtt dXi dta dX2 dts 

■ • + 

• • + 

dF dx„ 
dx„ dti 
dF dx, 
dXn dt. ’ 


Second and Higher Derivatives, As an illustration of the manner 
in which higher derivatives may be computed from these fundamental 
formulas, let us differentiate (4.9) on the assumption that x and y are 
functions of the single variable t. We therefore have 


(4.17) 


d^F __ d / dF\ dx dF d^x id/ dF\ dy dF d^y 

\dx/ dF ^ 572' \^) It 


( dF\ / dF\ 

— ) and ( ^ functions of x and we apply 
(4.9) to m and (f) instead of to F and obtain 

^(?E\ == ^ 

dt \da; / dx^ dt dx dy dt 


(4.18) 

and 


(4.19) 


d (^F\ __ d^F dx d^Fdy 
\^y / ^ dxdy dt ^ dy^ dt 


dt 


(4.20) 


Substituting this in (4.17), we have 

d»F _^dW(dx\* „ d*F dxdy d*F (dyV 

dt* “ dx* \dt/ ^ ax dy dt cU dy* \dt } 


, dF(^ , 
dx dt* dy dt* 
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Expressions for the third and higher derivatives may be found in 
a similar manner. 

6. Change of Variables. An important application of Eq. (4.11) 
is its use in changing variables; for example, let 

(5.1) F = F{x,y) 

and it is desired to replace x and y by the polar coordinates r and 0 
given by 

(5.2) X = r cos 6, y = r sin ff 

Then F becomes a function of » and 0, and we have by (4.11) 

(dF dFdx , dFdy dF . , dF . ^ 

1 dr dx dr dy dr dx dy 

) dF dF dx .dFdy dF , ■ , dF 

( - 5i 5» + ^ 5« " te ‘ ~ ^ * 

dF dF 

Solving these equations for ^ and — > we have 


dx 

— _ 
, dy 


dF . dF sin 0 
-T- 

dF * a , ^F cos d 

*“”'’+57-7- 


The second derivative may be computed by Eq. (4.15). 

6 . The First Differential. For simplicity, let us consider 

(6.1) F = F{x,y) 

a function of two variables x and y. Now let us give z an increment 
Ax and y an increment Ay. Then as was shown in (4.6), F takes an 
increment AF, where 

dF dF 

(6.2) AF -^^Az + ^ Ay + BiAz + $2 Ay 

In general the third term is an infinitesimal of higher order than the 
first term, and the fourth term is in general a higher order infinitesimal 
than the second. 

We take the first two terms of (6.2) and call them the differential 
of F and write 

(6.3) df = fA*+|A, 

The definition is completed by saying that if z and y are inde- 
pendent variables 


dz * Ax, dy = Ay 
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then (6.3) takes the form 

(6.5) + 

This expression is called the total differential of Fix^y). This 
definition may be extended where F is a function of the n independent 
variable Xi^ x^, • • • Xn to obtain 

( 6 . 6 ) = + 

This definition (6.5) has been based on the assumption that x and y 
are independent variables. I^et us now examine the case where this 
is not true. Let us suppose that x and y are functions of the three 
independent variables w, v, so that 

(6.7) ( ^ 

\y = y(u,v,w) 

Now since u, v, and w are independent, we have 

dx = ^ + — dv + — dw 

( . \ du ^ dv ^ dw 

I dy ^ du + ^dv + ^ dw 

' ^ du dv dw 

And since JP is a function of u, v, and w, we have 

(6.9) dF — — du + ~ dv + — dw 

^ ' du dv dw 

But by Eq. (4.16), we have 


( 6 . 10 ) 


du dx du dy du 

dF _ dF dx , dF dy 
dv dx dv dy dv 

dw dx dw dy dw 


Substituting these equations into (6.9), we have 

dF (dx , , 5a: , , \ , 

dF - — [ — du + — dv + — dw ] + 
dx \du dv dw J 


dF (dy . I j i 5^/ , ^ 
dy \du dv dw ) 


dF . , 5F , 
dx dy ^ 


( 6 . 11 ) 
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This is the same as (6.5). It thus follows that the dififerential of a 
function F of the variables Xi, X 2 ) • * • Xn has the form (6,6) whether 
the variables Xi^ 0 : 2 , * Xn are independent or not 

Let us now consider the case where 

(6.12) F{xi, 2:2, * • * rcn) = C 

where C is a constant. This relation cannot exist when X\y X 2 , • • • Xn 
are independent variables. liet us suppose that Xi, 0 ^ 2 , • * • Xn are 
functions of independent variables U\y W 2 , * * “ Hence F may be 
regarded as a function of the variables Wi, *^ 2 , • • * and we write 

(6.13) F(ui, 1/2, • * • Un) = C 
Hence 

(6.14) dF = -r — dui + - — du2 + • * • + -r — dUn 

dui du2 dUn 

Now since t/i, ^/ 2 , * * * Un are independent variables, Ui may be 
changed without changing the value of the other variables or the 
value of F. Therefore, 

(6.15) F(wj + Awi, t/2, Ws, • * • Un) = C 
Hence 


^ F(Ul + AUly U2y • • • Un) - F(uu U2, • • • Un) 

= 0 


In the same manner, we may prove that 


= 0 

Hence as a consequence of (6.14), we have 
(6.18) dF = 0 

and by (6.6) we have 


r - 2, 3, 


(6.19) 


dF , , dF , . 


+ = 0 
OXn 


7. Differentiation of Implicit Functions. If we have the relation 

(7.1) F(x,y) = 0 

we are accustomed to say that this equation defines y as an implicit 
function of x and is equivalent to the equation 

(7.2) y - <l>ix) 
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If the functional relation (7.1) is simple, then we can actually 
solve (7.1) to obtain y in the form (7.2). For example, consider 

(7.3) + 2/2 - a2 = 0 
This equation may be solved for y to give 

(7.4) y — ± y/a^ — 

However, if Eq. (7.1) is complicated, it is in general not possible 
to solve it for y. It may be shown that yin (7 A) satisfies the definition 
of a function of x in the sense that when x is given (7.1) determines a 
value of y. It is convenient to be able to differentiate (7.1) with 
respect to either x or y without solving the equation explicitly for 
X or y. 

To differentiate (6.1), let us take its first differential. As a special 
case of (6.19), we have 


(7.5) 

and hence 

(7.6) 


dF = ^^dx^-~dy = 0 
dx by ^ 

dy dx , 


This may be written in the form 


(7.7) 


dF , OF , . 

5^ + %" -o 


To obtain the second derivative, let 



Applying (7.7) to we have 


(7.9) 
Now 

(7.10) 
and 

(7.11) 


+ = 0 
dx dy ^ 


dx dx^ ^ dx dy ^ 




dy ^ 


y' + («')* 

dxdy^ ^ dy* ’ 


Substituting in (7.9), we obtain 


d*F 

_ + 2 

dx* dx dy 


d*F , ,d*F , . dF „ 


(7.12) 
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Repeating this process, we may find the derivatives 2 /"', etc., 
provided the partial derivatives of F{x,y) exist. 

One Equation^ More Than Two Variables, The equation 

(7.13) Fix,y,z) - 0 

defines any one of the variables, for example, x, in terms of the other 
two. If we take the differental of (7.13), we have 


(7.14) 


dF , , dF , , dF , - 

dF ^-dx + -dy + -^dz==0 


If we place y = const., then dy = 0, and we have 

dF 


(7.15) 


/^\ dx 

\dx/jf ^ 


where the subscript denotes that y is held constant. This is less 


ambiguous than the notation 


If a; = const., we have 


(7.16) 


\dz/x 


If 2 = const., we obtain 


(7.17) 


{dx\ ^ 

\dy/, ^ 


Multiplying Eqs. (7.16), (7.16), and (7.17) together, we have 


(7.18) 


_ _i 

\dy/, \dz/x \dx/y 


This is sometimes written in the form 


(7.19) 


(dx\(^\(^\ ^ 
\dy) \dz) \dx/ 


The absurdity of using dx, dy, dz as symbols for differentials which 
may be canceled is apparent from Eq. (7.19). 

8. Mazimums and Minimums. Quite frequently in the appli- 
cation of mathematics to science, it is necessary to determine the 
maximum or minimum values of a function of one or more variables. 
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Let us consider a function F of the single variable x, so that 

(8.1) F = F{x) 

A maximum of F{x) is a value of F{x) which is greater than those 
immediately preceding or immediately following, while a minimum of 
F{x) is a value of F{x) which is less than those immediately preceding 
or following. In defining and discussing maximums and minimums of 
F{x), it is assumed that x increases continuously and that F(x) is a 
continuous and single-valued function of x. 

In order to determine whether the function F{x) has a maximum or 
a minimum at a point x = a, we may use Taylor^s expansion of a 
function of one variable in the form 

(8.2) F(x + h)^ F(x) + J F'{x) + F^'ix) + ^ F"'(x) + • • • 
Let a; = a be the critical point under consideration, and write 

(8.3) A{h) = F{a + h)- F{a) = ~ F'{a) + ^ F"{a) + 

|-jF'"(a) + • • • 

A(h) is thus the change in the value of the function when the argument 
of the function is increased by h. This is illustrated graphically 
in the case that F{a) is a maximum, by 
Fig. 8.1. 

Now if X = a is a point at which 
F{x) has either a maximum or a mini- 
mum, we shall obviously have 

(8.4) lim A{h) = lim A(-/i) 

h — K) h — K) 

since for a maximum, if we move to the 
left of the critical point or to the right of the critical point, the func- 
tion will decrease and for a minimum point the function will increase. 


Now if 


(8.5) 

F'{x) 0 

then 


(8.6) 

lim A{h) = lim hF'{a) 


h — >0 h—M) 


since the higher order terms in (8.3) may be neglected. In the same 
way, 
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(8.7) lim A(-A) = lim -hF\a) 

h — >0 h — >0 

Hence in order for (8.4) to be satisfied, we must have 

(8.8) F'(a) = 0 

at either a maximum or a minimum. Now at a maximum A(A) must 
be negative and at a minimum A{h) must be positive for either positive 
or negative values of h. 

Hence if (8.8) is satisfied, 

(8.9) lim A(h) =~F"(a) 

Since is always positive, then it is evident that at a maximum 
we must have 

( 8 . 10 ) r\a) < 0 

and at a minimum 

(8.11) F"(a) > 0 

Let us suppose that 

(8.12) F"{a) = 0 and F'"(a) 0 

then 

(8.13) lim A(h) = ~F"'(o) 

Since if F"'(a) ^ 0, the expression (8.13) changes sign with h, we 
cannot have a maximum or a minimum. 

If, however, 

(8.14) F'(a) = 0, F"(a) - 0, F"'(a) = 0 

then 

(8.15) lim A(li) = ^'F""(a) 

A-»0 4! 

Hence F{a) will be a maximum if 

(8.16) F""(a) < 0 
and a minimum if 

(8.17) F""(a) > 0, etc. 

Maximums and Minimums of Functions of Two Variables. We 
define the maximum and minimum values of a function of two variables 
Xf y, F(Xyy) in the following manner: 
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F(ja,b) is a maximum of F(x,y) when, for all small positive or 
negative values of hj and k. 

(8.18) A(/i,fc) ^F{a + h,b + k) - F{a,b) < 0 

F{a,b) is a minimum of F{x,y) when for all small positive or nega- 
tive values of h and k 


(8.19) A{h,k) =Fia + h,b + k) - F{a,b) > 0 

By Taylor’s expansion of a function of two variables, we have 

(8.20) Fix + h,y + k)= Fix.y) +h^ + k^ + 




-TT + 2/lA; -r r~ + I 

dx^ dx dy dy^/ 


+ 


Let Fx 

( 8 . 21 ) 


dF „ _dF 
^ dx*’ 


B = 


dW 
dx dy 


C - 


d^F 

dz* 


evaluated at the point x = a, y = b. Then 

(8.22) A(A,fc) = hF^ia,h) + kFyiafi) + {hU + 2hkB + k^C) + 


It is thus evident that if for small values of h and fc, in order for 
A{hjk) to have the same sign independently of the signs of h and fc, it 
is necessary for the coefficients of h and k in (8.22) to vanish. This 
gives 


(8.23) 




evaluated at a; = a, y = 6 as a required condition for either a maximum 
or a minimum. If the conditions (8.23) are satisfied, then A{hfk) 
reduces to 


(8.24) A(A,fc) = i (hU + 2hkB + k^C) + • • • 


To facilitate the discussion, we make use of the identity 
(8.26) (Aft* + 2Bftib + Cft*) = t ~ 


We may then write (8.24) in the form 

(Aft + Sft)* + (AC - B*)Jfc* 
A2t 


(8.26) 


A(ft,fc) 
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The sign of A(/i,/c) given by (8.26) is independent of the signs of 
h and k provided that 

(8.27) {AC - 52) > 0 


or 

(8.28) AC - ^0 


This may be seen since {Ah A- Bky is always positive; therefore, 
if {AC — 52 ) is negative, the numerator of (8.26) will be positive 
when fc = 0 and negative when {Ah + Bk) = 0. 

Therefore a second condition for a maximum or a minimum of 
F{x,y) is that 


(8.29) 


AC > 52 


dx^ dy^ \dx dy) 


An investigation of the exceptional cases when (8.28) is satisfied 
or when 


(8.30) A = 5 = C = 0 

is beyond the scope of this discussion.^ When condition (8.29) is 
satisfied at x = a, 2 / = 6, we see that jP(a,6) will have a maximum when 


(8.31) 


dx^ 


< 0 , 


d-F 

dy^ 


< 0 


evaluated at x = a, y = fe. F{a^h) will have a minimum when 


(8.32) 


dW 

dx2 


> 0 , 


dy2 


> 0 


evaluated at x = a, 2 / ~ 

If 

(8.33) AC - 52 < 0 

then F{Xjy) has neither a maximum or a minimum. By a similar 
course of reasoning, we obtain the conditions for maximums and 
minimums of functions of three or more variables. As an example 
of the above theory, let it be required to examine 

(8.34) F{x,y) = x^y + xy^ — axy 


^The reader is referred to E. Goursat and E. Hedrick, ^^Mathematical 
Analysis,” Ginn and Company, Boston, 1904. 
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for maximum and minimum values. Here 
dF 


(8.35) 

(8.36) 


dx 


= i2x + y — a)y 


dW 

dx^ 


= 2y 


dy 

dy^ 


= (2y + a: — o)a: 
= 2x 


The conditions (8.23) are 

(8.37) {2x — y — a)y = 0, (2y + x — a)x = 0 

Condition (8.29) is 

(8.38) Axy > (2x + 2y — a) ^ 

The system of equations (8.35) has the four solutions 


(8.39) 


rt = 0 
y = 0 


X = a 


y = 0 


X = 0 
y - a 


^ 3 

a 

y = o 


Only the last values satisfy (8.38), and a maximum or a minimum 
of Fix,y) is located at 


(8.40) 


a 


y = 


dW 

If a is positive, is positive when y = a/3; therefore, 


( 8 .«, 

dW . 

is a minimum. If a is negative, is negative when y = a/3 ; hence 
-- 0^/21 is a maximum. 

9. Differentiation of a Definite Integral. It is frequently required 
to differentiate a definite integral with respect to its limits or with 
respect to some parameter. Let F(x) be a continuous function of x, 
and consider 

(9.1) m = F{x,u) dx 

where w is a parameter appearing in the integrand and we assume that 
the limits a and b of the definite integral are continuous functions 
of the parameter % so that 

(9.2) a = a(u), b — b{u) 
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The integral therefore defines a function of the parameter % 4>{u). 
We shall now show that differentiation of the function yields the 
important equation 


(9.3) 


d<l> 

du 



du 


dx + F(bjU) 


du 



To establish this equation, let u be given an increment Au in 
(9.1). Hence 

(9.4) <t>{u + Au) = u + Aw) dx 

ya-f-Aa 


where Aa and Ab arc the increments that a and b take when u is 
increased by Au, Then 


(9.5) A0 = ^{u + Au) — ^{u) 

== /*'* F{x^ u + Aw) dx + P [F(y;, w + Aw) — F{x,u)] dx + 

Ja-T^O' Jo> 

Ch+Ah 

F(x, u + Aw) dx 

Now by the concept of the definite integral of a continuous function, 
between the limits Xi and x^^ we have 


(9.6) F{x) dx = F{x^){x^ - X,) 

Jxi 

where Xo is some intermediate point between X 2 and Xi given by 


(9.7) Xi < Xo < xz 

This may be seen intuitively by the concept of the integral (9.6) 
giving the area under the curve F{x) between the points xi and xz. 
In this case F{xq) is a mean ordinate such that when it is multiplied 
by the length {xz - Xi) it gives the same area as that given by the 
integral. We may apply Eq. (9.6) to the first integral of (9.5) and 
obtain 


(9.8) P F{Xf u + Aw) dx = F{tij u + Aw) [a — (a + Ao)] 

ya+Ao 

= —Fill, u + Aw) Aa 

where 

(9.9) n + Aa < i^i < a 

In the same way, the last integral of (9.5) may be expressed in 
the form 

/*6+A& 

/ F{x, u + Am) dx = AbF(tt, u + Am) 


(9.10) 
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where 

(9.11) 

Now 

(9.12) lim 
Aw— >0 


im / ’ 

— K) J a 


b <tt <b + £ib 
u + Au) — F(x,u)] dx 


Lu 




du 


dx 


Hence if we divide (9.5) by Aw, using the results (9.8), (9.10), and 
(9.12) and realizing that 


(9.13) 
we have 

(9.14) 


du 


lim <1 = a, lim k = b 
Aw— >0 Alt— >0 


/** dF , dh jpr \ 


du 


This is the required result. 

In the special case that a and h are fixed, we have 


‘(9.15) 


^ = r 

du Ja 


du 


dx 


If F(x) does not contain the parameter w, and 


(9.16) 5 = w a == const, 
we have 

(9.17) ^j\{x)dx = Fib) 

in the same way, differentiating >vith respect to the lower limit gives 

(9.18) ^ \F{x)dx F{a) 

da Ja 

These equations are useful in evaluating certain definite integrals. 
10. Integration under the Integral Sign. The possibility of differ- 
entiating under the integral sign leads to the converse possibility of 
integration. 

Let 

(10.1) <l,{u) = Fix,u) dx 

where a and b are constants. Multiply by du and integrate with 
respect to u between uo and u. We then have 

(10.2) «(«) du = du F(x,u) dx = Q(u) 
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The integrations are to be carried out first with respect to x and 
then with respect to u, N ow let us consider 

(10.3) P(u) = dx f"* F(XfU) du 

Ja Juo 

We wish to show that 

(10.4) P(u) - Q{u) 

Let us differentiate (10.3) with respect to u. By the results of the 
last section, we can carry out the differentiation on the right under the 
integral sign, so that 

(10.5) ^ F{x,u) du = F{x,u) 

where the differentiation has been carried out with respect to the 
upper limit. Hence 

( 10 . 6 ) ^ ^ Ja 

Therefore 

(10.7) [ ^du = f <l>iu) du = P(m) — P(uo) 

Juo vW ytto 

But from (10.3), we have 

( 10 . 8 ) Piuo) - 0 

Hence 

(10.9) P{u) = ["* <t>{u) du = Q(u) 

Juo 

or 

(10.10) P dx F{XjU) du = du P F{x,u) dx 

Ja Juo Juo Ja 

as was to be proved. This shows the possibility of interchanging the 
order of multiple integrations. As an example of the use of the con- 
cept of integrating under the integral sign, consider 

(10.11) F{XyU) = x^ where w > — 1 
Now 

(10.12) F{x,u) dx = j X** dx ~ 

Now multiply by du and integrate between a and 6, then 



x“ dx 



du 

u + I 



(10.13) 
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But 


(10.14) 

rh ri rb 

1 du 1 dx — \ dx 1 x^ du = In 

Ja Jo Jo Ja 

(bj^) 

\a+lj 

Now 



(10.15) 

Ja In z 


Hence 



(10.16) 

f^x" - Z- J _ , /h + l\ 
jo In a: ^ \a + 1/ 


11. 

Evaluation of Certain Definite Integrals. 

The evaluation of 


various definite integrals will illustrate some of the general principles 
discussed in Sec. 10. 

Let us consider the integral 

( 11 . 1 ) 

If we change the sign of 6, then the sign of the integral is changed. 
Placing 6 == 0 causes the integral to vanish. However, if we let 

(11.2) hx - y 

then we obtain 


( 11 . 3 ) 

This shows that the integral does not depend on h but is a con- 
stant. Considered as a function of b, it has a discontinuity at 6 = 0. 
Let us consider the integral 


(11.4) 


i 


e~^^dx = 



If we let k be the complex number 


if fc > 0 


( 11 . 6 ) 


k = a + jb 


then we have 



g-(o+j6)j: 


1 

a + jb 


a — jb 

o“ + b^ 


( 11 . 6 ) 


o > 0 
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Separating the real and imaginary parts, we obtain the two integrals 


(11.7) 


( 11 . 8 ) 


/; 

/; 


cos bx dx = 

fy-ax ^ 


a 


b 


+ 62 

Let us integrate (11.7) with respect to 6 and obtain 

fb /* * n 

(.11.9) / db I cos bxdx= I d.x I cos bxdb 

Jo Jo Jo Jo 

/* “ sin bx , P 

Jo ^ Jo 


= tan 

Placing a = 0 in (11.9), we obtain the result 


db 

,2 _|_ ^2 

6> 

a) 


( 11 . 10 ) 

The integral 

( 11 . 11 ) 


fssls&.i i>0 

Jo X 2 

7i = 


occurs very frequently in many branches of applied mathematics 
particularly in the theory of probability. This integral represents 
the area of the so-called probability curve 


(11.12) u = 

Since the indefinite integral cannot be found except by a develop- 
ment in series, we are led to employ a certain device to evaluate the 
definite integral. 

Since the variable of integration in a definite integral is of no 
importance, we have 

(11.13) h = e-*'dx, h = e-^'dy 

Multiplying these integrals together, we obtain 

(11.14) 7f = ^ " e-** dx " e-y‘ dy 

“ jo" jo'° 

It is permissible to introduce e“** under the sign of integration 
since x and y are to be considered as independent variables. If we 
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consider x and y as the coordinates of a Cartesian reference frame, and 
let « be a vertical coordinate, then the double integral (11.4) will 
represent the volume of a solid of revolution bounded by the surface 

(11.15) 2 = 

We may find this volume by introducing polar coordinates. Then 
the element of area in the xy plane is 

(11.16) ds = rdrdd where x^ + y^ 

There may be some question concerning the validity of this 
process since the double integral (11.14) is the 
limit 

(11.17) Jf= lim f’^e-f-'+o'^dxdy 
Jo Jo 

which represents the volume over a square 
^ in the xy plane of sides equal to R (see Fig. 
* 11.1). 

It is easy to see that this volume is greater 
than that of the figure of revolution over the circle of radius R and less 
than that over the circle of radius \/2 R. Hence if the integral 

(11.18) 6-’'V dr d$ 
approaches a limit f or E = co , we have 

(11.19) /f = " c-'V dr de 

The integration with respect to S merely multiplies by 7r/2, while 
in the integral 

(11.20) // e-Vdr = -ie-'l® 

the fact that we have an exact differential makes integration possible. 
Passing to the limit, we have 

r R 

(11.21) 1\ = lim ^ ~ lim (1 — 6“**) = - 

R-^oo^Jo ^R^oo 4 

We therefore have the desired result. 

(11.22) 7i= [’e-*'dx^^ 

Jo ^ 

If in this integral we make the change in variable 

(11.23) X « 
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(11.24) ^ jo y/^du « 
or 

(11.25) 

To illustrate a slightly different device, let us consider the integral 



i"his integral may be aifferentiated with respect to a to obtain 



If we now change the variable of integration by putting 

(11.28) X - % dx — — ^ 

y a ^ 

then (11.27) becomes 

(11.29) 

This is a linear differential equation with constant coefficients for 
I, Its general solution is 

(11.30) I = 

where C is an arbitrary constant to be determined. 

Placing a 0, / reduces to 

♦ 

(11.31) e-*‘da:=^ 

Therefore 

(11.32) C = ^ 

Hence we have finally 

(1 1.33) jj e ~ dx - ^ e-*» 

The above examples illustrate tjrpical procedures by which certain 
definite integrals may be evaluated. 
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12. The Elements of the Calculus of Variations. We have seen 
that a necessary condition for a function F{x) to have a maximum 
or a minimum at a certain point is that the first derivative of the 
function shall vanish at that point; also a necessary condition for a 
maximum or a minimum of a function of several variables is that all 
its partial derivatives of the first order should vanish. 

We now consider the following question: Given a definite integral 

dv 

whose integrand is a function of x, ?/, and of the first derivative y' = 
(12.1) /= F{x,y,iy) dx 

for what function y(x) is the value of this integral a maximum or a 
minimum? In contrast to the simple maximum or minimum problem 
of the differential calculus, the function y{x) is not known here but 
is to be determined in such a way that the integral is a maximum or 
a minimum. In applied mathematics we meet problems of this type 
very frequently. A very simple example is given by the question, 
‘^What is the shortest curve that can be drawn between two given 
points?^^ In a plane, the answer is obviously a straight line. How- 
ever, if the two points and their connecting curve are to lie on a given 
arbitrary surface, then the analytic equation of this curve which is 

called a geodesic may be found only by 
the solution of the above problem which 
is called the fundamental problem of the 
calculus of variations. 

It will now be shown that the maxi- 
mum "or minimum problem of the cal- 
culus of variations may be reduced to the 
determination of the extreme value of a 
known function. To show this, consider functions y oi x that are 
“neighboring'^ functions to the required function y{x). 

The function y is obtained as follows: 

Let € be a small quantity and let n{x) be an arbitrary function of x 
that is continuous and whose first two derivatives are continuous 
in the range of integration. We then introduce into the integral 

(12.1) in place of y and y' the neighboring functions 

(12.2) y =r y + €r^ 

(12.3) y' 

We stipulate, however, that these functions y coincide with the 
function y{x) at the end points of the range of integration as shown 
in Fig, 12.1. 
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It must therefore be required that the arbitrary function n(x) 
vanish at the end points of the interval. 

If we substitute the function y into the integral, then the integral 
becomes a function of €. We then require that y{x) should make the 
integral a maximum or a minimum, that is, the function /(c) must 
have a maximum or minimum value for € = 0, 

That is, 


(12.4) 


/(e) = F{x, y + en, y' + en') , 

Jxo 


should be a maximum or minimum for e = 0. 

This gives us a simple method of determining the extreme value 
of a given integral. The condition is 


(SL-o 


We expand the integrand function F in a Taylor^s series in the form 

fiF fiV 

(12.6) F{x, y + «n, y' + €n') = F(x,y,y') + ^ + 


Therefore 


terms in e*, 


(12.7) 1(e) = \F{x,y,y') + «» ^ + 

terms in e*, e*, • • • j da; 

If we differentiate (12.7) inside the integral sign with respect to €, 
we obtain 




dF , , dF . . 


This expression must vanish for c = 0. Since the terms in €, 
€^, • • • vanish for e = 0, we have the condition 

The second term of (12.9) may be transformed by integration by 
parts in the form 

no IAN ^ d {dF\ . 

(12.10) - -aj? ”£ Wj* 
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The first term vanishes since n(x) must be zero at the limits. 
Hence substituting back into (12.9), we obtain 

£dF\ 
dx dy'/ * 

Now since n(x) is arbitrary, the only way that the integral (12.11) 
can vanish is for the term in parenthesis to vanish; hence we have 


( 12 . 11 ) 


y*, \dy 


\dx ^ 0 


( 12 . 12 ) 


dF{x,yy) d dF(x,y,y') 


= 0 


dy dx dy' 

This equation must be satisfied hy y if y is to make the integral 
(12.1) either a maximum or a minimum. It is known in the literature 
as the Euler-Lagrange differential equation. 

The investigation whether this equation leads to a maximum or a 
minimum is difficult and seldom arises in applied mathematics. 

As an example of the application of Eq. (12.12), consider the 
problem of determining the curve between two given points A and B 
which by revolution about the x axis generates the surface of least 
area. 

The area of the surface s is given by the equation 

(12.13) s — 27r y ds ^ 2ir y a /1 + y'^dx 

Here we have 


(12.14) F = yVl + y'^ 
Therefore the equation (12.12) becomes 

(12.15) 

This reduces to 


(12.16) 1 + 2 /'^ - yy" « 0 
To integrate this equation, let 

(12.17) y' = p, 

The equation then becomes 


(12.18) 


pdp •_ ^ 
1 + p* ~ V 


and finally we have 

(12.19) ■ y Cl cosh 
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This is the equation of the catenary curve. The constants Ci and ca 
must now be determined so that the curve (12.19) will pass through 
the points A and B as shown in Fig. 12;2. 

This is the shape that a soap film assumes when stretched between 
two concentric parallel circular frames. 

It is obvious that, in this case, the sur- 
face 5 is a minimum. 

The case where the function F is a 
function of several independent variables 
yk and their derivatives is of great impor- 
tance. In this case we proceed as in the 
case of one variable and introduce as neighboring functions 


B 


(12.20) = 2/i 4" . §2 = 2/2 + €2^-2, * • * §fc = 2/* + €jfcn* 

where the functions nr(x) again vanish at the limits of the integral. 
The integral then becomes a function of the variables ci, C 2 , * • * €*. 
The condition for a maximum or a minimum is 


( 12 . 21 ) 
where €i = 



r = 1, 2, 


k 


It follows, therefore, that as before, the coefficient of each of the 
functions n within the integral sign must vanish so that we have 


( 12 , 22 ) 


_ aF 

dx dyr 


r = 1, 2, 


k 


We thus see that the Euler-Lagrange equations hold for each of the 
independent variables. 

In literature, the notation 

(12.23) SI = lie) - J(0) = 


for € small is frequently used. SI is termed the variation of the integral. 
The condition that the integral have a maximum or a minimum is 
then expressed in the form 

(12.24) S F(x,y,y') dx = SF{x,y,y') dx ^ 0 

JX9 JX9 

SF is called the variation of F. 

The Brachistochrone between Two Points. Perhaps the earliest 
problem in the calculus of variations was proposed in 1696 by the 
Swiss mathematician John Bernoulli. He proposed the following 
problem of the hrachistochronee 
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It is required to determine the equation of the plane curve down 
which a particle acted upon by gravity alone would descend from one 
fixed point to another in the shortest possible time. 

Let A be the upper point and B the lower one. Assume the x axis 
of a Cartesian reference frame to be measured vertically downward, 

and let A be the origin of coordinates as 
*y shown in Fig. 12.3. 

Let s be the length of the required 
curve at any point measured from'^a. 
Let V be the velocity of the particle at 
the same point and t its time of descent 
from'a to that point. We wish to de- 
termine the curve that will make T a minimum, where T is the total 
time of descent from A to B. Now from mechanics, we have 




Fig. 12 . 3 . 


(12.25) 

where 


V 


(12.26) ds = \/ dx^ + dy‘^ = \/l + dx 

We know that the particle loses no velocity in passing from one 
point to another of a smooth curve, since the loss of gravitational 
potential energy is transformed into kinetic energy; hence 

(12.27) V = 

where it is assumed that the particle starts from rest and g is the 
acceleration due to gravity. 

Therefore (12.25) becomes 


(12.28) 


and the total time T is 




V2gx 


(12.29) 


T = r ' 

Jx = 0 


Z = X, ^ y'2 


y/ X 


dx 


We must therefore minimize the integral 

Vl + 2/'* 


(12.30) 

Hence we have 

(12.31) 


Jx»Q 


■\/x 


dx 
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In this case the Euler-Lagrange equation becomes 

^ ^ ^ ^ 
dx dy' “ dx ViTl +1/'^ 

Hence 

(12.33) "" 

where c is an arbitrary constant. 

For simplicity, let 

(12.34) c = -7= 

VO 


Squaring, clearing fractions, and transposing, we have 

,/2 


(12.35) 


,/2 


a 


X 

a 


Solving for y\ we obtain 


I 


(12.36) 

, _ Vx _ ^ 
^ \/ a — x dx 

Hence 


(12.37) 

j \/x dx 

dy = / 

Va — X 

Therefore 


(12.38) 

C Vx dx 

y= / +c* 

J V a — x 


Integrating, we obtain 

(12.39) y — '\/ax — + C 2 

The arbitrary constant C 2 is zero since we have x — 0 at y 
Hence the equation of the curve is 


= 0 . 


(12.40) 




This is the equation of a cycloid where a is the diameter of the 
generating circle. The constant a is determined by the condition 
that the cycloid must pass through the point Xo, yo. 

A more extended discussion of the calculus of variations is beyond 
the scope of this book. In recent years the application of the calculus 
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of variations to problems of engineering and physics has proved of 
great value. Those interested will find the works listed in the refer- 
ences of value. 


PROBLEMS 

1. Find the first and second partial derivatives of the function tan~^ x/y. 

2. Show that if t* « In (x* •+* y*) 4- tan"^ then ^ -f ^ ® 0. 

X dx^ dy^ 

8. Show that if i/ « tan (y + ax) Vy then - o* -r-:* 

ax* dy* 

4. If w « Fi(a; 4 jy) 4 F 2 (x — jy) where ^ show that 

dhL 

ax' dy* “ ^ 

6. If F is a function of x and y and 

a; y a 2c® cos « — y * 2je^ sin ^ 

where j » \/— 1, prove that 

d'F . d'F . d'F 
as' dx dy 

6. Change the independent variable from a; to « in a?* ^ + ax^ + by ~ 0, 
where and show that the equation is transformed to 


7, Find the maximum value of F = xyz subject to the condition that 


a' h' 



An$, V 


jabc 
3 Vi 


What is the geometric interpretation of this problem? 

8 * Divide 24 into three parts such that the continued product of the first, the 
square of the second, and the cube of the third may be a maximum. 

Ans. 4, 8, 12. 

9. Find the points on the surface xyz =» a® which are nearest the origin. 

10. Show that the necessary conditions for the maximum and minimum values 
of ^(a;,y) where x and y are connected by an equation F(«,y) » 0 are that x and y 
should satisfy the two equations 

F(x,y) « 0 

and 

_ d^aF ^ Q 
dx dy ay ax 


>11. Determine the equation of the shortest curve between two points in the 
xy plane. 

18. Find the equation of the shortest line on the surface of a sphere, and prove 
that it is a great circle. 
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" 13 . Show that the shortest lines on a right circular cylinder are helices. 

14 . Find the equation of the shortest line on a cone of revolution. 

16 . Find the curve of given length betwwn two fixed points which generates 
the minimum surface of revolution. 
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CHAPTER XII 

THE GAMMA, BETA, AND ERROR FUNCTIONS 


1. Introduction. In this chapter certain functions that arise in the 
solution of physical problems and are also of great importance in 
various branches of mathematical analysis will be considered. 

It is, of course, impossible to give an extensive mathematical 
treatment of these functions in this limited space, and only the more 
important and fundamental properties will be developed. 

2. The Gamma Fimction. The Gamma function r(n) has been 
defined by Euler to be the definite integral 

(2.1) r(n) = dx n > 0 

This definite integral converges when n is positive and therefore 
defines a function of n for positive value of n. By direct integration 
it is evident that 

(2.2) ^ ' r(l) = = 1 

By an int^ration by parts, the following identity may be established: 

(2.3) r(7i 4- 1) = ^ x^e~^ dx = ^ ^ x^~^e~^ dx + ( — 

= n ^ dx 

Comparing the result, (with 2.1) we have 


(2.4) 


r(n + 1) = nT{n) 


This is the fundamental recursion relation satisfied by the Gamma 
function. From this relation it is evident that if the value of r(n) is 
known for n between any two successive integers the value of r(n) 
for any positive value of n may be found by successive applications of 

(2.4) . Equation (2.4) may be used to define r(ri) for value of n for 
which the definition (2.1) fails. We may write (2.4) in the form 

(2.5) 


Then if 


( 2 . 6 ) 


-1 < n < 0 

300 
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formula (2.5) gives us r(n) since (n + 1) is positive. We may then 
find r(n) where —2 < n < —1 since now (n + 1) in the right of (2.5) 
is known, and so on indefinitely. We then have in (2.1) and (2.5) the 
complete definition of T{n) for all values of n. 

3. The Factorial, Gauss’s Pi Function. From Eq. (2.2) we have 

(3.1) r(i) - 1 
Now by the use of (2.4), we obtain 

(3.2) r(2) = 1 •r(l) = 1 
r(3) = 2 • r(2) = 2*1 
r(4) = 3 • r(3) = 3 • 2 • 1 

T(n + 1) = 

provided n is a positive interger. From this it is convenient to 
define 0! in the form 

(3.3) 0! = r(l) = 1 

Gausses pi function is defined in terms of the Gamma function by 
the equation 

(3.4) n{n) = Tin + 1) 

We thus see that if n is a positive interger 

(3.5) n(n) = n! 

If we place n = 0 in Eq. (2.5), we have 

(3.6) -rco) =i= 00 

By repeated application of (2.5), it is seen that the Gamma function 
becomes infinite when n is zero or a negative integer. 

4. The Value of r(i). Graph of the Gamma Factor. If in the 

fundamental integral (2.1) we make the substitution 

(4.1) 

we obtain 

(4.2) r(n) = 2 dy 

if now n w^»have 

(4.3) r(i) ^2 er^'dy 
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By making use of (11.22). Chap. XI, we obtain 

(4.4) y 
From this result and (2.5) we obtain 

(4.5) r(- i) = = -2 

(4.6) r(- 1) = = - 1 (-2 v^) = 



Fig. 4 . 1 . 


6. The Beta Function. The Beta function i8(w,n) is defined by the 
definite integral 

(5.1) x'-'Kl - a:)"-> dx ^ > 0 


This integral converges and thus defines a function of m and n 
provided that m and n are positive. 

If we let 

( 5 . 2 ) x^l-y 

in (5.1), we obtain 

(5.3) /5(wi,n) = ^\l - y)’»-»j/»-‘ dy = [3(n,»i) 

Other Forms of the Beta Function, If in (5.1) we let x » sin^ we 
obtain 

/3(m,n) « 2 (sin ^)2*^^(cos 


(5.4) 
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The substitution a: = y/o in (5.1) gives 

(5.5) - f jr“‘(a - dy 

U JO 

If 3! = y/(l + y) in (5.1), we obtain 

(5.6) 

These are the more common forms of the integral definition of the 
beta function. 

^ 6. The Connection of the Beta Function and the Gamma Ftmetion. 

''Consider the Gamma function as given by (4.2) 

(6.1) ' r(n) = 2 ^ 

We may also write 

(6.2) r(m) = 2 dz 

and hence 


(6.3) r(OT)r(n) = 4 dx) rfy) 

= 4 dx dy 

n we now consider this integ ral as a surface integral in the firs t 
quaSrant o f the xy plane and introduce the polar coordinates 

(6.4) j X = r COS 0 

and introduce the surface element da in the form 

(6.5) ds = rdrdB •= 
then (6.3) becomes 

(6.6) r(m)r(n) — 4 jj r2^**+»'~i>(cos ^)2"^'(sin dS dr 

= 4 (cos ^)®”*~Hsin Oy^'^^dO 7-2(m+n)-lg~ra 

Now from (5.4) we have 

(6.7) i8(w,m) =s 2 (cos oy^^dO 


and from (6.2) we Imve 

(6.8) r(ni + n) = 2 jf " r««+»)-V^ dr 
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Hence (6.6) may be written in the form 

(6.9) r(7w)r(n) = p{m,n)T{m + n) 

or 


( 6 . 10 ) 


/3(m,n) = 


r(OT)r(w) 


r(m + n) 

This formula is very useful for the evaluation of certain classes of 
definite integrals. For example, from (6.7) and (6.10) we obtain 

(6.11) (co» .)-. d, - ™ > 0 

If in (6.11) we let 

( 6 . 12 ) 


2m — 1 = r 
2n - 1 = 0 


m = 


r + 1 


or 


n = i 


we obtain 
(6.13) 


rr/2 

Jo 


(cos oy do == 


where r > — 1. 

In a similar manner we obtain 


..».(££) >5 
6 -) ■ 


(6.14) 


i 


ir/2 p 

(sin oy dd = — 
T 


(^)v^ 

li-r 


r > -1 


In a similar manner, many other integrals may be evaluated in 
terms of the Gamma functions. If a table of Gamma functions is 
available, then the computation of these integrals is considerably 
simplified. 

7. An Important Relation Involving Gamma Functions. Substi- 
tuting (5.6) into the relation (6.10), we obtain 


(7.1) 

If we now let 

(7.2) ^ 

in (7.1), we obtain 


/; 


dy r(OT)r(n) 

(1 + y)”+” ~ rim + n) 

m = (1 — n) 


m > 0 
n > 0 

0 <n < 1 


L 


dy 

0 a + y) 


r(l - n)r(n) 
r(i) 


(7.3) 
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Now in Chap. XIX, it is shown that 


(7.4) 0<„<1 
Jo {I + y) sm (nr) 

Hence, since 

(7.5) r(i) = 1 

we have from (7.3) the important relation 

(7.6) r(n)r(l - n) = 0 < n < 1 

8. The Error Function or Probability Integral. Another very 
important function that occurs very frequently in various branches of 
applied mathematics is the error function,^' erf (x), or the probability 
integral defined by 


0 < n < 1 


0 < n < 1 


erf (x) 


V^Jo 


This integral occupies a central position in the theory of probability 
and arises in the solution of certain partial differential equations of 
physical interest. 

From the definition of erf (x), we have 


erf (— x) = — erf (x) 
erf (0) = 0 


erf («) = -^ /'" e-^'dn = ~ 

Jo VtT 

erf ijy) = f e“* dn 
y/v Jo 


2 Vt t 

/i 2 " 


7 = 


PROBLEMS 


1. Show that 




3 . 5 • . . . • (2fc - 1) /- 

^ Vir 


where A; is a positive integer. 
f 2. Show that 


_ 1 ♦ 3 • 5 • . 
Jo -v/i ~ X* ~ 2 • 4 • 6 


if n is an even integer, 
^ 8. Show that 


^ 2 • 4 » 6 • . 
Jo Vl -- 35* * 1 ' 3 • 5 


(n — 1) V 
. • n 2 


in - 1) 


if n is an odd integer. 
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4« Show that 


n dx 
fo vT^ 



6. Evaluate the following definite integrals : 


(a) 

(h) 

(c) 


dx 

f Ax*e~** dx 
Jo 


■■/2 -^siii 


6. Show that 


7. Show tliat 




Jo \/ cos X 

- tap 

‘'■r / 1 _ f' 

dy^ JO 


x^~H~*(\og y)”‘ dx 


8. Show that by a suitable change in variable we have 
r(») - (log ly ' dy 


9. 

show that 


K Evaluate the integral e”®* dn by expanding the integral in series, and 




dn 


31! "^5-2! 7-3! 9 • 4! 


- R 


where B < 

10. Show by integrating by parts that 


dn 


f ” ^ _ frLVi _ J- 4. Li?\ , 1-3-5 r - «-»•( 

Jo ^ 2 2x V 2x* 2*x*) 2* jx »• 

Show how this expression may be used to compute the value of erf (x) for 
large value of x. 
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CHAPTER XIII 
BESSEL FUNCTIONS 


1* Introduction. In the solution of a great many types of prob- 
lems in applied mathematics, we are led to the solution of linear 
differential equations or sets of linear differential equations. Usually 
these equations are equations having constant coefficients. In that 
case we are led to solutions of the exponential type which include 
trigonometric and hyperbolic functions. This is the case in the study 
of small oscillations of dynamical systems or in the analysis of linear 
electrical circuits. 

Next to the exponential, trigonometric, or hyperbolic fimctions the 
so-called Bessel functions or solutions of Bessers differential equation 
are perhaps most frequently encountered. 

In this chapter we shall consider the fundamental properties of 
these functions in view of their practical importance. 

2. Bessel’s Differential Equation. As a starting point of the dis- 
cussion, let us consider the linear differential equation 

where n is a constant. 

This equation is known in the literature as Bessel’s differential 
equation. Since it is a linear differential equation of the second order, 
it must have two linearly independent solutions. The standard form 
of the general solution of (2.1) is 

(2.2) y = CiJ^ix) + CiY^ix) 

where Ci and Ct are arbitrary constants and the function /»(*) is 
called the Bessel function of order n of the first kind and Fn(a!) is the 
Bessel function of order n of the second kind. These functions have 
been tabulated and behave somewhat like trigonometric functions of 
damped amplitude. To see this qualitatively, let us transform the 
independent variable by the transformation 


u 
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(2.3) 


y 
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This transformation transforms (2.1) into 


(2.4) 


d^u 

dx^ 




In the special case in which 
(2.5) 

this becomes 


( 2 . 6 ) 

Hence 

(2.7) 
and 

( 2 . 8 ) 


^ = i -g* 
d^u 

+ u = 0 


dx'^ 

u = Cl ain X + C 2 cos X 


^ Bin X ^ cos X 
= Cl — ^ -t* C2 — 7^ 
WX V X 


where Ci and C 2 are arbitrary constants. Also we see that as x 00 
in (2.4), and n is finite, we would expect the solution of (2.1) to behave 
qualitatively as (2.8) to a first approximation. 

3. Series Solution of Bessel’s Differential Equation. If we intro- 
duce the operator 


(3.1) 


. d 

0 = X 3“ 

ax 


then BessePs differential equation (2.1) may be written in the form 

(3.2) + (x2 - n'^)y = 0 

In order to solve this equation, let us assume an infinite series 
solution in the form 

00 «« 00 

(3.3) y = X' c.r = ^ C,xr+‘ 


8-0 


8-0 


Now 

(3.4) 6x^ ~ ^ ^ ~ xmx^~~^ = mx^ 

(3.5) ^^x"* = B{mx^) = mBx”^ = m(mx'^) = m^x” 

Hence on substituting (3.3) into (3.2), we have 

(3.6) B^y + (x* — n^)y = ^ [(r + s)^ + {x^ ~ n^)]Ca^* = 0 

8-0 

If we now equate the coeflScients of the various powers of x, x'’, 
xr+i^ ^r+ 2 ^ ^ Iq 2 ero in (3.6), we obtain the set of equations 

(3.7) C,[(r + sy ^ nH + C .^2 = 0 
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This is valid for s == 0, 1, 2, • • • in view of the fact that 


(3.8) 



« 0 
= 0 


since the leading coefficient in the expansion (3.3) is Co. 
Letting s = 0, in (3.7) we obtain 

(3.9) Co(r2 ~ n2) = 0 

This equation is known as the indicial equation, and since 


(3.10) 


Co 9 ^ 0 


it follows that 


(3.11) r = ±n 
and from the equation 

(3.12) Ci[(r + 1)2 ~ n2] - 0 
it follows that 


(3.13) 


Cl - 0 


The relation between C* and C «_2 now shows, taking s == 3, 5, • • • 
in succession, that all coefficients of odd rank vanish. 

Taking first of all r = n, we may write (3.7) in the form 


(3.14) 


a = 


C .-2 

s{2n + $) 


s = 2, 4, 6, 


From (3.13) we see that the coefficients C 2 , C 4 , Ce, etc., are all deter- 
mined in terms of Co. Inserting these values of the coefficient into the 
assumed form of solution (3.3), we obtain the solution 


(3.15) y = Co + 2*{n + 1)(» + 2)2! + ‘ ’ + 

2^{n + 1) ■ • • (w + «)«! 

The coefficients are finite except when n is a negative integer. 
Excluding this case, we standardize the solution by taking 

°° 2»r(n + 1) ^ 2*ri(n) 

in general and 

1 
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where n is a positive integer. Inserting this value of Co into (3.16) 
and generalizing the factorial numbers when n is not an integer by 
writing 

(3.18) (n + s)l ^U{n + 8) 
we obtain 

(3.19) J.<.) - X n(.)m”+ .) ( 5 )“” 

«-0 

This series converges for any finite value of x and represents a function 
of X, Jn{s) that is known as the Bessel function of the first kind of 
order n. When n is not an integer, the second solution may be 
obtained by replacing n by —n in accordance with (3.11). It is 
therefore 


(3.20) 


J-n(x) = ^ 


(-!)• 

n(s)n(s — n) 



The leading terms of Jn(x) and J^n(x) are, respectively, finite 
(nonzero) multiples of x^ and re-"; the two functions are not mere 
multiples of each other, and hence the general solution of the Bessel 
differential equation may be expressed in the form 

(3.21) y = AJn{x) + BJ^n{x) 


where A and B are arbitrary constants provided that n is not an 
integer. 

However, when n is an integer, and since n appears in the differ- 
ential equation only as there is no loss of generality in taking it to 
be a positive integer, J^{x) is not distinct from J’n(^). In this case, 
the denominators of the first n terms of the series for J^{x) contain 
the factors 


(3.22) 


= 0 

n(s - n) 


for 5 = 0, 1, 2, • • • (n — 1). Hence these terms vanish. Therefore 


(3.23) 


J-n(x) 


V (-1)* 

n(«)n(5 — n) 


(r 


If we now let 


(3.24) 


r » (s — n) 
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(3.25) - X nTrl^hw) (^) - 

r«0 

for n = 1, 2, 3, * * * . In this case we no longer have two linearly 
independent solutions of the differential equation, and an independent 
second solution must be found. 

4. The Bessel Function of Order n of the Second Kind. In the 

preceding article, we have seen that if n is not an integer, a general 
solution of the Bessel differential equation^ of order n is given by 
(3.21). If, however, n is an integer, then in view of (3.25) we have 

(4.1) 2/ = AJn(x) + J5(~l)Vn(x) 

= [A + B(-l)^]Jn(x) 

= CJn(x) 

where (7 is an arbitrary constant. We therefore do not have the 
general solution of Bessers differential equation, since such a solution 
must consist of two linearly independent functions multiplied by 
arbitrary constants. Consider the function 

(4.2) V„(x) = -."V ntrJ„(x) - J^{x)] 

Sin 717C 

Now if n is not an integer, the function Ynix) is dependent on 
J„(x), and since it is a linear combination of Jnix) and J-.n{x) it is a 
solution of BessePs differential equation of order n. If now n is an 
integer, because of the relation (3.25), we have 

(4.3) y„(x) =5 ^ 

That is, when n is an integer, we define Ynix) to be 

(4.4) F„(z) = lim r Jr(x) C 08 r,r - /-, (a; ) 1 ^ 

r->n L sin nr J 

With this definition of Ynix) we have on carrying out the limiting 
process 

(4.5) I FoCx) = Mx) [log (l) + t] + (l)* - + 
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where 7 is Euler’s constant defined by 


(4.6) 7 = lina A+i + l+ • • * + -— logn^ = .57' 

n— » 00 \ 2 3 71 / 

Also when n is any positive integer, we have 

(4.7) tY„(x) = 2J„(x) [log (1) + 7 ] - 


5772157 


«+ 2 »- ^ _ 1)1 


where, for r == 0, instead of ^ mr^ + V mr^ we write m~^. 

w = l m= 1 1 

The presence of the logarithmic term in the function Yn{x) shows 
that these functions are infinite at x = 0. The general solution of 
BesseFs differential equation may now be written in the form 

(4.8) y = CiJnix) + C 2 Yn{x) 

where Ci and C 2 are arbitrary constants. 

6. Values of Jn(x) and Yn{x) for Large and Small Values of x. In 
Sec. 2 we saw that the transformation 


transformed BesseFs differential equation into the form 


"1 i) ' 

x^ 


u — 0 


We would suspect qualitatively that for large values of x the Bessel 
functions would behave as the solutions of the equation obtained from 
(5.2) by neglecting the l/x^ term, that is, as solutions of the equation 

d^u ^ ^ 

-r-. + M = 0 


^ ^ Bin X . ^ { 

y = Cl — + Ci 


(5.3) 

and hence as 

(5.4) 
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More precise analysis shows that 


lim Jn{x) = 


lim Yn{x) = 


( T n 7 r\ 

^ 4 Ty 

Ittx 

V'2 

( TT n7r\ 

^-4_- -j) 

V 2 


That is, for large values of the argument x, the Bessel functions behave 
like trigonometric functions of decreasing amx)litude. 

From the series expansions of the functions Jn(x) and Vn(x), we 
also have the following behavior for small values of x, 

(5.7) lim J„(x) = 

2«ll(n) 

The value of Vn(^) is always infinite at x = 0. For small values oCx, 
this function is of the order 1 /x^ if n 9 ^ 0 and of the order log x if 
n = 0. 

6. Recurrence Formulas for Jn(x). Some important recurrence 
relations involving the function Jn(x) may be obtained directly from 
the series expansion for the function. From (3.19), we have 


ux) = 2) 


(-1)* (X 
n(s)n(n + s) V2, 


If we write 


we have 




» _ V 

L ii(s)no 

a-*0 

00 

= n/„ + a: ^ 


(-I)«(n + 2s) /xY+2* 
II(s)n(n + s) \2/ 


(-!)• (X 

n(s - l)n(n + s) \2 


If in the last siunmation, we place 
(6.4) s = r + 1 



314 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XIII 


^ WO obtain 


(6.5) 


{-ly 

n(r)n(n + 1 + r) \2j 

r-O 

= fltl n n+l 



In the same manner, we can prove that 


(6.6) xJ “1“ n ““ n— 1 

If we add (6.5) to (6.6), we have 

(6.7) 2J1 = Jr^i - Jn^i 

If we place n = 0 and use Eq. (3.25), we have 

(6.8) Jq ~ J 1 

If we multiply (6.5) by x~‘*^'~^, we obtain 

(6.9) x-^J!^ == x-^-^nJn — x-Vn+i 
Hence 

(6.10) ^ (x-^J„) = -x-V„+i 


Similarly, we may prove that 

(6.11) ^ (a:"J„) = x”Jn-i 

If we subtract (6.6) from (6.5), we obtain 

(6. 12) Jn = J n-l + J n+l 

Many other recurrence formulas may* be obtained. 

7. Expressions for Jn{x) When n Is Half an Odd Integer. The 
case when n is half an odd integer is of importance because these 
particular Bessel functions can be expressed in finite form by ele- 
mentary functions. 

If we place n = i in the general series for Jn{x) given by (3.19), we 


obtain 


(7.1) 




Now since 


(7.2) 

n(r) = rn(r — 1) 

and 


(7.3) 

II(s) * «! if 9 = 1, 2, 3, 
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However, we have 



Hence from (7.4), we have 


(7.7) Ji(x) = sin X 

If we place n = — ^ in the general series for Jn{x), we may also 
show that 


(7.8) 


/-i(x) 



If in the recurrence formula (6.12) we place n = i, we obtain 


(7.9) 

^ + Ji(x) 

Ju 

Hence 

Jiix) = i/i(x) - J_i(x) 

Ju 

(7.10) 


[2 /sin X ^ 

\WX \ X ^ 


If in (6.12) we let n = f , we obtain 


(7.11) 1^1 = Ji + Jt 



In the same way we may show that 


(7.13) 

(7.14) 
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8. The Bessel Functions of Order n of the Third Kind or Hankel 
Functions of Order n. In some physical investigations, we encounter 
complex combinations of Bessel functions of the first and second kinds 
so frequently that it has been found convenient to tabulate these 
combinations and thus define new fimctions. 

These new functions are defined by the equations 

(8.1) ^ Jnix) + jY^ix) 

(8.2) = Mx) - jT„(x) j - 

and are called Bessel functions of order n of the third kind, or Hankel 
functions of order n. These functions are complex quantities. 

9. Some Equivalent Forms of Bessel’s Differential Equation. In 
practice we frequently encounter the differential equation 

If we let 

(9.2) z = kx 

this substitution transforms the equation into 

(8.3) + + 

This is the standard form of Bessel’s differential equation, and hence 
its solution is 

(9.4) y = AJ^{z) + BYr.{z) 

where A and B are arbitrary constants. Hence we have 
(9.6) y = AJr^ikx) + BY^^kx) 


as the solution of (9.1). There are several differential equations that 
occur in practice that have Bessel functions for their solutions. 

For example, it may be shown by a suitable change in variable 
that the equation 


d^y . ady 
dx^ xdx 


+ by ^ 0 


(9.6) 

has the solution 

(9.7) 


y « AJn(x \/h) + BYn{x y/E) 
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(9.8) 


n 


(1 - a) 

2 


and A and B are arbitrary constants. ‘ 

10. Modified Bessel Functions. Let us consider the differential 
equation 

This equation is of the form (9.1) with 

(10.2) fc = i 

Hence, Jn{jx) is a solution of this equation. The function 

(10.3) In(x) ^r^Jnijx) 

is taken as the standard form for one of the fundamental solutions of 
(10.1). The function In{x) defined in this manner is a real function 
and is known as the modified Bessel function of the first kind of order 
n. Another fundamental solution of Eq. (10.1) is known as the 
modified Bessel function of the second kind and is defined by 

(10.4) K^{x) = [7_„(x) - /„(a:)] 

The general solution of Eq. (10.1) may be written in the form 

(10.5) y = AIn{x) + BKn{x) 

where A and B are arbitrary constants. 

Contrasted to the Bessel function Jn{x) and En(x), the functions 
In(x) and Kn{x) are not of the oscillating type, but their behavior is 
similar to the exponential functions. For large values of x, we have 

(10.6) Um Io{x) = 

x->oo v2ira; 

(10.7) lim Ko(x) ^ 


^ A list of differential equations that have Bessel functions for their solutions 
is found in E. Jahnke and F. Emde, “Tables pf Functions,” Dover Publications, 
New York, pp. 146-147, 1943, 
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For small values of x, we have 

(10.8) lim /o(x) = 1 

X — >0 

(10.9) lim Ko(x) = — log 
x --*0 

11, The Ber and Bei Functions. In determining the distribution 
of alternating currents in wires of circular cross section, the following 
differential equation is encountered: 



( 11 . 1 ) 


d^y I 1 dy 
dx^ X dx 


- jy = 0 


j = V-1 


This equation is a special case of Eq. (9.1) with 

(11.2) n = 0 

and 

(11.3) P = -j 
Hence 

(11.4) k = V~j = j Vj = i* 

The general solution of Eq. (11.1) may therefore be written in the 
form 

(11.5) y = A/o(i*x) + BKoij^x) 

where A and B are arbitrarj^ constants. The functions Joij^x) and 
Yoifix) are complex functions. Decomposing them into their real 
and imaginary parts, we obtain 

(11.6) = ber (x) + j bei (x) 
and 

(11.7) Kaij^x) = ker (x) + j kei (x) 

These equations define the functions ber (x), bei (x) and ker (x), 
kei (x). 

12. Expansion in Series of Bessel Functions. In Chap. Ill, it 
was pointed out that the expansion of an arbitrary function into a 
Fourier series is only a special case of the expansion of an arbitrary 
function in a series of orthogonal functions under certain restrictions. 
It will now be shown that it is possible to expand an arbitrary function 
in, a series of Bessel functions. If in Eq. (2.4) we place ox instead of x, 
we obtain 
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( 12 . 1 ) 


dx- 


+ 




this equation has the solution 


( 12 . 2 ) 

In the same manner, 
(12.3) 

satisfies the equation 


u = ■\/xJ„{(tx) 
V = y/xJnQix) 


(12.4) 


dx* 


+ 


2,2 - - (-- .. .ill „ = 0 


If we multiply (12.1) by v and (12.4) by u and subtract the second 
product from the first, we obtain 


(12.5) 


(6^ — a^)uv == u'^v — t;"w 


Let us now integrate both members of (12.5) with respect to x 
from 0 to X. We thus obtain 


(12.6) (6^ ““ a^) jj uv dx = {u"v — v"u) dx 


However, we have 


(12.7) 
Hence 

( 12 . 8 ) 


That is, 


dx 


{vu' — uv') = {u"v — v"u) 


(6^ y wv dx = y ^ {vu' ~ uv') dx 
= {vu' - twol* 


(12.9) (6* - o*) xJ,,{ax)Jn{hx) dx = 

x[aJ„(6x)/'(ax) — bJn{ax)J'„{bx)] 

If we now differentiate the last equation with respect to b and 
then set 


(12.10) 6-0 

we obtain 

(12.11) 2o xJi{ax) dx = x[axJ'*{<ix) — JJftx)J'J{ax) — 

ox/„(a*)/" (oa:)l 
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From (12.9) we have 

(12.12) (6* — a*) xJn(.ax)Jn(bx) dx == aJn(ib)J'„(a) — bJn(a)J'„(b) 
Now the second member vanishes if a and b are roots of the equation 

(12.13) Jn{a) = 0 

That is, if a and b are distinct positive roots of Jn{a), we have 

(12.14) (6» - a») xJn(ax)Mbx) dx ^ 0 
and since 

(12.15) a 9 ^ h 

we have 

(12.16) xJn(ax)Jn(Jbx) dx ^0 

We are now in a position to expand an arbitrary function F[x) in the 
interval from a; = 0tox = lina series of the form 

(12.17) Fix) = C.JnM 

«-l 

where a, are the successive positive roots of (12.13). To obtain the 
general coefficient Ck of this expansion, we multiply both members of 

(12.17) by xJn{oLkX) dx and integrate from a: = 0 to x = 1, we have by 
virtue of (12.16) 

(12.18) xJn{othx)F(x) dx = Ck xJUptkX) dx 

The last integral, which is independent of x, may be evaluated by 
means of (12.11). Its value is 

(12.19) xJliakX) dx = i./iL 4 .i(a*) 

Hence the typical coefficient of the series expansion (12.17) is given 

by 

(12.20) C, = j 2 xJn{a»x)F{x) dx 

This expansion is analogous to the expansion of an arbitrary function 
in a Fourier series. In later chapters we shall have occasion to use this 
type of expansion in problems of physical interest. 
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PROBLEMS 


* A_l\ n»+ «o 

1, Show that Vs- ^ /n(«)r*. 

n— — « 

2. Placing t » e^'^j j « \/ — 1, in the above series expansion, show that 

cos (a; sin « Jo(x) + 2Ji(x) cos + 2 J 4 (x) cos 4<A + • • • 

and sin (x sin — 2Ji{x) sin <f> -j- 2Jz{x) sin 3^ + 2Ji(jx) sin 50 + • • 

8. From these results, show that 



cos (n0 — « sin 0) d0 


where n « 0, 1, 2, • • • . 

1 /**■ 

4. Show that Jo{x) * - / cos (x cos 0) d0. 

TT JO 

r «o 1 

6. From Prob. (4) show that / e~^*J oibx) dx =* — v--- 

Jo Va* + 6* 

6. Pjove by multiplying the expansions for ^ and e ^ ^ V that 


[/o(x)]* + 2[/x(x)]* + 2lMx)V + 
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CHAPTER XIV 


LEGENDRE’S DIFFERENTIAL EQUATION 
AND LEGENDRE POLYNOMIALS 

!• Introduction. In the last chapter, we discussed the solutions 
of BessePs differential equation or Bessel functions. Another differen- 
tial equation that arises very frequently in various branches of applied 
mathematics is Legendre’s differential equation. This equation arises 
in the process of obtaining solutions of Laplace’s equation in spherical 
coordinates and hence is of great importance in mathematical applica- 
tions to physics and engineering. This chapter is devoted to the study 
of the solutions of Legendre’s differential equations and to a discussion 
of their most important properties. 

2. Legendre’s Differential Equation. The differential equation 

(l-.>)g-2.| + n(»+l)„.0 

is known in the literature as Legendre’s differential equation of degree 
n. We shall consider here only the important special case in which 
the parameter n is zero or a positive integer. As in the case of Bessel’s 
differential equation, let us assume an infinite series solution of this 
differential equation in the form 

r«i «o r— «o 

(2.2) y - x”' ^ arOf = ^ 

r-0 r«0 

In order for (2.2) to be a solution of (2.1), it is necessary that when 

(2.2) is substituted into (2.1) the coefficient of every power of x must 
vanish. Equating the coefficient of the power to zero, we obtain 

(2.3) (m + r)(m + r — l)ar + 

(n — m — r + 2)(n + w + r — l)ar -2 = 0 

Since the leading coefficient in the series (2.2) is Uo, we have 

(2.4) a-i = 0, a-2 = 0 

in (2.3). 

With this stipulation^ placing r = 0 in (2.3), we have 

(2.6) m{m — l)ao ■« 0 
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Placing r == 1, in (2.3), we obtain 
(2.6) (m + l)mai = 0 


Equation (2.5) gives m = 0 or = 1, with ao arbitrary in any 
case. Let us take m = 0, then ai is arbitrary. Placing the value of 
m in (2.3), we have 


(2.7) 


(n — ■/• + 2)(n + r ~ 1) 
r(r - 1) 


This enables us to determine any coefficient from the one which 
precedes it by two terms. We therefore have 


( 2 . 8 ) 

y = ao [l - ~ 

a, + 

(n - l)(n - 3)(n + 2)(n + 4) 

5! 

It may be shown by the ratio test that each of these series con- 
verges in the interval ( — 1, -fl). Had we taken the possibility 
m ~ — 1 in (2.6), we would have not obtained anything new but only 
the second series in (2.8). 

Since ao and ai are arbitrary y this is the general solution of Legendre^s 
equation. We notice that the first series reduces to a polynomial 
when n is an even integer and the second series reduces to a poly- 
nomial when n is an odd integer. Now if we give the arbitrary 
coefficients ao or ai as the case may be, such a numerical value that 
the polynomial becomes equal to unity when x is unity, we obtain the 
following system of polynomials: 




(2.9) 


Po(x) = 1 

I Pi{x) = X 
P, = i(3x2 ^ 1) 
Pz{x) = i(5x8 ^ 3a;) 


P^{x) = i(35x4 _ 30a;2 + 3 ) 

P^(x) = i(63x5 - 70x« + 15a:) 

Pz{x) = *(231a:e - 315x4 + 105 a ;2 _ 5 ) 


These are called Legendre polynomials. Each satisfies a Legendre 
differential equation in which n has the value indicated by the subscript. 
The general polynomial Pn(x) is given by the series 

(2.10) P„{x) = ^ (-I)' 2«r!(i- r)\(n- 2r)\ 

r-0 

where JV = n/2 for n even and N ^ {n — l)/2 for n odd. 
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It is thus seen that the Legendre polynomial Pn{x) is even or odd 
according as its degree n is even or odd. Since 

(2.11) Pn(l) == 1 
we conclude that 

(2.12) Pn(~l) = (-1)" 

3. Rodrigues’ Formula for the Legendre Polynomials. An impor- 
tant formula for Pn(x) may be deduced directly from Legendre's 
differential equation. Let 


(3.1) 

« = (x* — 1)" 

then 


(3.2) 

1 = 2nx(x* - 1) 

Hence 

(1 ~ ^ 

(3.3) 


If we differentiate (3.3) with respect to Xj we obtain 

(3.4) (1 - ^ + 2(n - 1)^ ^ + 2w = 0 

If we now differentiate this equation r times in succession, we have 

(3.5) (1 - x^) ~ + 2(n-r- l)x ^ + {r + l)(2n - r)w. = 0 
where 


(3.6) 


Vr = 


d^v 

dx^ 


In particular, if r == n, (3.5) reduces to 
(3.7) (1 - x^) ^-2x^ + (n + l)m„ = 0 


This is Legendre’s equation (2.1). Hence Vn satisfies Legendre’s 
equation. But since is 


(3.8) 


d”v d" , , 

■>. - as; - 5; (»■ - D" 


Vn is a polynomial of degree n, and since Legendre's equation has one 
and only one distinct solution of that form, P»(a;), it follows that Pn(x) 
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is a constant multiple of t>„. Hence we have 
(3.9) P„(x) 


To determine the constant C we merely consider the highest power 
of X on each side of the equation, that is, 


(3.10) 


Hence 

(3.11) 


(2n)! 

2 "( n !)2 



dx” 

(2n)! 

n! 


n 


C 


1 

2’‘n! 


Substituting this value of C into (3.8), we obtain 
(3.12) 


This is Rodrigues^ formula for the Legendre polynomials. 

4. Legendre’s Function of the Second Kind* The general solution 
of Legendre^s equation is written in the form 

(4.1) Y = APn{x) + BQn{x) 

where A and B are arbitrary constants and Qn{x) is called Legendre’s 
function of the second kind. This function is obtained by methods 
that are beyond the scope of this discussion. It is defined by the 
following series when |x| < 1: 


(4.2) Qnix) = 6i X - 


x» + 


(n - l)(n - 3)(n + 2)(n + 4) . 


51 


if n is even. 

(4.3) Q„(x) = 5o [l - + 


n(n - 2)(n + l)(n + 3) ^ 

X 


if n is odd; where 


6i * (-1) 
bo = (-1) 


n/2 . 


2-4 


n 


1 • 3 • 5 • . . . • (n - 1) 


2 • 4 • . . . • (n - 1) 
1 . . . n 



(4.4) 
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If, however, > 1, the above series do not converge. In this case 
the following series in descending powers of x is taken as the definition 
of Qn(x) : 


(4.5) 


Qn(x) — 

r-0 


2^(n + r)!(n + 2r)l 
r!(2n + 2r + 1)! ^ 


Both Pn{x) and Qn{x) are special cases of a function known as the 
hypergeometric function. The function Pn{x) is the more important 
and occurs more frequently in the literature of applied mathematics. 

6. The Generating Function for Pn(x). The Legendre polynomial 
Pn{x) is the coefficient of in the expansion of 

(5.1) 0 = (1 - 2a:Z + Z^)-* 

= [1 + (Z^ - 2xZ)]-^ 

in ascending powers of Z. This may be verified for the lower powers 
of n by expanding (5.1) by the binomial theorem. To prove it for the 
general term, we write 


(5.2) « = 

n“0 

Now it is obvious from the nature of the binomial expansion that 
i4» is a polynomial in x of degree n. Also, if we place a; = 1 in (5.1), 
we obtain 

(5.3) « = (1 - 2Z + Z^i = 

= 1 + Z + Z 2 + z® + • • • + z^ 

Hence An is equal to 1, when a; = 1. Now if we can show that A» 
satisfies Legendre^s equation, it will be identical with Pn (a:) since these 
are the only polynomials of degree n that satisfy the equation and have 
the value 1 when a; = 1. From (5.1) we obtain by differentiation 

(5.4) (1 - 2Zx + Z») H = (x - Z)4, 
and 

(5.6) 

If we now substitute from (5.2) into (5.4) and equate the coefficients 
of Z^^^ on both sides of the equation, we obtain 

(6.6) nAn — (2n — l)a;A n—l H~ (tl l)An~2 0 
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Substituting into (5.5) from (5.2) and equating the coefficients of 
the power on both sides, we obtain 


(5.7, 

If in (5.7) we replace n by (n + 1), we obtain 

Now if we differentiate (5.6) with respect to x and eliminate 
dAn-ildx by (5.7), we have 

/e f\\ dAft, dAf^^x . 

(M) 

We now multiply (5.8) by —x and add it to (5.9) and obtain 


(5.10) (1 - x^) ^ = n(An^x - xAn) 

Differentiating (5.10) with respect to x and simplifying the result 
by means of (5.8), we finally obtain 

(5.11) (1 ~ x^) ^^2x^ + n(n + 1)A. « 0 


This shows that i4.« is a solution of I.»egendre^s equation. Hence 
for the reasons stated above it is the same as Pn{x), we therefore have 


(5.12) 


An = Pn{x) 


The above formulas for the An^ are therefore valid for Pn{x) and 
give important relations connecting Legendre polynomials of different 
orders. From (5.1) and (5.2), we have the important relation 


(5.13) 


4 > 


Vl ~ 2rcZ + Z2 


= ^ P^{x)Z- U 


n-0 


This equation is valid in the ranges 
(5.14) -l<a:<l and 


|2|<i 


becau^ of the region of convergence of the binomial expansion (5.2). 
The function ^ is called the generating function for Pn{x). This result 
is of great importance in potential theory. 
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( 6 . 1 ) 


6. The Legendre Coefficients. If we let 


X = cos 0 = 




and substitute this into (5.13), we have 

(6.2) [1 - 2(e'* + e-») + 




n-0 


Now we have 

(6.3) [1 - Zie^^ + + Z^]~^ = (1 - - Ze-^^y^ 

Now by the binomial theorem, we obtain 


(6.4) (1 - Ze>>)-i = 1 + ^ ^ + 


+ 


1-3 - • • • . . . 

r% A , . rck^\ ^ ^ I 


2-4 


(2n) 


and 

(6.5) (1 - Ze-»')- = 1 + ^ ~ + 


+ 


1-3 


2(n - 


2-4 


(2n) 


+ 


Multiplying (6.4) and (6.5) and picking out the coefficient of Z“, 
we have 


(6.6) P»(cos fl) = 


1-3 


( 2 ?! — 1 ) 


2 cos n6 + 


2-4 - . . . •2n 

1- 1-3 - . . . •(2n-3)„ , . 

2- 2-4- . . . ■(2«-2) ^°°‘<’*-‘’>" + 


Every coefficient is positive so that Pn is numerically greatest when 
each cosine is equal to unity, that is, when ^ = 0. But since 

(6.7) Pn(cos 0) = P«(l) = 1 
it follows that 

(6.8) |P„(cos ^)| :^ 1 n = 0, 1, 2, • • • 

The first few functions Pn(cos B) are 

Po(cos d) = 1 
Pi(cos ^) = cos ^ 

(6.9) I P 2 (cos 6) = i(3 cos 2^ + 1) 

Pz{coB 6) ~ i(5 cos 30 + 3 cos 6) 

PaIcob $) = A(35 cos 40 + 20 cos 20 + 9) 
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V- 7. The Orthogonality of Pn{x). Like the trigonometric functions 
cos mx and sin mx, the Legendre polynomials Pn{x) are orthogonal 
functions. Because of this property, it is possible to expand an 
arbitrary function in a series of Legendre polynomials. 

We shall now establish the orthogonality property 

(7.1) P„(a;)P„(x) dx = Q \i m 9 ^ n 

To do this, we know that Pn{x) satisfies the Legendre differential 
equation (2.1). This equation may be written in the form 

(7.2) A [(1 - x2)P;(a;)] + n{n + l)P„(x) = 0 


If we now multiply this by Pm,{x) and integrate between the limits 
— 1 and +1, we obtain 

(7.3) P„(x) A [(1 _ x^)Kix)] dx + 

n(n + 1) j ^ P..(x)P„(x) dx = 0 
Now we may integrate the first term by parts in the form 

(7.4) P„(x) A [(1 _ x^)P'^{x)] dx = jp„(x)[(l - x^)P;(x)] j - 

(1 - x^)K{x)PUx) dx 

The first term of (7.4) vanishes at both limits because of the factor 
(1 — x^); hence (7.3) reduces to 

(7.5) - /J;' (1 - x=)P;(x)Pi.(x) dx + 

n(n + 1) P„(x)P„(x) dx = 0 

If in (7.5) we interchange n and m, we obtain 

(7.6) - P' (1 - x»)P;(x)P;(x) dx +■ 

m{m + 1) P„(x)P.,(x) dx = 0 

Subtracting (7.6) from (7.5), we get 

(7.7) (n - m)(n + m + 1) P«(x)P«(x) dx = 0 
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This establishes (7.1). 

If n = m, Eq. (7.1) fails to hold. We shall now show that 

(7.8) [P^{x)Ydx = - (2 -- | r i) ' n = 0, 1, 2, • • • 

To do this, we square both sides of (5.13) and obtain 

(7.9) (1 - 2xZ + Z^)-‘ = r % P„(x)Z»l“ 

We now integrate both sides of this equation with respect to x over the 
interval ( — 1, 1) and observe that the product terms on the right vanish 
in view of the orthogonality property (7.1). 

We thus obtain 


(7.10) 


/-> 


dx 


2xZ + 


- 1 

n-O 


(x)]* dx 


if \Z\ < 1. 

But the integral on the left has the value 


(7.11) 


/•+' dx 
j_i 1 - 






= 2(1+1 




+ 


2w + 1 


+ 


) 


= 2 /_7 ^ 1 

n — O 


Equating the coefficient of the power Z®" on both sides of (7.11), 
we have 


(7.12) [P„(x)]* dx = n = 0, 1, 2, • • • 

8. Expansion of an Arbitrary Function in a Series of Legendre 
Polynomials. If F{x) is sectionally continuous in the interval ( — 1,1) 
and if its derivative F{x) is sectionally continuous in every interval 
interior to ( — I,!), it may be shown that F(x) may be expanded in a 
series of the form 

■ F{x) = "X” 

n«0 


( 8 . 1 ) 
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To obtain the general coefficient am, we multiply both sides of (8.1) 
by Pm{x) and integrate over the interval (— 1,1). We then obtain 

(8.2) F{x)P„{x) dx = am [Pm(a;)]* dx 

(2iTI “f" 1) 

in view of (7.1) and (7.8). The general coefficient of the expansion 

(8.1) is given by 

(8.3) a„ = Fix)P.(x) dx 

The expansion (8.1) is similar to an expansion of an arbitrary 
function into a Fourier series. 

9. Associated Legendre Poljmomials. In the solution of certain 
potential problems, it is convenient to use certain polynomials closely 
related to the Legendre polynomials. We shall discuss them briefly 
in this section. 

If we differentiate Legendre^s equation 

(9.1) ^ + i)y = 0 


m times with respect to x and write 


(9.2) 



we obtain 

(9.3) (1 ^ ^ w + l)v = 0 


Since P» is a solution of Legendre’s equation (9.1), the equation is 
satisfied by 

(9.4) 

If now in (9.3) we let 

(9.5) w = v{l — 


we obtain 


(9.6) (l-a:*)0-2a;g + [n(n + l)-.p-^]«; = O 

This equation differs from Legendre’s equation in an added term 
involving m. It is called the OBsociated Legendre equation. By Eq. 
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(9.5) we see that it is satisfied by 

(9.7) V, = {I- x^r'^-^P^ix) 

This value of w is the associated Legendre polynomial, and it is 
denoted by Pn{x), We therefore have 

(9.8) Pt{T) = (1 - x^r'^-~^P„ix) 

We notice that if m > 7i, we have 

(9.9) P^(x) = 0 


1. Show that 


PROBLEMS 

j ^ Pn(x) dx — 0 w *= 1, 2, 3, • • • 


2. Establish the orthogonality property of the Legendre polynomials (7.1) by 
using Rodrigues’ formula for P»(x) and successive integration by parts. 

3 . Show that 

a:* = ¥Mx) + iPo(x) 

= iPaCa:) + SPi(x) 

4 . Show that 


6. Prove that 


xP„{x)Pn-i{x) dx = 


1 ) 


.. (2n + 1)P» 


6. Using Rodrigues’ formula, integrate by parts to show that 

j ^ x”^Pr{x) dx ^ 0 if m < n 

7 . Show that if Rm(x) is a polynomial of degree m less than n, we have 

f-l Pn(x)Rn,{x) dx^O 
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CHAPTER XV 

VECTOR ANALYSIS 

1. Introduction. The equations of applied mathematics express 
relations between quantities that are capable of measurement in terms 
of certain defined units. The simplest types of physical quantities 
are completely defined by a certain simple number. Examples of 
such quantities are mass, temperature, length. Such quantities are 
called scalars. 

There are, however, other physical quantities that are not scalars. 
Such quantities as the displacement of a point, the velocity of a par- 
ticle, a mechanical force require three numbers to specify them com- 
pletely. The three numbers that are required to specify the quantities 
are scalars and could be, for example, the components of the displace- 
ment of the particle with respect to an arbitrary Cartesian coordinate 
reference frame. 

We could carry out the various mathematical operations with these 
scalar quantities, but we w’ould lie neglecting the fact that from a 
physical point of view a displacement, for example, is one entity and 
also we are introducing a foreign element into the question, that is, the 
coordinate system. Accordingly it has been found convenient to 
introduce a mathematical discipline that enables us to study quantities 
of this type without recourse to a definite coordinate system. 

It is only when we come to evaluate formulas numerically that it 
will be necessary to introduce a definite coordinate system. The 
mathematical techniejue that enables us to do this is “vector analysis.” 

2. The Concept of a Vector. A physical quantity possessing both 
magnitude and direction is called a vector. Typical examples are 
force, velocity, acceleration, momentum. It is customary to represent 
vectors by letters in bold-face type and scalars in bold-face italics. 

A vector may be indicated graphically by an arrow drawn between 
two points. It is thus evident that rectilinear displacements of a 
point and all physical quantities that can be represented by such 
displacements in the same manner that a scalar can be represented 
by the points of a straight line are vectors. 

3. Addition and Subtraction of Vectors. Multiidication of a Vector 
by a Scalar. A vector having been defined as an entity that behaves 

333 
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in the same manner as the rectilinear displacement of a point, vector 
addition is reduced to a composition of linear displacements. 

Consider two vectors A and B as shown in 
Fig. 3.1. 

The vector C, which is obtained by moving 
a point along A and then along B, is called the 
resultant or sum of the vectors A and B, and 
we write 



A 

Fiq. 3.1. 


(3.1) C = A + B 

From the nature of the definition of vector addition, it is apparent 
that 


(3.2) 


B + A = A + B 


and that therefore vector addition is commutative. If the vectors 
A and B are situated as shown in Fig. 3.2, 
then the resultant vector C is obtained by 
completing the parallelogram formed by the 
two vectors. 

In general, the sum of the vectors A and 
B is obtained by placing the origin of B at 
the terminus of A, Then the vector C 
extending from the origin of A to the terminus of B is defined as the 
sum, or resultant, of A and B. 

To add several vectors A, B, and C, first find the sum of A and B 
and the sum of (A + B) and C. To subtract 
B from A, add — B to A as shown in Fig. 3.3. 

Equality of Vectors, Two vectors are said 
to be equal if they have the same magnitude 
and the same direction. 

Multiplication of a Vector by a Scalar, By 
the product of a vector a by a scalar n we understand a vector whose 
magnitude is equal to the magnitude of the products of the magni- 
tudes of a and n and has the same direction as a or the opposite 
direction, depending on whether the scalar n is positive or negative. 
We thus write 




a 

Fia. 3.2. 


(3.3) , A = na 

to denote this new vector. 

Unit Vectors. A vector having unit magnitude is called a unit 
vector. The most common unit vectors are those that have the direc- 
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tions of a right-handed Cartesian coordinate system as shown in 
Fig. 3.4. The vector i is a unit vector having the x direction of the 
coordinate system; the unit vector j has the 
y direction and the unit vector k has the z 
direction. 

The Components of a Vector. The compo- 
nents of a vector A are any vectors whose sum 
is A, The components most frequently used 
are those parallel to the axis x, y, and z. 

These are called the rectangular components 
of the vector. If Ax, Ay, and A* are the 
projections of A on the axes x, y, z, respectively, we may write 

(3.4) A = iAx +jAy + kAx 



If a vector A is given in magnitude and direction, then its com- 
ponents along the three axes of a Cartesian reference frame are given by 


(3.5) 


Ax 1^1 eos (A,x) 
Ay = lAj cos (A,y) 
A* = |A| cos (Ayz) 


where |A| denotes the magnitude of the vector. If, conversely, the 
three components of the vector are assigned, the vector A is uniquely 
specified as the diagonal of the rectangular parallelepiped whose edges 
are the vectors iAx, jAy^ and kAt, Its magnitude is 


(3.6) |A| = VAl + A* + A5 


and its direction is given by the three cosines which can be found from 
(3.5) and (3.6). 

4 . The Scalar Product of Two Vectors. The scalar, or dot product, 
of two vectors is defined as a scalar quantity equal in magnitude to the 
product of the magnitudes of the two given vectors and the cosine 
of the angle between them. The scalar product of the two vectors 
A and B is thus given by the equation 

(4.1) A-B = |A1 IBI cos (A,B) 

The cosine of the angle between the directions of the two vectors 
becomes +1 when the directions are the same, —1 when they are 
opposite, and 0 when they are perpendicular. 

It is clear from the definition of the dot product that the commuta- 
tive law of multiplication holds, that is, 

(4.2) 


A • B =» B • A 
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The fact that the distribution law of multiplication holds, can be 
seen with the aid of Fig. 4.1. 

We have from the figure 

(4.3) P • R + Q • R = (OA)R + (AB)R 

= (OB)R = (P + Q)-R 

From the fundamental unit vectors we 
can form the following scalar products: 

I = 7 • J ^ • ft = 1 



O A B JR 

Fia.4.1. jl 

I 1 .y = y . = ft . f = 0 

As a consequence of these results, we obtain 

(4.5) A • B = (1.4. + jAy + ftA.) • (i^. + jBy + ftB.) 

= AxHx 4 ” AyBy 4 “ AzBx 

We may also write 

(4.6) A^ A-A AI + AI + Al 

6. The Vector Product of Two Vectors. The vector or cross prod- 
uct of two vectors is defined to be a vector perpendicular 
to the plane of the two given vectors in the sense of 
advance of a right-handed screw rotated from the first 
to the second of the given vectors through the smaller 
angle between their positive directions. 

The meaning of this definition is made clear in 
Fig. 5.1. 

The magnitude of this vector is equal to the product 
of the magnitudes of the two given vectors times the 
sine of the angle between them. | B xA 

The vector or cross product is denoted by (A X B). 5 i 

As is clear from the definition and the figure, the 
commutative law does not hold for this type of multiplication, instead 
we have 

(5.1) 

Also we have 

(5.2) 



AxB==-~BxA 


A X A = 0 


It follows from the definition that if the vector product of two 
vectors vanishes the vectors are parallel. 

Vector Representation of Surfaces. Let us consider a plane surface 
such as shown in Fig. 5.2. 

Since this surface has a magnitude represented by its area and a 
direction specified by its normal it is a vector quantity. A certain 



Sec. 51 


VECTOR ANALYSIS 


337 


ambiguity exists as to the positive sense of the normal. In order to 
remove this ambiguity, the following conventions are adopted: 

a. If the surface is part of a closed surface, the outward drawn 
normal is taken as positive. 

h. If the surface is not part of a closed surface, the positive sense in 
describing the periphery is connected with the 
positive direction of the normal by the rule 
that a right-handed screw rotated in the plane ^ 
of the surface in the positive sense of describin g ^ ^ 

the periphery advances along the positive B 

normal. For example, in Fig. 6.2, if the 

periphery of the surface is descril:>ed in the sense ABC ^ the positive 
sense of the normal and therefore the direction of the vector S 
representing the surface is upward. 

If a surface is not plane, it may be divided into a number of ele- 
mentary surfaces each of which is plane to any desired degree of 
approximation. In this case, the vector representative of the entire 
surface is the sum of the vectors representing its elements. Two 
surfaces, considered as vectors, are equal if the representative vectors 
are equal. Therefore, two plane surfaces are equal if they have equal 

areas and are normal in the same direction 

— ElS. ^ even if they have different shapes. 

U / pN. ^ curved surface may be replaced by a 

/ / plane surface perpendicular to its repre- 

y / sentati ve vector having an area equal to the 

magnitude of this vector. The vector 
representing a closed surface is zero be- 
g 2 cause the projection of the entire surface on 

any plane is zero; since as much of the 
projected area is negative as positive, it therefore follows that the 
vector representing the entire surface has zero components along the 
three axes a:, 2 /, z, and consequently it equals zero. 

The Distributive Law of Vector Multiplication, To prove that the 
distributive law of multiplication holds for the vector product, consider 
the prism of Fig. 5.3. The edges of this prism are the vectors P, Q, 
(P + Q), and R. 

The vectors representing the faces of the closed prism are 


: 


B 

Fig. 6.3, 


IMP = R X P 

= R X Q 

jcm = (P + Q) X R 
iw « i(Q X P) 

- i(P X Q) 
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Therefore the representative vector representing the entire polyhe- 
dral surface is 

(5.3) RXP + RX0 + (P + 0)XR + 

i(Q X P) + i(P X Q) = 0 
or 

(5.4) (P + 0)XR==PXR + QXR 

By the definition of the vector product, we have the following 
relations for the unit vectors: 

. . liXj = k, j X k = I, kXi 

\ixi=^jxj = kxk=^o 


If we write the vectors P and Q in terms of their rectangular 
components, 


(5.6) 


P = iP.+jPy + kP, 
Q = iQx + jQy + kQt 


and realize that the distributive law holds for a vector product, we 
obtain 


(5.7) P X Q = (iPx + jPy + ftp.) X (iQx + jQy + ftO.) 

= i{PyQz - PzQy) +JiP.Qx - PxQ.) + 

kiP,Q, - PM 


in view of the properties of the unit vectors expressed by (5.5). 

This expression can be represented in a compact fashion by the 
determinant 


(5.8) 


PX Q = 


J 

Py 

Qy 


ft 

P. 

Q. 


6. Multiple Products, There are several types of multiple prod- 
ucts used in vector analysis, and in this section the most important 
types will be considered. 

o. The Product of a Vector and the Scalar Product of Two Other 
Vectors, A(B • C). Here B * C is a scalar so that A(B • C) is a v.ector 
parallel to A and is of course an entirely different vector from (A • B)C. 

6. Scalar Product of a Vector and the Vector Product of Two Other 
Vectors, Consider A • B X C, In this case we have the important 
relation 

( 6 . 1 ) 


A.(BXC) =B-(CXA) =C.(AXB) 
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The proof of this relation follows from the fact that each of these 
expressions represents the volume of the parallelepiped whose edges 
are A, B, C. Furthermore, all three expressions give this volume with 
the positive sign provided the vectors A, B, C, in that order, form a 
right-handed system. 

c. Vector Prodwt of a Vector and the Vector Product of Two Other 
Vectors, Consider the product 

(6.2) q = a X (b X c) 

By the definition of a cross product, q is perpendicular to the 
vector a and also to the vector (b X c). Accordingly, the vector q 
lies in the plane of b and c and may be expressed in the form 

(6.3) q = t^b + rc 

where u and v are scalar multipliers. 

Now we have 

(6.4) q • a = u(h • a) + t^(c • a) =0 


or 

(6.5) 
Hence 

( 6 . 6 ) 


Now let 
(6.7) 


(c-a) 



(c-a) 

u{\} • 

a)c 

(c. 

a) 

[b(a 

•c) - 


u 


(c-a) 


where n is some scalar. To find the magnitude of n, consider a set of 
Cartesian coordinate axes oriented so that the vectors a, b, and c have 
the following components in terms of these axes: 


( a tOx “1“ “1“ koz 

b = ibx 
c == icx +jcv 

In this case, we have 
(6.9) (b X c) = kbxCy 

(6.10) a X (b X c) « (la* +jay + fta,) X (kbxCy) 

* -jiaxbzfiy) + Haybxfiu) 

s* ibxiayCy) "f" tbxaxCx ibxUxCx jiaxbxCy) 

=* tbxiOxCx H" OyCy) — (fCx *4“ J^y) (Oxbx) 

« b(a-c) — c(a* b) 
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Hence comparing (6.9) and (6.10) it is seen that the constant n is 
equal to 1. 

7. Differentiation of a Vector with Respect to Time, The 

differential coefficient or derivative of a vector A with respect to a 
scalar variable tj say the time, is defined as a limit by the equation 

(7.1) " - lim + 

Since division by a scalar does not alter vectorial properties, the 
derivative of a vector with respect to a 
scalar variable is itself a vector. 

As an example of differentiation of a 
vector with respect to a scalar, consider a 
particle p moving along a curve c as shown 
in Fig. 7.1. 

Let the position of the particle with 
respect to the origin of a Cartesian reference 
In that case, the velocity of the particle is 

dt dt ds 

y szs ss 

dt ds dt 



frame be denoted by r. 
given by 

(7.2) 


where ds is a differential of arc measured along the curve as shown in 
Fig. 7.2. 

Now * 


(7.3) 


dt ,. Ar . 

'T- = hm -r- = t 
As-^O 



r+dr '^dr 

Fig. 7.2. 


where f is a unit vector tangent to the curve defining the path of the 
particle. 

Hence we have 


(7.4) 


ds dt 


The quantity ds/dt is the speed of the particle. The acceleration 
of the particle is defined as the time derivative of the velocity. We 
thus have 


(7.5) 
Now 

(7.6) 


^ d .ds _ dtds . d^8 

dt di dt dt dt^ ^ di^ 

dt ds dt 
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And, similarly, 

(7.14) |(A.B)-B.f + A.f 

(7.15) ^(AXB).^XB + Axf 


8. The Gradient. Let <i>{x,y,z) be a scalar function of position in 
space; that is, of the coordinates x, y, z. If the coordinates x, y, z are 
increased by dx, dy^ dZj respectiv^y, we have 


( 8 . 1 ) + + 

If we denote by dt the vector representing the displacement 
specified by dXj dy, dz, then 

(8.2) dr = idx + j dy + kdz 


In vector analysis, a certain vector differential operator V (read del) 
defined by 


(8.3) 


„ . a , . a 


dy 


+ ft 


dz 


plays a very prominent role. The gradient of a scalar function 
4>{XjyjZ) is defined by 

(8.4) Gradient = + 

Operating with V on the scalar function </>(x,y,z), we get 

(8.6) = i II = a vector 

This is just the expression (8.4) defined as the gradient of <t>. 

Now from (8.1) and (8.2), we have 

(8.6) = (i|| +y|| + *^) • (idx +jdy + kdz) 

= (Vif,) • dt 

The equation 

(8.7) 4>{x,y,z) = const. 

represents a certain surface, and as we change the value of the constant 
we obtain a family of surfaces. 
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Consider the surfaces of Fig. 8.1. 

If dn denotes the distance along the normal from the point p to the 
surface S 2 , we may write 


(8.8) dn ^ n - dr 

where n is the unit normal to the surface 
at p. 

We have 

(8.9) d4> = (V<t>) ■ di 



and, in particular, if dr lies in the surface >Si, we have 


( 8 . 10 ) 


d(l> = (V 4 >) • dr = 0 


showing that the vector V<^ is normal to the surface <#> = const, 
the vector dr is arbitrary, we have from (8.9) 


( 8 . 11 ) 


V0 = 



n 


Since 


Hence V<^> is a vector whose magnitude is equal to the maximum rate 
of change of <t> with respect to the space variables and has the direction 
of that change. 

9. The Divergence and Gauss’s Theorem. The scalar product of 
the vector operator V and a vector A gives a scalar that is called the 
divergence of A; that is, 


(9.1) 


V- A 


dAx , dAy dAg 
dx by bz 


divergence of A 


This quantity has an important application in hydrodynamics. 
Consider a fluid of density p{x,y,zfy and velocity v = Y{x,y,z,i)y and let 

(9.2) V = vp 

If S is the representative vector of the area of a plane siirface, then 
V • S is the mass of fluid flowing through the surface /S in a uriit time. 

Consider a small fixed rectangular parallelepiped of dimensions 
dx, dy, dz as shown in Fig. 9.1. 

The mass of fluid flowing in through face Fi per unit time is 

(9.3) Vy dx dz {pv)y dx dz 
and that flowing out through face F 2 is 

(9.4) (V,^) dxdz^(v, + ^ dy) dx dz 
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Hence the net increase of mass of fluid inside the parallelepiped per 
unit time is 



Fig. 9.1. 


Considering the net increase of mass of fluid per unit time entering 
through the other two pairs of faces, we obtain 

(9.6) _ ^ dxdydz = -(V . V)dxdydz 

as the total increase in mass in the parallelepiped per unit time. 

But by the principle of conservation of matter, this must be equal 
to the time rate of increase of density multiplied by the volume of the 
parallelepiped. Hence 

(9.7) - (V . V) dx dy dz = dx dy dz 
or 

(9.8) 

This is known in hydrodynamics as the equation of continuity. If 
the fluid is incompressible, then 

(9.9) V . V = - I? = 0 

The name divergence originated in this interpretation of V • V. 
For since — V • V represents the excess of the inward over the outward 
flow, or the convergence of the fluid, so V • V represents the excess of 
the outward over the inward flow, or the divergence of the fluid. 
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Surface Integral. Consider a surface s as shown in Fig. 9.2. 
Divide the surface into the representative vectors dsi,ds 2 , • • • etc. 
Let Vi be the value of the vectior 
function of position Yiix^y^z) at ds*. 

Then 

(9.10) lim V Vi-dSi = f f Y-ds 

00 

is known as the surface integral of Fig. 9.2. 

V over the surface s. The sign of 

the integral depends on which face of the surface is taken as posi- 
tive. If the surface is closed, the outward normal is taken as positive. 
Since 

(9.11) ds == I dsx "h j dsy -b k ds* 
we have 



(9.12) /./V • ds = // (V.ds.+ V,ds, + V.ds.) 

The surface integral of a vector V is called the flux of V throughout the 
surface. 

Gausses Theorem. This is one of the most important theorems of 
vector analysis. It states that the volume integral of the divergence 
of a vector field A taken over any volume V is equal to the surface 
integral of A taken over the closed surface surrounding the volume V ; 
that is, 

(9.13) f J A) dv = fj A.- ds 


To prove Gausses theorem, let us expand the left side of Eq. (9.13). 
We then have 


(9.14) ///(V.A)*.///(^^ 


+ 


Ms 4. 

9y 


M 

dz 


■) 


dz dy dz = 




Let us consider the first integral on the right. Integrate with 
respect to x, that is, doing a strip of cross section dy dz extending from 
Pi to P 2 of Fig. 9.3. 

We thus obtain 

(9.15) ill dxdydz = j j [A.(xt,y,z) — A.{xi,y,z)] dy dz 
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Here (xi^y^z) are the coordinates of Pi and ( 0 : 2 , 2 ) are the coordi- 
nates of P 2 . Now at Pi we have 

(9.16) dy dz — — ds* 



where the surface integral on the right is evaluated over the entire 
surface. In the same manner we obtain 


(9.19) j j y AydSy 

(9.20) j j j^^^dxdydz ^ ds. 

If we now add (9.18), (9.19), and (9.20) we obtain Gausses theorem. 

(9.21) j j (y • A) dv = (Ax dsx + Ay dsy + Ag dst) 

-Ifi-d. 

Greenes Theorem. By the use of Gausses theorem we are able to 
make some important transformations. Consider 

(9.22) A = uVw 

that is, let the vector field A be the product of a scalar function u and 
the gradient of another scalar function w. Consider 



If we place this value of V • A in the left side of Gauss’s theorem 
(9.21 we obtain 
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(9.24) flf. (u + Vu • Vw) dv {u Vw) • ds 

This transformation is referred to as the first form of Green’s 
theorem. 

In (9.24) if we interchange the functions u and Wj we obtain 

(9.25) Ilf. (w + Vu • Vw) dv = (w v^) • ds 

If we now subtract Eq. (9.25) from Eq. (9.24) we obtain 

(9.26) /// (u V^w — w V^u) dv = (u Vw — w Vu) • ds 

This transformation is referred to as the second form of Green’s 
theorem. The transformations (9.24) and (9.26) are of extreme impor- 
tance in the fields of electrodynamics 
and hydrodynamics. 

The Curl of a Vector Field and 
Stokes’s Theorem. The Line Integral. 

Let A be a vector field in space and AB 
(Fig. 10.1) a curve described in the sense 
A to B. 

Let the curve be divided into vector 
elements dll, dl 2 f • • • dls, etc., and take Fio. lo.i. 

the scalar product Ai • dli of A at the 

point A, and dli of A 2 • dl 2 of A at the point C, and dl 2 , A 3 • dls of A 
at the point D and dls, and so on. The sum of these scalar products, 
that is, 

( 10 . 1 ) 

summed up along the entire length of the curve is known as the line 
integral of A along the curve AB. It is obvious that the line integral 
from J? to is the negative of that from A to B. 

In terms of Cartesian components, we can write 

( 10 . 2 ) ^ ^ 

If F represents the force on a moving particle, then the line integral 
of F over the path described by the particle is the work done by the 
force. 

Let A be the gradient V 0 of a scalar function of position; that is, 

(10.3) A = V^ 
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Then 

(10.4) /; A . A - /; (V4) . 41 - /; (H 4 . + ^ 4» + g 4*) 

But we have 

(10.5) ^dz + ^dy + ^dz = d<t. 
the total derivative of <#>. We thus have 

(10.6) // A • ffl = d<t> ^ <I>b-4>a 

where <t>B and </>a are the values of <t> at the points B and Ay respec- 
tively. It follows from this that the line integral 
of the gradient of any scalar function of position 
<#> around a closed curve vanishes, because if the 
curve is closed, the points A and B are coincident 
Fig. 10 . 2 . integral is equal to <t>A — <I>a which 

is zero. The line integral around a closed curve 
is denoted by a integral sign with a circle around it, as follows: 

Let us suppose that the line integral of A vanishes about every 
closed path in space. If we denote the path of integration by a sub- 
script under the integral sign (Fig. 10.2), 

(10.7) A • <» - L. A . 41 - A . 41 + A . 41 - 0 

and therefore 

(10.8) L.A-'a-/,„A.41 

This shows that the line integral of A from A to B is independent 
of the path followed. It is apparent, therefore that it can depend 
only upon the initial point A and the final point B of the path, that is, 

(10.9) A-dl = <I>A 

Now if we take the two points A and B very close together, we have 

(10.10) A-dl = = (V«) -dl 

or 

( 10 . 11 ) 



(A - \7«) . dl = 0 



Sec. 10] 


VECTOR ANALYSIS 


349 


As this is true for all directions, the vector (A — V<^) can have no 
component in any direction, and hence it must vanish. Therefore 

(10.12) A = V</> 


That is, if the line integral of A vanishes about every closed path, A 
must be the gradient of some scalar function (j>. 

The Curl of a Vector Field. Jf A is a vector field, the curl or rotation 
of A is defined as the vector function of space obtained by taking the 
vector product of the operator V and A. That is, 

(10.13) Curl A = V X A 

,/dA, dAy\ fdA, dA\..{dAy MA 

= ' W “ 'sz) " Sx) + * ; 


This may be written conveniently in the following determinantal 
form: 


(10.14) 


If A = V<l>, 


V X A = 


I 

dx 

A. 


j 

d 


dy 

Ay 


k 

I 

dz 

A, 


(10.16) V X A - V X (V*) - + 

,* { M h( 

\dz dx dxdzj'^ \dx dy 


dy dx) 


= 0 


It thus follows that if A is the gradient of a scalar the curl of A 
vanishes. 

Line Integral in a Plane. To show the connection between the line 
integral and the curl of a vector 
field, let us compute the line integral 
of a vector field A around an infini- 
tesimal rectangle of side ^x and Ly 
lying in the xy plane as sho^v^l in 
Fig. 10.3. That is, we shall com- 
pute ^A • cfl around this rectangle. 

We may write down the various 
contributions to this integral as follows: 







Fig. 10.3. 


Along AB: 
Along BC: 

Along CD: 
Along DA : 


Ax Ax 


(a.+^Ax^v 

~ if” 

—Ayi^y 
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where we have made use of the fact that Ax and Ay are infinitesimals. 
Adding the various contributions, we obtain 

In view of (10.13), this may be written in the form 

(10.17) = (VxA).ds^ 

where (V X A)z is the z component of the 
curl of A and dsxy is the area of the 
rectangle A BCD, 

Consider now a closed curve in the xy 
plane as shown in Fig. 10.4. Divide the 
space inside C by a network of lines join- 
ing a network of infinitesimal rectangles. 
If we take the sum of the line integrals around the various meshes, 
we obtain 

(10.18) (f> A- dl = (V X A),ds:^ 

r«=l 

Now it is easily seen that the contributions to the line integrals 
of adjoining meshes neutralize each other because they are traversed 
in opposite directions; the only contributions which are not neutralized 
are those on the periphery of the surface. Hence, 

(10.19) ’ £ A-dl = ^^A-(fl 

where the line integral on the right is taken along the boundary curve 
C in the positive sense. 

Now the sum on the right of (10.18) reduces to the following 
integral: 

(10.20) 2) X A). dSxy ^ J ^ dSxy 

Hence substituting this into (10.18) we obtain 


> 



— 




1 ': 



HI 





m V 


3 





X 

Fia. 10.4. 


( 10 . 21 ) 


^^A.dl.//(VXA) 
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That is, the line integral of a vector field A about the contour C of a 
plane surface S is equal to the surface integral of the normal component 
of the curl of A to the surface throughout 
the surface s. 

Consider now the triangular surface of 
Fig. 10.5. 

It is easy to see that 

( 10 , 22 ) + 

<£ A • ^1 + (£ A -dl 

JOCA JOAB 

since the contribution along the lines OAy 
OBj and OC cancel each other. However, as a consequence of 
(10.21), we have 

{Lb^'^ = LbI 

If we add these equations and make use of (10.22), we obtain 

La / C'’ X A), * (V X A), dz dy 

Now we may write 

(10.25) ds = I dsx H" j dsy -j- h dss 

= I dy dz + j dx dz kdx dy 

for the projections of the representative surface vector s of the plane 
ABC to the yzj xz^ and xy planes. 

Using this notation, (10.24) becomes 

(10.26) f^^A-dl. f^l.VxA).dd 

Consider now the open surface of Fig. 

10 . 6 . 

We can regard the surface s of this open 
surface as being made up of an infinite number 
of elementary triangular surfaces. If we label r the typical triangle, 
we have from (10.26) 

^ A . <fl = (V X A) . ds 



Fig. 10.6. 



( 10 . 27 ) 
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Now the sum of the line integrals of the elementary triangles 
reduces to a line integration about the periphery C of the closed 
surface S since the line integrations along adjacent triangles are 
described in opposite senses and hence cancel. We therefore have 

(10.28) = jj X-dl 

In the limit, the summator on the right of (10.27) reduces to an 
integral and we have 

(10.29) 2) X A) • rfs = jj (V X A) . ds 
As a consequence of (10.19), we then have 

(10.30) A • (fl = f j (V X A) . ds 


This relation is known as Stokes’s theorem. It states that the 
surface integral of the curl of a vec^tor field A taken over any surface 
S is equal to the line integral of A around the periphery of the surface. 

If the surface to which Stokes’s theorem is applied is a closed 
surface, the length of the periphery is zero and then 

(10.31) (V X A) • ds = 0 

By the use of Stokes’s theorem we see that if V X A = 0 every- 
where, A is the gradient of a scalar junction. Because if V X A = 0 
then the line integral of A around any closed curve vanishes. This is 
just the condition that A should be the gradient of a scalar junction. 

11. Successive Applications of the Operator V. It frequently 
happens in various applications of vector analysis that we must 
operate successively ^vith the operator V. For example, since the curl 
of a vector field A, V X A is a vector, B field it is possible to take the 
curl of B, that is, 

(11.1) VXB=VX(VXA) 

If we expand this equation in terms of the Cartesian coordinates 
of A, we obtain 
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= •[ ^ dAy _ 

* Ldx \ dx dy ~dz ) 

{dx^ + 'k^ + k) 

= V{V • A) - V2A 

In the same manner, the following vector identities may be estab- 
lished by expanding V and the other vectors concerned in terms of 
their components: 

(11.3) V . (mA) = m(V . A) -I- a • (Vm) 

(11.4) V X (mA) = m(V X A) -f (Vm) X A 

(11.5) V . (A X B) = B • (V X A) - A • (V X B) 

(11.6) V(A • B) = A X (V X B) -f (A • V)B -t- B X (V X A) + 

(B • V)A 

(11.7) V X (A X B) = (B • V)A - (A . V)B - B(V • A) + A(V • B) 

(11.8) V X (Vm) = 0 

(11.9) V • (V X A) = 0 


In the above set of eciuations, the vector (A • V)B stands for the 
vector 


(11.10) (A-V)B 


= {(a. 


as* . . as* , . as, 

-.r- + -h A* - 

dx dy dz 


) 


• I A dBy . dBy , * dB\ 


dx 

as, 

’ dx 


" dy 
dB, 


+ 

+ 


k[A.^ + A„'~‘ + A, 


as 

dz 


') 


The above formulas are very useful in applications of vector 
analysis to various branches of engineering and physics. 

12. Orthogonal Curvilinear Coordinates. Many calculations in 
applied mathematics can be simplified by choosing instead of a Car- 
tesian coordinate system another kind of system that takes advantage 
of the relations of symmetry involved in the particular problem under 
consideration. 

Let these new coordinates be denoted by Ui, W 2 , Ws. These are 
defined by specifying the Cartesian coordinates x, y, z as functions of 
wi, W 2 , ^8, as follows: 


( 12 . 1 ) 


X == x { U \^ U 2^ U ^ 

y = y{ui,u2,uz) 

Z = z{Ui,U2,Ui) 
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We shall confine ourselves to the case when the three families of 
surfaces Ui = const., U 2 = const., Uz ~ const, are orthogonal to one 
another. In that case the line element ds is given by 


(12.2) ds^ == h\ du\ + hi dul + h\ du\ 


where Ai, A 2 , As may be functions of Uiy Wo, Uz. We shall also adopt the 
convention that the new coordinate system shall be right-handed like 
the old. 

Consider now the infinitesimal parallelepiped whose diagonal is 
the live element ds and whose faces coincide with 
the planes ui or ui or Uz = const, (see Fig. 12.1). 

The lengths of its edges are then hidui, A 2 dM 2 , hz 
duzj and its volume is hih^hz dui du^ duz. Further- 
more let <t>{uiU 2 Uz) be a scalar function and A be a 
vector field with components Ai, A 2 , Az in the 
three directions in which the coordinates Ui,U 2 yUz 
increase. The Ui component of the gradient of <l> we can compute at 
once since by definition 



(12.3) 


(grad <t>)i = 


Um 

dui-^ 


hi dui 


hi dui 


we have also similar relations for the directions 2 and 3. 

In order to calculate the divergence of a vector field A we use 
Gausses theorem, 

(12.4) f J f (V ■A)dV = IJ A-ds 

The contribution to the integral JJA • ds through the area OBHC, 
taken in the direction of the outward normal is — A 1 A 2 A 3 du 2 duzy while 
that through the area AFGJ is 


|^A.iA2A; 


3 du2 duz “t" {Alhzhz) dui duz dttsj 

From these and the corresponding expressions for the other two 
pairs of surfaces, we have by (12.4) 


(12.5) 


lim /JJ(V • A) dv = (V • A) A 1 A 2 A 8 dui duz duz 
= J/A • ds 


we thus obtain 


(12.6) V-A 


hihzhz 





Sec. 12] 
if A = V<^, 


VECTOR ANALYSIS 


353 


('12 71 V*A * — i— ^ / hjii d<l>\ d /h»hid<l>\ 

h'Jithz \ hi ^Ui/ du2 \ h2 du2/ 


+ 

d / hih2 I 

du^y hz duzj Ji 

The components of the curl of A may be found by Stokes's theorem, 

(12.8) IJ (V X A) * ds = (j) dX 

For example, the component 1 of the curl of A is obtained by 
applying Stokes's theorem to the surface OBHC. We calculate 


AJ 


= (A2h2du2) + I Azhzduz + — (Azhz)duzdu2 




A 2/^2 du2 + T — (-42^2) du2 duz 

OUz 




{Azhz duz) 


^ {Azh^) - ^ {A^h^) 


dU2 


dUz 


du2 duz 


By Stokes's theorem, this equals the 1 component of the curl of 
A, (V X A)i, multiplied by the area of the face OBHC. That is. 


(12.10) (V X A)ih2hzdu2duz = 
Hence 

( 12 .U) (VxAj.-j^J 


^ {AM - iAM 


dU2 


dUz 


dvLz duz 




( 12 . 12 ) 

(12.13) 


By a cyclic change of the indices, we obtain 
1 

hfht 
1 


(V X Ah = 
(V X A), = 






If we introduce unit vectors along the direction 1, 2, and 3, ii, 
*21 hi we may write symbolically 


(12.14) 



hiii 

h^2 

hzU 

1 

J_ 

d 


hihzhz 

dui 

dU2 

duz 


hiAi 

h^A^ 

hzAz 
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In the case of Cartesian coordinates, we 
have Ui = x,U 2 = 2/, Uz hi — hz — hz ^ 1, 
and ii = I, h == i, iz — ft. In this case, (12.14) 
reduces to (10.14). 

We shall now apply these general formu- 
las to two special cases that are particularly 
important in applications. 

a. Cylindrical Coordinates. The position 
of a point in space may be determined by the cylindrical coordinate 
system of Fig. 12.2. 

In this case we have 

(12.15) X — r cos 6 

2/ = r sin ^ 
z — z 

ds^ = dr^ + r® dd^ + dz^ 


(12.16) 

We have, therefore, in this case 


(12.17) 


By (12.3) we obtain 
(12.18) gradr 

By (12.6) we have 



and 


hi = 1 
hz = r 
hz = 1 


, 1 d(t> 

grad, = 


grad, <f> = 


dz 


(12.19) + 


The Laplacian operator as given by (12.7) gives 

( 12 . 20 ) 


•2 Jz^ 


We obtain the components of the curl of A by (12.11), (12.12), and 


— 

Hz 

dAs 

dr 


(12.13). 


(12.21) 


(12.22) 

(VxA),-^4'- 

(12.23) 

(vxA),-1[A, 


{rAe) 


dA 

d$ 
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Spherical Polar Coordinates. Another very important coordi- 
nate system is that of spherical polar coor- 
dinates as shown in Fig. 12.3. 

In this case, we have 

(12.24) a; = r sin ^ cos 
y = r sin 0 sin 
z r cos 6 

s - ^ J ,2 ^ |.2 qij ^2 0 ^^2 ^ J.2 fl02 


We have therefore 
(12.25) 




and 


= 1 
hz = r 
hz ^ r sin B 


(12.26) (gradF). = 


(gradK),.i^, 


(12.27) 


+ 


(12.28) vy-'i|(r'f) 

(12.29) (VXA), = ^,[ 


1 


sin B BB 
d 


(grad F), = 
(sin dA 0 ) + 

^ f • /. 


1 w 

r sin $ d<t> 
1 dA^, 


r sin d d<ft 

1 d^V 


+ 


r* sin* 0 d<fA 


(V X A), = i 
(V X A)* = i 


dA e 

dB ^ 

1 dAr 3(rA^) ] 


[sin B 
d 


(sin 0 A 0 ) 

rA^ 
dr J 


dr 


(rAe) 


dS _ 


13. Application to Hydrod 3 mamics. Consider a region of space 
containing a fluid of density p{x,y,z,t). Let V be the volume inside an 
arbitrary closed surface s located in this region. Let Q{t) be the mass 
of fluid inside the volume V at any instant. Then 


(13.1) QW = ffl^pdV 

If V denotes the velocity of a typical particle of the fluid, the rate 
at which the mass of fluid inside V is increasing is 

('*■*> f --//o”)-* 

Now if we differentiate (13.1) with respect to time and equate the 
result t (13.2), we have 
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But by Gauss’s theorem, we have 
(13.4) f f ipy)^ds = J f (py) dV 

Substituting this into (13.3) and transposing, we obtain 

(13-5) 

Now since the integrand is continuous and the volume V is arbi- 
trary, we conclude that 

(13.6) + V . (pv) = 0 

This is the basic equation of hydrodynamics and is known as the 
equation of continuity. 

If the fluid is incompressible, then p is a constant and we have 

(13.7) = 0 = p(V . V) 

If the flow is irrotational, then we have 

(13.8) V X V = 0 

and we know from Sec. 10 that there exists a scalar function <l> such that 

(13.9) V = V 0 

If the fluid is incompressible, then from (13.7) we have 

(13.10) V . V = 0 
and hence <t> satisfies the equation 

(13.11) V • « 0 

14. The Equation of Heat Flow in Solids. Consider a region 
inside a solid body such as a large block of metal. Let a closed surface 
S be situated inside this region. Let the volume inside the surface S 
be denoted by V. 

In suitable units the amount of heat H inside the volume V of this 
body is given by 


(14.1) 


^ / //r 
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where u = u{x,y,z,t) is the temperature of the body. 
c = the specific heat of the body, 
p ~ the density of the body. 

It is an empirical fact that the rate of flow of heat into the volume 
V may be expressed in the following form: 


(14.2) 



where fc is a constant known as the thermal conductivity and 



the derivative of the temperature with respect to the outward drawn 
normal to the surface s. 

If we differentiate (14.1) with respect to t and equate the result 
to (14.2), we obtain 


If dn is a vector drawn in the direction of the outward drawn 
normal to the surface s, we have 


(14.4) 


du = (Vw) • dn 


where du is the total derivative of the temperature and represents the 
change in temperature as one moves through the distance dn. If we 
divide both sides of (14.4) by the differential dn, we obtain 
thus 

(14.5) = (Vm) • n 

where n represents a unit vector in the normal direction. We then 
have 

(14.6) kiyu) ’ ^ ~ ^ y* ‘ 


If we let 


(14.7) q * (* Vw) 
we have in view of (14.3) and (14.6), 

(14.8) ///, - // , ■ is - ///, (r . ,) iV 

where we have xised Gauss’s theorem to transform the last integral 
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Transposing, we may write 

(i«) 

Since the integral is continuous and the volume V is arbitrary, the 
integrand must vanish and we obtain 

(14.10) V-q = cp^ 
or 

(14.11) V-(kVu)=cp^ 


If A; is a constant, we have 

(14.12) V-(kVu) == k VH = cp^ 

ot 

or 

(14.13) ^ = -Vhi = h^Vhi 

^ ' dt cp 

where 

(14.14) A* = - 

cp 

The equation (14.13) was derived by Fourier in 1822 and is some- 
times called the ^^heat-flow^’ or diffusion equatioti. 

16. The Gravitational Potential. Consider two particles at Q and 
P of masses nii and m 2 , respectively. Then accordingly to the New- 
tonian law of gravitation, there is a force of attraction between them 
m ^ given in magnitude by the equation 

^ "p (15.1) F = k 

Fig. 15.1. r* 


where A; is a constant depending upon the units and r is the distance 
between the particles as shown in Fig. 15.1. 

If we choose the unit of mass as that of a particle which, placed at a 
unit distance from one of equal mass, attracts it with unit force, the 
equation (15.1) becomes 


(15.2) 


^ ^ mim2 

r2 


If we denote the vector QP by r, we may express the force per unit 
mass at P due to the attracting particle at Q by 
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F is called the intensity of force or the gravitational field of force 
at the point P, and we note it may be expressed as the gradient of the 
scalar m/r. It follows therefore that F satisfies the equation 

(15.4) V X F = V X [v j = 0 

and is therefore a conservative field of force. 

Let us suppose that the particle m is stationary at Q and that 
another of unit mass moves under the attraction of the former from 
infinity up to P along any path. The work done by the force of 
attraction during an infinitesimal displacement dr of the unit mass is 
F • dr. The total work done by the force while the unit particle moves 
from infinity up to P is 

( 16 . 5 ) />.* -/>(?).* -( 2 ) 

This is independent of the path by which the particle comes to P 
and is called the potential at P due to the particle of mass at Q. Let 
us denote it by V. We then have 

(15.6) y = ^ 

while the intensity of force at P due to it is 

(15.7) F = V = vy 

That is, the intensity at any point is equal to the gradient of the 
potential. 

If we now suppose that there are n particles of masses mi, m2, 
• • • mn, relative to which P has position vectors ri * • • r„, respec- 
tively, then the force of attraction per unit mass at P due to the system 
is the vector sum of the intensities due to each, that is, 

(16.8, F.v(^)+v(=)+...+v(i-).vi;^ 

« — 1 



Now by the same argument as before, the work done by the 
attracting forces on a particle of unit mass while it moves from infinity 
up to P is 



F* 


n 



• -1 


(15.9) 
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Therefore the potential at P due to a system of particles is the sum 
of the potentials due to each. The potential F is a scalar function of 
position and, except at the points Q, where the masses are situated, it 
satisfies 

( 15 . 10 ) 5 fe) = ^ 


which is Laplace’s equation. Since F = VF, this means that at points 

excluding matter we must have 

(15.11) VF = 0 

( Continuous Distribution of Matter, Let 

y us now suppose that the attracting matter 

forms a continuous body filling the space 
bounded by the closed surface s. We 
divide the body into an infinite number of 
elements of mass p dV where p is the 
density of the body and dF is the element of volume of the body, as 
shown in Fig. 15.2. 

If P is outside the body, the sum of Eq. (15.9) passes into the 
integral 

(15.12) F, - Iff 4? 


where r is the distance from the element of volume dF to the point P. 
This gives the potential at p due to the entire body. 

If the point P is inside the body, the integrand (15.12) becomes 
infinite. In that case we define the potential in the following manner. 
Surround the point P by a closed spherical surface So and consider the 
potential due to the matter in the space between So and s. The 
integrand is finite everywhere, since P is outside the region. Now let 
the surface Sq decrease indefinitely, converging at the point P as a limit. 

We then consider 


(15.13) 



Since the volume of is of the same order as r* where r is the radius 
of the sphere 5o, while the integrand becomes infinite like 1/r if p is 
finite, the value of the above integral tends to a definite limit which is 
called the potential at P due to the whole body. 

Poissoris Equation, . We have seen that the potential factor satisfies 
V*F = 0 or Laplace’s equation in the region outside matter. Let us 
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now consider the equation satisfied by the potential in a region inside 
matter. Consider a point P inside a body of density p. Surround the 
point P by a sphere So of radius a as shown in Fig. 16.3. 

The gravitational field at the point P is the vector sum of the 
gravitational field Fo produced by the matter outside $o and produced 
by the matter inside so. That is, w^c write 

(15.14) Fp = Fo + F^ 

Now let us calculate V * Fp, that is, 

(15.15) V*Fp -= V-Fo + V-Fi 

But since Fo is produced by matter outside 5o, we have from (15.1 1) 

(15.16) V*Po = 0 
Hence we have 

(15.17) V Pp = V • F,- 

Consider the sphere of radius a, its mass 
is therefore equal to 

(15.18) m == -ffTTpa® 

Now as a tends zero, the intensity at 
is equal to 

(15.19) F. = 

in magnitude and in the direction of the inwardly drawn normal to the 
surface. 

By Gausses theorem, we then have * 

(15.20) lim JJJ(V • F^) dV - lim (V • F.O^a* 

a — K ) a — >0 

= lim JJF* • ds = lim (— irpa • 4ira2) 

a — »0 a — +0 

Hence, 

(15.21) V-Fp = V-Fi = -47rp 

But Fp = V7p 

Hence by (15.21) the equation satisfied by the potential in a region 
containing matter is 

(15.22) V^y = -4^p = V • F 

This relation is known as Poisson's equation. In view of (15.13) 
we see that we may take 



the surface of this sphere 
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(15.23) 1 11^ 

as a solution of Poisson’s equation.* 

Gausses Law of Gravitation. As a consequence of Poisson’s equation 
we may prove that the surface integral of the gravitational force F over 
a closed surface s drawn in the field is equal to — 47r times the total 
mass enclosed by the surface. 

To establish this, apply Gauss’s theorem to Eq. (15.22), we then 
have 

(15.24) F * ds = Iff. (V • F) di; = — 4ir Iff. p dv 

But fffpdif is the total mass enclosed by the surface s. This 
theorem has many applications in potential theory and in the theory 
of electrostatics. 

16. Maxwell’s Equations. The study of electrodynamics affords 
one of the most important applications of vector analysis. According 
to the modern point of view, by an electromagnetic field is understood 
the domain of the five vectors E, B, D, H, and J. These vectors satisfy 
the differential equations 


(16.1) 


(16.2) 

VXH-J+f 

(16.3) 

VB = 0 

(16.4) 

V • D = p 


and in a homogeneous isotropic medium we have the additional 
relations 

(16.5) D = XE 

(16.6) B = mH 

(16.7) J = (tE 

The above set of differential equations are the fundamental equa- 
tions of Maxwell written in a rationalized mks system of units. In this 
system of units we have 

E =» electric intensity (volts/meter) 

B == magnetic induction (weber/meter) 

D = electric displacement (coulombs/meter*) 

* For a more rigorous derivation of Poisson's integral, refer to O D. Kellogg, 
^^Foundations of Potential Theory,” J. Springer, Berlin, 1929. 
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H = magnetic intensity (amperes/meter) 

J = current density (amperes/meter 2 ) 
a = electric conductivity (1 /ohm-meter) 

K = KrKo = electric inductive capacity of the medium 
n = firiJLo = magnetic inductive capacity of the medium 
Kr = dielectric constant 
fXr = permeability 
Ko = 8.854 X (farad/meter) 

Mo = 47r X 10~^ = 1.257 X 10”® (henry /meter) 
p = charge density (coulombs/meter®) 

c = — = 2.998 X 10® meters/second 
V-KoMo 

The solution of electrodynamic problems depends on the solution of 
these equations in special cases. For example, we may discuss briefly 
the following special cases. 

Electrostatics and Magnetostatics. In the case that the field vectors 
are independent of the time and J = 0, we see that all the terms involv- 
ing partial derivatives with respect to time vanish and the electric 
vectors and magnetic vectors become independent of each other. We 
then have 


(16.8) 

V X E = 0 

(16.9) 

V • D = p 

(16.10) 

D = XE 

and 


(16.11) 

V X H = 0 

(16.12) 

VB = 0 

Since the curls of E and H vanish, we see that both these fields may 
be derived from potential factions. It is conventional to write 

(16.13) 

E = - VVb 

(16.14) 

H = - AF« 

where Vb and 
respectively. 

Fif are the electric and magnetic scalar potentials, 

In view of (16.9) and (16.12), we see that these potentials satisfy 

the equations 

(16.15) 

and 

V*F. = - 1 

(16.16) 

VWm = 0 
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That is, the electric potential satisfies Poisson^s equation and the 
magnetic potential satisfies Laplace’s equation. If the charge density 
p vanishes, then both Ve and Vm satisfy Laplace’s equation and the 
solution of electrostatic and magnetostatic problems reduce to the 
solution of this equation subject to the proper boundary conditions. 

17. The Wave Equation. Let us eliminate the magnetic intensity 
vector H from the Maxwell field equations. To do this, let us take the 
curl of both sides of Eq. (16.1), we then have 

(17.1) V X (V X E) = -M I (V X H) 

in view of the fact that B = pH and that the operators V X and d/dt 
are commutative. 

Equation (16.2) may be written in the form 


(17.2) 


VxIL=-(jE + K 


Substituting this into (17.1) and making use of the identity 

(17.3) V X (V X E) = V(V • E) - V^E 

we obtain 


(17.4) 




Now in view of (16.4), we have 


(17.5) 


V-E == -^ 


and it may be shown that in free space or in a conducting medium p is 
independent of the field distribution and may be taken to be equal to 
zero. Accordingly, the equation (17.4) becomes 


(17.6) 


\7217 IT -L 


As a consequence of (16.7) we also have 


(17.7) 




Eliminating E from the Maxwell equations, we also obtain 


(17.8) 


T72TT ir _L 


It is thuS'seen that the three vectors H, E, and J satisfy equations 
of the same form. 
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In free space, we have the conductivity cr = 0, and txr = Kr — 1, 
we then obtain 


(17.9) 


V»E = MoXo 


(17.10) 


V^H = MoX„ : 


If we let 


(17.11) c - 

We may write (17.9) in the form 


-n/mojKo 


(17.12) 


V^E = 


This equation is the general wave equation in vector form and 
is discussed in Chap. XVI. It is there shown that this equation governs 
the propagation of vai’ious entities, s\ich as electric waves, displace- 
ments of tightly stretched strings, deflections of membranes, etc. It 
will be shown that such disturbances are propagated with a velocity 
equal to c. 

The equations (17.9) and (17.10) are taken as the starting point 
in the theory of electromagnetic waves. In this case, c is the velocity 
of light in free space and is approximately 3X10^ meters per sec. 

18. The Skin-effect or Diffusion Equation. In metals, <r is of the 
order of 10^(l/ohm meter), and it may he seen that the term involving 
the second derivative in (17.7) may be neglected for frequencies of the 
order of 10’® cycles/scc and lower. In such a case, this equation 
reduces to 


(18.1) 




We thus see that the current density in metals satisfies an equation 
of the same form as is satisfied by the equation of heat flow in solids as 
given in Sec. 14. In the electrical engineering literature this equation 
is called the ‘^skin-effect^' equation. The solution of this equation in 
various special cases is considered in Chap. XVIII. 

PROBLEMS 

1. The point of application of a force F « (5, 10, 15) pounds is displaced from 
the point (1, 0, 3) to the point (3, —1, —6). Find the work done bf the force. 

2. Find the scalar product of two diagonals of a unit cube. What is the angle 
between them? 
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8. A force F acts at a distance r from the origin. Show that the torque L 
about any axis through the origin is L = (r X F) • a when a is a unit vector in the 
direction of the axis. 

4. Show that the lines joining the mid-points of the opposite sides of a quadri- 
lateral bisect each other. 

5. Show that the bisectors of the angles of a triangle meet at a point. 

6. What is the cosine of the angle between the vectors 

A = 4i -f 6j + 2k 

and 

B « I - 2i + Sk 

7. Let r be the radius vector from the origin to any point and a a constant 
vector. Find the gradient of the scalar product of a and r. 

8 . A plane central field A is defined by A = rF(r). Determine F(r) so that the 
field may be irrotational and solenoidal. 

9. A central field A in space is defined by A = rF(r). Determine F(r) so that 
the field m,ay be irrotational and solenoidal. 

10. If r is a unit vector of variable direction, the position vector of a moving 
point may be written r = rr. Find by vector methods the components of the 
acceleration F parallel and perpendicular to the radius vector of a particle moving 
in the xy plane. 

11. Prove that the vector V4> is perpendicular to the surface <^(x,y, 2 ) =* const. 

12. Find Vu if u = log (x^ + 2/* + «*). 

18. Show that if r is the position vector of any point of a closed surface S, then 

fjl(tds) =37 

where V is the volume bounded by S, 

14. Show that a vector field A is uniquely determined within a region V 
bounded by a surface Sy when its divergence and curl are given throughout V and 
the normal component of the curl is given on S. 

15. With every point of a curve in space there is associated a unit vector t the 
direction of which is that of the velocity of a point describing the curve. This 

dt 

vector therefore has the direction of the tangent. Prove that f =0, where s 

ds 

is the length of the arc of the curve measured from a fixed point on it. What is the 

dt 

geometrical meaning of — ? 

ds 

16. The expression for (ds)* in parabolic coordinates is 

(ds)* = (w* -f v*)[(dw)* + (dv)*]w*!;*(d</>)* 

What is the form assumed by Laplace^s equation in these coordinates? 

17. Write the heat-flow equation in cylindrical and spherical coordinates. 

18. What form does the general wave equation take in cylindrical coordinates? 

19. Write MaxwelPs equations in cylindrical coordinates. 

20. Show that the potential due to a solid sphere of mass M and uniform 
density at an external point at a distance r from the center is M/r and, hence, that 
the gravitational intensity is ilf/r* toward the center. 

21. Show that the gravitational field inside a homogeneous spherical shell is 
aero. 
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22 . Find the potential inside a solid uniform sphere and the gravitational force 
inside the sphere. 
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CHAPTER XVI 

THE WAVE EQUATION 


1, Introduction. In this chapter, solutions of the so-called wave 
equation in simple cases will be considered. One of the most funda- 
mental and common phenomenon that occurs in nature is the phe- 
nomenon of wave motion. Wlien a stone is dropped into a pond, the 
surface of the water is disturbed and waves of displacement travel 
radially outward — when a tuning fork or a bell is struck, sound waves 
are propagated from the source of sound. The electrical oscillations 
of a radio antenna generate electromagnetic waves that are propagated 
through space. These varioius physical phenomena have something 
in common. Energy is propagated with a finite velocity to distant 
points and the wave disturbance travels through the medium that 
supports it without giving the medium any permanent displacement. 
We shall find in this chapter that whatever the nature of the wave 
phenomenon, whether it be the displacement of a tightly stretched 
string, the deflection of a stretched membrane, the propagation of 
currents and potentials along an electrical transmission line, or the pro- 
pagation of electromagnetic waves in free space, these entities are 
governed by a certain differential equation, the wave equation. This 
equation has the form 


( 1 . 1 ) 


d^u , ^ _ JL ^ 


where c is a constant having dimensions of velocity, t is the time, 
Xj y, and z are the coordinates of a Cartesian reference frame, and 
u is the entity under consideration, whether it be a mechanical dis- 
placement or the field components of an electromagnetic wave, or the 

currents or potentials of an electrical trans- 
mission line. 

2. The Transverse Vibrations of a 
Stretched String. The study of the oscil- 
lations of a tightly stretched string is a 
fundamental problem in the theory of wave 
motion. Consider a perfectly flexible string 
that is stretched between two points by a constant tension T so 

870 



Fia. 2.1. 
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great that gravity may be neglected in comparison with it. Let the 
string be uniform and have a mass per unit length equal to m. Let 
us take the undisturlxid position of the string to be the x axis and 
suppose that the motion is confined to the xy plane. Consider the 
motion of an element PQ of length ds as shown in Fig. 2.1. 

The net force in the y direction, Fy, is given by 

(2.1) Fy = {T sin B^) - {T sin Bi) 

Now for small oscillations, we may write 


( 2 . 2 ) 

(2.3) 

Hence we have 


-sin 02 == tan 02 
sin 01 = tan 0i 



By Taylor’s expansion, we have 


(2.5) 




js (f^y\ - 
^/x+dx \ BX/x Bx 

where we neglect terms of order dx^ and higher, 
into (2.4), } 


(’’ 2 ). 


dx -{-••• 

Substituting this 


( 2 . 6 ) 


Fyx.±(T^) 
^ dx\ dx) 


dx 


By Newton^s law of motion, we have 


(2.7) 

where mdx represents the mass of the section of string under con- 
sideration where we have written dx for ds since the displacement is 

small, ^ is the acceleration of the section of string in the y direction. 

We thus have 



as the equation governing the small oscillations of a flexible string. If 
the stretching force is constant throughout the string, we may write 



= T 


ax* 


m 


d<* 


(2.9) 
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or 

( 2 . 10 ) 


dx^ 


This is a special case of the general wave equation (1.1), w^here in 
this case we have 

(2.U) 

It is easy to show that the constant c has dimensions of (length/time) 
and hence the same dimensions as a velocity. 

3. D’Alembert’s Solution; Waves on Strings. We may obtain a 
general solution of (2.10) by a symbolic method in the following 
manner. If we write 


(3.i) D.-l. 

then Eq. (2.10) may be written symbolical!}^ in the form 


(3.2) 


dx^ 


{cDy-y 


Let us now treat Eq. (3.2) as an ordinary differential equation with 
constant coefficients of the form 


(3.3) * - 'a'v 
where 

(3.4) a = cZ>a; 

The solution of (3.3) if a were a constant is of the form 


(3.5) y = AiC®* + ^26”®* 

where Ai and are arbitrary constants. However, the equation (3.3) 
is formally satisfied by 


(3.6) y = e^^^^Fi{x) + e~^^^^F 2 (x) 

where since the integration has been performed with respect to t, 
instead of the arbitrary constants Ai and A 2 we have the arbitrary 
functions of x, Fi(x) and F 2 (x), To interpret the solution, we use the 
symbolic form of Taylor’s expansion as written in Chap. I. 

(3.7) 'e^^^F{x) ^ Fix + h) 

If we let 


(3.8) 


h ^ ct 
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Sec. 4] 
we have 

(3.9) = F,{x + ct) 

If we let 

(3.10) h = -ct 
we have 

(3.11) = F 2 {x - ct) 

Hence by (3.6), the general solution of the one-dimensional wave 
equation (2.10) is given 

(3.12) y(Xit) = Fi(x + ct) + F 2 (x — ct) 

Now if Fi{x + ct) is plotted as a function of it is exactly the 
same as Fi{x) in shape, but every point on it is displa(;ed a distance 
ct to the left of the corresponding point in Fi{x). The function 
Fi{x + ct) thus represents a wave of displacement of arbitrary shape 
traveling toward the left along the string with a velocity equal to c. 
In the same manner, it may be seen that F 2 {x — ct) represents a wave 
of displacement traveling with a velocity c to the right along the string. 
The general solution is the sum of these two waves. 

Consider a string t(‘ have one end fixed at the origin, and let the 
other end be a great distance away at x = s. Suppose that a wave of 
arbitrary shape given by 

(3.13) y=F(ct + x) 

is approaching the origin. At the origin the displacement must be 
zero for all time t; hence the reflected wave must have the form 

(3.14) y = -F(ct - x) 

since the sum of this and the original expression is zero at a: = 0 for all 
values of t This shows that the transverse waves in a stretched 
string are inverted by reflection from a fixed end. 

4. Harmonic Waves. Consider the expression 

(4.1) y = A C08 j = A cos ^2w - 0 j 

By plotting the expression as a function of x for successive values 
of ty it may be sho^n to represent an infinite train of progressive 
harmonic waves. It is seen that as t increases, the whole wave profile 
moves forward in the positive x direction with a velocity equal to c. 
The imve length, that is, the distance between two successive crests 



374 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XVI 


at any time is given by 

(4.2) X = cr 

The time that it takes a complete wave to pass a fixed point is 
called the 'period and is given by T. The frequency of the wave is 
denoted by / and is given by 

(4.3) / = i 

The wave number is the number of waves that lie in a distance of 
2t units /r is denoted by k and is given by the equation 

(4.4) * = ^ 

6. Fourier Series Solution. The general solution of the wave 
equation for the vibrating string shows clearly the wave nature of the 
phenomenon but is not very well suited for certain types of physical 
investigations. Consider a string fastened at a: = 0 and a? = 5 to fixed 
supports, and let us suppose that at i = 0 we are given the displace- 
ment and velocity of every point of the string. That is, we stipulate 
that 

= Voix) 

I - '•(*) 

where yo{x) and Vo{x) are the initial displacement and velocity of the 
string, respectively. We then wish to determine the subsequent 
behavior of the string. To do this, let us assume a solution of the form 

(5.2) y{x,t) = e?"*t;(x) j == V— 1 

where i;(x) is a function of x alone and w is to be determined. We thus 
have 

d^y 
dP 


(5.3) 

(5.4) 


= — 


dx^ dx^ 


(5.6) 


On substituting these expressions into the wave equation 

3*j/ _ 1 


dx* c* 


it becomes, after some reductions, 




(!)■-« 


(5.6) 
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This ordinary differential equation has the solution 

B cos 3^ 

However, since the string is fastened at x = 0 and at x == s, we 
have the boundary conditions 


(5.7) 


J . /w \ 

v = A sin I - X I 


+ 


(5.8) 


i; = 0 


at X = 0 
at X = 8 


The first condition leads to 


(5.9) B = 0 
The second condition gives 

(5.10) 0 = A sin 

Since we are looking for a nontrivial solution, A 0, therefore 

(5.11) sin^y^=0 

This transcendental equation leads to the possible values of w. 
Therefore we have 


(5.12) 

0)S J 

— = kv 
c 

A = 0,l,2,-- 

or 



(5.13) 

kwe 

* = 0, 1, 2, • ■ 

(Ok = 

8 


where we have labeled w* the value corresponding to the particular 
value of k. For each value of fc, we may write in view of (5.7) and 
(5.9) the equation 

(5.14) - Ak sin 

As a consequence of (5.2), we have for every value of k the solution 


(5.15) 


yh = sin 



Ah arbitrary 


This expression satisfies the wave equation (5.5) and the boundary 
conditions (6.8). Since the real and imaginary parts of (5.5) satisfy 
the wave equation and the equation is linear, we may write 



376 MATHEMA TICS FOB ENGINEERS AND PHYSICISTS [Chap. XVI 


(5.16) j/ib = cos + I>k sin ^ j sin {~^ 

where Ck and Du are arbitrary constants. 

By summing over all the values of k, we can construct a general 
solution of the form 

(5.17) 2/ = 2) 2/* = 2 (- 7 -) + (^)] ■ (^) 

A; *=» 1 A: = 1 

The arbitrary constants Ck and Dk must now be determined from 
the initial conditions (5.0). 

We thus have at ^ = 0 


A:* ee 


(5.18) 


yoix) = ^ Ck sin 

A:*l 


This requires the expansion of an arbitrary function, yo{x)f the 
initial displacement into a series of sines. To obtain the typical 
coefficient C,, we multiply both sides of (5.18) by the expression 


(5.19) 


sm 


(?) 


dx 


and integrate from x — 0 to x = s. 
We then have 


(5.20) yo(x) sin ^ ^ Jq ^ 

If we now make use of the result, 

(5.21) sin(^)sin(^)^ = || 


if A; 5*^ r 
if k = r 


then (5.20) reduces to 


(5.22) 
or 

(5.23) 


yo{x) sin (~^ dx = | Cr 


C, 


7, = I ^ yo{x) sin dx r = 1, 2, 3, 


This determines the arbitrary constants Ck in the general solution 

(5.17). To determine the arbitrary constants Dk, we make use of the 
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dy 

second initial condition (5.1). We then have on computing from 

ot 

(5.17) and equating the result to zero 

(5.24) Vb{x) = ^ Dk sin 
Proceeding in the same manner, we obtain 

(5.25) Dr = ^ j ^foix) sin dx r = 1, 2, • • • 
for the Dk coefficients. 

From (5.23) and (5.25) we see that if the string has no initial 
velocity the Dk constants are all zero, while if the string has no initial 
displacement all the Ck coefficients are zero. 

Each term of (5.17) represents a stationary wave, the wave lengths 
are given by 2s/n, where n is any integer. The frequency or number 
of periods per second, of the funda- 
mental note, is given by 

(5.26) 

and the frequency of the harmonics, as the other terms are called, is 
given by 

(5.27) ’•-2.3, ••• 

As an example of the application of Eqs. (5.23) and (5.25), let us 
consider the case of a string that is plucked at its mid-point as shown 
in Fig. 5.1. 

In this case, we have the initial conditions 

(5.28) Vo{x) = 0 
Hence by (5.25) we have 

(5.29) Dr = 0 r - 1, 2, 3, • • • 

The initial displacement yo{x) is given by 

(6.30) yo(x) = 0 < a; < I 

Voix) = ^(s-t) |<a:<s 

Substituting the analytical expression for the initial displacement into 



i/', 

X-O X-8 

Fia. 5.1. 
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Eq. (5.22), we obtain 


(5.31) Cr = l 



On carrying out the integrations, we obtain 


(5.32) 




if r is odd 


Substituting these results into (6.17) we obtain the following 
expression for the displacement of the string on being released from the 
initial position given by Fig. 5.1: 


(6.33) y 


1 . / 3wx\ ( SttcA ] 

5 "“(t) • ■ J 


It is thus seen that no even harmonics are excited and that the 
second harmonic has one-ninth the amplitude of the fundamental. It 
is shown in treatises on sound that the energy emitted by an oscillating 
string as sound is proportional to the square of the amplitude of the 
oscillation. It is thus evident that in this case the fundamental tone 
will appear much louder than the harmonic tone. 

6* Orthogonal Functions. In the last section a general solution 
of the wave equation of the vibrating string was constructed by 
assuming a solution of the form 


(6.1) 2/(a^,0 = e^"*t^(a:) 

This assumption, on substitution into the one-dimensional wave 
equation, led to the ordinary differential equation 


( 6 . 2 ) + = 0 

where i is given by 

(6.3) ft « ^ 


The general solution of (6.2) may be written in the form 

(6.4) V — A sin kx + B cos kx 

Every solution of this form is perfectly acceptable as far as the 
differential equation is concerned, but it does not describe the behavior 
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of the string. This solution permits the ends of the string to vibrate, 
whereas the physical condition of the problem requires these to be 
fixed. It is thus necessary to impose the following boundary condi- 
tions upon the solution (6.4) : 

(6.5) v(0) - 0, v{s) = 0 

The boundary conditions may, of course, be satisfied by placing 
A = 0 and B = 0, but this would lead to the trivial and unwanted 
solution w = 0 everywhere. Hence, there is left only the arbitrary 
constant B for adjustment. It must be taken to be zero in order to 
satisfy the first condition of (6.5). However the function 

(6.6) i; = A sin kx 

will not satisfy the second condition of (6.5). The problem can be 
solved only if we are willing to prescribe only certain values to the 
undetermined constant k. If sin ks must be zero, then k must be 0, or 
tt/s, 2ir/s, * • * nw/s. The value /b = 0 is rejected because it leads to 
the trivial solution u = 0. 

The permissible value of k 



are called eigenvalues^^ in the modem literature of mathematical 
physics. To each eigenvalue, there corresponds an “eigenfunction.^' 

(6.8) Vn = An sm I — 1 

The eigenfunctions under consideration have two important 
properties: they are (1) orthogonality and (2) completeness. 
Orthogonality means 

(6.9) i: Vn{x)vm{x) (fx = 0 U n jA m 

The word comes originally from vector analysis where two vectors 
A and B are said to be orthogonal if 

(6.10) A • B = + AyBy + = 0 

In the same manner, vectors in n dimensions having components 
Aij Bi (i « 1, 2, • • • n) are said to be orthogonal when 

Y AiBf - 0 


( 6 . 11 ) 
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Imagine now a vector space of an infinite number of dimensions in 
which the components and B* become continuously distributed. 
Then i is no longer a denumerable index but a continuous varieble (x) 
and the sealer product of (6.11) turns into 

(6.12) A(x)B(x) dx = 0 

In this case the functions A and B are said to be orthogonal. The 
idea of orthogonality is indefinite unless reference is made to a specific 
range of integration which in the present case is from 0 to s. The fact 
that the eigenfunctions (6.8) are orthogonal may be verified at once 
since we have 

(6.13) Vn{x)Vm(x) dx = AnAm Sill siu dx = 0 

li n 7 ^ m 

If n = m, we have 

(6.14) «*(x) dx = sin* dx- = ^Al 

We now turn to the notion of completeness, A set of functions is 
said to be complete if an arbitrary function S{x) satisfying the same 
boundary conditions as the functions of the set can he expanded as 
follows: 

(6.15) fix) = ^ AnVnix) 

n — 1 

where the An quantities are constant coefficients. In the present 
discussion, Eq. (6.15) is equivalent to the theorem of Fourier discussed 
in Chap. III. 

Oscillations of a Hanging Chain. Let us 
i \ consider the small coplanar oscillations of a uniform 
j \ flexible string or chain hanging from a support under 
I I the action of gravity as shown in Fig. 7.1. We consider 

./J only small deviations, from the equilibrium position; 

^ / xis measured from the free end of the chain. Let it be 

/ required to determine the position of the chain 

Fig. 7,1. (7.1) y = yixf) 

where at ^ ~ 0 we give the chain an arbitrary displacement. 

(7.2) y = y^ix) 

In this case, the tension T of the chain is variable and hence Eq, 
(2.8) governs the displacement of the chain at any instant. Accord- 
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dx 


(^s)- 


m 


dt^ 


where m is the mass per unit length of the chain. In this case, the 
tension T is given by 

(7.4) T ^ mgx 

Hence we have 


(7.5) 


dx 




m 


d^y 

di^ 


Or differentiating and dividing both members by the common factor m 
we have 

(7.6) T 2 + ^ = “ 

dx^ dx g dt^ 

As in the case of the tightly stretched string, let us assume 

(7.7) y{x,t) =jB'^t;(x) 

Substituting this into (7.6), we obtain 


(7.8) 


. dv , ^ 

*S» + E + 7’-" 


This equation resembles Bessel’s differential equation [Chap. 
XIII, Eq. (9.6)]. The change in variable 


(7.9) 

reduces (7.8) to 

(7.10) 


Z* = 






whose general solution is 

(7.11) t; = AJoiZ) + BYoiZ) 

In order to satisfy the condition that the displacement of the string y 
remain finite as a; = 0, we must place 

(7.12) B = 0 

Accordingly, in terms of the original variable n, we have the 
solution 

(7.13) V = AJo(^^ 
for the function v. 
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So far, the value of co is undetermined. In order to determine it, 
we make use of the boundary condition 

(7.14) V ==0 at a; * 8 . 

This leads to the equation 

(7.15) 0 = AJo 

Now for a nontrivial solution, A cannot be equal to zero, and hence 
we have 

(7.16) Jo(2co^=0 
If we let 

(7.17) ^ = 

we must find the x-oots of the equation 

(7.18) Jo(u) = 0 

If we consult a table of Bessel functions,* we find that the zeros 
of the Bessel function Jo(u) are given by the values 

2.405, 5.52, 8.654, 11,792, etc. 

Accordingly, the various possible values of w are given by 



(7.19) 


2.405 !g 

2 yjs 


0)2 


5.52 fg 

2 yjs 


0 )$ 


8.654 

2 



To each value of w, we associate a characteristic or eigenfunction 
Vn of the form 


(7.20) 



Since the real and imaginary parts of the assumed solution (7.7) 
are solutions of the original differential equation, we can construct a 
general solution of (7.6) satisfying the boundary conditions by sum- 
ming the particular solutions corresponding to the various possible 
values of n in the manner 


(7.21) y{x,t) 


n«»l 


(^■^D 


(An COS Oint + Bn SiU wj) 


^ See for example, N. W. McLachian, Bessel Functions for Engineers,” 
Oxford University Press, New York, 1934, 
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where the An and Bn quantities are arbitrary constants to be deter- 
mined from the boundary conditions of the problem. In the case 
under consideration, there is no initial velocity imparted to the chain; 
hence 

<'■“> (f),.. - » 

This leads to the condition 


(7.23) 

At < = 0, we have 

(7.24) 


Bn^O 



n*l 


That is, we must expand the arbitrary displacement yo{x) into a series 
of Bessel functions of zeroth order. To do this, we can make use of 
the results (12.17) and (12.20). of Chap. XIII. It is there shown that 
an arbitrary function of F{x) may be expanded in a series of the form 


(7.25) F(z) = ^ AnJo(UrJS) 

n-l 

where the Un quantities are successive positive roots of the equation 

(7.26) Jn{u) = 0 

The coefficients An are then given by the equation 


(7.27) 


I =_2_ r 

” JIM jo 


zJ o{Uriz)F{z) dz 


To make use of this result to obtain the coefficients of the expansion 
(7.24), it is only necessary to introduce the variable 


(7.28) 



In view of (7.17) and (7.18), Eq. (7.24) becomes 


(7.29) j/oCx) = yo(.8z*) = F(z) = ^ o(MnZ) 

n — l 

This is in the form (7.25), and the arbitrary constants are deter- 
mined by (7.27). 

The determination of the possible frequencies and modes of oscilla- 
tion of a hanging chain is of historical interest. It appears to have 
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been the first instance where the various normal modes of a continuous 
system were determined by Daniel Bernoulli (1732). 

8. The Vibrations of a Rectangular Membrane. As another 
example of leading to the solution of the wave equation, let us consider 
the oscillations of a flexible membrane. Let us suppose that the 
membrane has a density of m grams per sq cm and that it is pulled 
evenly around its edge with a tension of T dynes per cm length of edge. 
If the membrane is perfectly flexible, this tension will be distributed 
evenly throughout its area, that is, the material on opposite sides of 
any line segment dx is pulled apart with a force of T dx dynes. 

Let us call u the displacement of the membrane from its equilibrium 

position. It is a function of time and 
of the position on the membrane on 
the point in question. If we use rec- 
tangular coordinates to locate the 
point, u will be a function of Xj y, and 
L Let us consider an element dx dy of 
the membrane shown in Fig. 8.1. 

If we refer to the analogous argument of Sec. 2 for the string, we 
see that the net force normal to the surface of the membrane due to the 
pair of tensions T dy is given by 

The net normal force due to the pair T dx by the same reasoning is 

( 8 . 2 ) 

The sum of these forces is the net force on the element and is equal 
to the element of the mass times its acceleration. That is, we have 



Dividing out the common term of both members of this equation, 
we obtain 

d^u , _ 1 d^u 



^Tdx 



Fig. 8.1. 


(8.4) 
where 

(8.5) 
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The equation (8.4) is the wave equation for the membrane. Let 
us consider the oscillations of the rectangular membrane of Fig. 8.2. 
Let us assume that 


( 8 . 6 ) u = v(Xjy)e^^^ 

On substituting this assumption into (8.4) and canceling common 
factors, we obtain 


(8.7) 
where 

( 8 . 8 ) 


dH . d^v 
dx^ dy^ 


+ k^v = 0 


/c2 = 



2 


Let us now assume 


( 8 . 9 ) 


vi^,y) = Fi(x)F2{y) 


that is, that v is the product of two functions, a function only of x and 
the other one only of y. If we substitute this into (8.7), we obtain 

( 8 . 10 ) F,^+Fr = 0 

This equation may be written in the form ^ ^ 


( 8 . 11 ) 


1 dWi 
Fi dx^ 


1 

f-’s dy^ 


- 


a X 

Fig. 8.2. 


Now the first member of Eq. (8.11) is a function of x only, while 
the second member is a function of y only. Now a function of y 
cannot equal a function of x for all values of x and y if both functions 
really vary with x and y, so that the only possible way for the equation 
to be true for both sides to be independent of both x and y is for it to be 
a constant. Let us call this constant we then have 


( 8 . 12 ) 


El dx^ 


1 dWi 

F2 dy^ 


— fc® = — 


We thus obtain the two equations 


( 8 . 13 ) 
and 

( 8 . 14 ) 


dWt 

dx^ 


+ = 0 ’ 


dWt 

dy^ 


+ q^Fi = 0 
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(8.15) - (k^ - m*) 

Now since the membrane is fastened at the edges x == 0, x — a, 
y - Oj y — bj the solutions of Eq. (8.13) must vanish at a: = 0, and 
X = a, while the solution of Eq. (8.14) must vanish at y = 0, y = 6. A 
solution of (8.13) that vanishes at 0 is 

(8.16) Fi = Aisinmx 

In order for this to vanish at x = a, we must have 


(8.17) 

ma = nr 

11 

JsS 

or 



(8.18) 

nv 

m = — 
a 



A solution of Eq. (8.14) that vanishes at y = 0 is 
(8.19) Fa = A 2 sin (qy) 

In order for this solution to vanish at 


(8.20) 

II 

we must have 


(8.21) 

qb — nr 

Hence 


(8.22) 

II 


Now from (8.15) we have 
(8.23) = (m* + g*) = X* (j; + g) 

Hence the possible angular frequencies are given by 


(8.24) 



Substituting (8.16) and (8.19) into (8.9), we obtain 


(8.25) vix,y) = AiAi sin sin 

Since the indices r and n may take positive integral values and 
A I and At are arbitrary, we may write instead of (8.28) the functions 
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. . (rvK^ . /m/\ 

r)n,r = An,r Sin I — j SIH I I 

If the membrane is excited from rest with an initial displacement 
u^{x,y) and with no initial velocity, we retain the real part of (8.6) and 
construct a general solution by summing over all possible values of 
n and r. We thus obtain 
00 00 

(8.27) “ “ ^ ^ 

n»=l r=»l 

We are now confronted with the question of expanding the function 
uoix^y) into the series 

00 00 

(8.28) Uo{x,y) = ^ ^ sin (~^ sin 

n B= 1 r * 1 

Let us first regard y as a, constant. In that case, uoix^y) can be 
expanded in the form 

00 

(8.29) ua{x,y)y.^u = ^ sin 

n»l 

where we have 

(8.30) An [ UoiXjy) sin ] dx 

After the integration with respect to x is performed and the limits 
substituted, regard as a function of y and let it be expanded in 
terms of sin (rry/b) by the series 

r* 00 

(8.31) A„ = ^ A„r sin 

r«l 

where 

(8.32) A^r = ^ dy j^ uo(x,y) sin sin dx 

This determines the arbitrary constants Ann the subsequent 
motion is given by (8.27). 

From (8.24) and (8.27) it is evident that if any mode is excited for 
which n or r is greater than unity we have nodal lines parallel to the 
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edges. It also appears that if the ratio a^/h^ is not equal to that of 
two integers, the frequencies are all distinct. However, if a^/b^ is 
commensurable, some of the periods coincide. The nodal lines may 
then assume a great variety of forms. The simplest example is the 
square membrane; in this case wc have 

(8.33) ^ (n» + r®) 


for the squares of the angular frequencies. 

9. The Vibrations of a Circular Membrane. In the case of the 
circular membrane, we naturally have recourse to polar coordinates 
with the origin at the center. In this case, the equation of motion 
deduced in Sec. 8 must be transformed from Cartesian to polar 
coordinates. We may write the basic equation of motion of the 
membrane in the form 


(9.1) 




1 d^u 
dt^ 


where in this case is the Laplacian operator in two dimensions. To 
write this equation in polar coordinates, it is only necessary to write 
the invariant quantity in polar coordinates. Using Eq. (12.20) 
of Chap. XV, we have 


(9.2) 



I ^ 

7^ 60 2 


Accordingly, the wave equation for the membrane becomes in this 
case 


(9.3) 


16 / 6 ^\ , 1 d^u __ _1 6 ^ 

rdryTr/'^F^'^ ~ 7^ W 


Let us consider the symmetrical case where the motion is started 
in a symmetrical manner about the origin so that the displacement n 
is a function only of r and t and independent of the angle 6. This 
is the case of symmetrical oscillations about the origin. Since in this 
case we have 


(9.4) u = u{rfy 

Eq. (9.3) becomes 

ram = 

r dr \ dr ) dt^ 

Let us now study the symmetrical oscillations of a circular mem- 
brane of radius a that is given an initial displacement Uair) at ^ — 0. 
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In this case we have to find a solution of (9.5) that vanishes at r = a 
and has the initial value UQ{r) at i = 0. As in the above examples, let 
us assume a solution of the form 


(9.6) 

u = i;(r)e^"^ 

Substituting this assumed form of the solution 
on dividing out the factor 

(9.7) 


On carrying out the differentiation, we have 

(9.8) 

dh ,dv ( wV 
'W + dr + \c) 

or 


(9.9) 

dr^ T dr 

where 


(9.10) 

II 


Equation (9.9) is an equation of the form discussed in Sec. 9 of 
Chap. XIII. Its general solution is 


(9.11) i; = A Jo(/cr) + BY,{kr) 

where A and B are arbitrary constants and Jo and Fo are the Bes- 
sel functions of the zeroth order and of the first and second kind, 
respectively. 

Since the amplitude of the oscillation is finite at the origin, we must 
have 


(9.12) B = 0 

We must now satisfy the condition that the amplitude of the 
oscillation must vanish at r = a. Hence we must have 


(9.13) 0 = AJo(/ca) 

For nontrivial solutions, A cannot be equal to zero, hence we must 
have 


(9.14) 0 = Jo(fca) 

From a table of Bessel functions, we find that Eq. (9.14) is satisfied 
if {ka) has values 2.404, 5.520, 8.653, 11.791, 14.93, etc. Accordingly, 
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the fundamental angular frequency is given by 


(9.15) 




(2.404)C 

a 


The other possible angular frequencies are given by the above 
numbers multiplied by (c/a). It is thus seen that there are an infinite 
number of natural frequencies possible, but these frequencies are not 
harmonics of each other as is the case of the vibrating string. By 
summing over all the possible values of w, we may construct a general 
solution of (9.5) that satisfies the boundary condition at the periphery 
of thg membrane and the initial condition that at i = 0 the membrane 
has no initial velocity and an arbitrary initial displacement Wo(r). 
We thus obtain 


n=» 00 

(9.16) ^ ~ ^ 

n «= 1 


Now at i = 0, we have 

(9.17) u = uo{r) 

Accordingly, we must expand an arbitrary function Uoir) in a series 
of the form 

(9.18) 


n= 00 

«o(r) = ^ 


To determine the arbitrary constants A„, we may use Eq. (12.20) 
of Chap. XIII. We thus obtain 

2 

— / “ / ^\ 

Uo(r) dr 


(9.19) 


A, 




When these values of the constants An are substituted into (9.16), 
we obtain the subsequent displacement of the membrane. 








A Ax— ♦{eU -f B 

* 1 .,. 

Fio. 10.1. 

10, The Telegraphist’s or Transmission-line Equations. In this 
section we shall consider the flow of electricity in a pair of linear con- 
ductors such as telephone wires or an electrical transmission line. 

Consider a long imperfectly insulated transmission line as shown 
in Fig. 10.1. 
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Let us consider that an electric current is flowing from the source 
A to the receiving end B in the direction shown in the figure. Let the 
distance measured along the length of the cable be denoted by x; then 
both the current i and the potential difference between the two wires e 
are functions of x and L Denote the resistance of the wires per unit 
length by /2, the conductance per unit length between the two wires 
by Gf the capacitance of the two wires per unit length by C, and the 
inductance per unit length by L. 

Now consider an element of the transmission line of length Ax, If 
the electromotive force at the point x is e{Xyt)j then if we compute the 
potential drop along an element of length AXj we have 

(10.1) e{Xjt) — iR Ax + L + e(x + Ax,t) 

However, by Taylor’s expansion, we have 

(10.2) e{x + Ax,<) = e{Xjt) + ^Ax + • • • 

where we neglect terms of higher order. Substituting this into (10.1), 
we have 

(10.3) +/,!•) 

If we denote by i{Xyt) the current entering a section of length Ax 
and by i{x + AXjt) the current leaving this element, we have 

Bp 

(10.4) i{Xjt) - eG Ax + Ax + i{x + AXyi) 

where eG Ax is the current that leaks through the insulation and 
Be 

C Ax is the current involved in charging the condenser formed by 
at 

the proximity of the two conductors forming the transmission line. 
By Taylor’s expansion, we have 

(10.5) iix + Ax,t) = i{x,t) + ^ Ax + • • • 

where we neglect higher order terms. Substituting this into (10.4), 
we obtain 

<>«•«> -S-(«« + ^s) 

Equations (10.3) and (10.6) are simultaneous partial differential 
equations for the potential difference and the current of the transmis- 
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sion line. To eliminate the potential difference, we take the partial 
derivative of (10.6) with respect to x. We then obtain 


(10.7) 


dH 

dx^ 



We then substitute the value of — given by (10.3) into (10.7) and 
thus obtain 




In the same manner, we have, on eliminating the current 
( 10.9) ~ + + 


Equations (10.8) and (10.9) are sometimes known as the telephone 
equations since they are used in discussing telephonic transmission. 

In many applications to telegraph signaling, the leakage G is small 
and the term for the effect of inductance L is negligible, so that we 
may place 

(10.10) G = L 

The equations then take the simplified form 


( 10 . 11 ) 

and 

( 10 . 12 ) 


^ 

dt 


dx^ dt 


These are known as the telegraph or cable equations. 

For high frequencies, the terms in the time derivatives are large, 
and some, qualitative properties of the solution may be found by 
neglecting the terms for the effect of leakage and resistance in com- 
parison with them. On placing 


(10.13) 

the equations become 


(? = 22 = 0 
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= 1 

then we see that in this case both the current and the potential differ- 
ence between the lines satisfy the one-dimensional wave equation 


(10.17) 


d^u _ 1 d^u 
^2 "" j ;2 -^2 


This equation has the same form as that governing the displace- 
ment of the tightly stretched oscillating string. We thus see that a 
transmission line with negligible resistance and leakage propagates 
waves of current and potential with a velocity equal to l/\/LC. The 
study of Eqs. (10.3) and (lO.G) is fundamental in the theory of elec- 
trical power transmission and telephony. 

The Distortionless Transmission Line. A very interesting special 
case occurs when the parameters of the transmission line satisfy the 
relation 


(10.18) 


R 

L C 


The amount of leakage indicated by this equation is reduced by 
increasing the inductance parameter L. A line having this relation 
between its parameters is called a distortionless line. This type of line 
is of considerable importance in telephony and telegraphy. To 
analyze this special case, let 

(10.19) a2 = RG 
Now we have 

(10.20) RC LG 
Hence 


(10.21) R^C^ = {LG){RC) = {RG){LC) 

But 

(10.22) (i<? + /ec) = 2RC = y 


Hence, Eq. (10.9) in this case becomes 
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Let us now introduce the variable y{Xjt) defined by the equation 

(10.24) eixfy = 

If we perform the indicated differentiation and substitute the 
results into (10.23), we obtain after some reductions 


(10.25) 


dx^ dt^ 


This is a one-dimensional wave equation in y, and its general 
solution is 

(10.26) y = F{x — vt) + G{x + vt) 

where F and G denote arbitrary functions of the arguments (x — vt) 
and (x + vt), respectively. Now 

(10.27) av = (RC)v^ = ^ 

hence in view of (10.24) w’e have 

_njt 

(10.28) * e{x,t) == e ^F{x — vt) + G{x + vt) 

We thus see that the general solution of (10.9) in this case is given 
by the superposition of two arbitrary waves that travel without 
distortion to the left and to the right along the line with velocity of v 

but with an attenuation given by the factor e ^ . 

Line without Leakage, In most practical power transmission lines, 
the insulation between the line wires is so good that the leakage con- 
ductance coefficient G may be taken equal to zero. In such a case, the 
equations for the potential and current of the transmission line become 


(10.29) g 

(10.30) g 
To solve (10.30) we let 




(10.31) 


i 


= ye 


Ei 

2L 


Making this substitution in (10.30), we obtain after some reduc- 
tions 


1. ^ 

v^ dt^ v^ ^ 


(10.32) 


dx^ 
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Now let 




(10.33) 

z — a * 

X^ 


we have 



(10.34) 

d^y _ d^y / dzV 
dx^ dz^ \dx/ 

, dy dH 
dzW^ 


(10.35) 

d^y _ d^y (dzV 
dt^ dz^\dt) 

, dy dH 


On substituting 

these expressions 

for and 

dx^ 

in (10.32), we 

obtain after some reductions 



(10.36) 

d}y Idy 
dz^ z dz 

2/ = 0 



This equation is the modified Bessel differential equation of the zeroth 
order discussed in Sec. 10 of Chap. XIII. Its general solution is 

(10.37) y = AI,(z) + BK,(z) 

where Iq{z) and K(s{z) are modified Bessel functions of the zeroth order 
of the first and second kind and A and B are arbitrary constants. 
Since the function -K’o(z) does not remain finite at z = 0, we must have 
B = 0. Hence the solution for the current is 

(10.38) i = c‘’2MJo(z) 

The constant A must be determined from a knowledge of the initial 
conditions of the transmission line. 

The Steady-state Solution. Let us 
consider the transmission line shown Egtxmurt 
in Fig. 10.2. In this case, we consider 
the effect of impressing a harmonic 
potential difference of the form Eg cos 
(«0 at one end of the line. This case is of great importance in power 
transmission and in communication networks. 

In this case, we impress on the line at x = 0 a potential difference 
of the form 

(10.39) Eg cos wi == Re (£?^e»"0 
where Re denotes the “real part of.’' 

To solve Eqs. (10.3) and (10.6) in this case, we assume a solution of the 
form 


I'M) 



Fig. 10.2. 


(10.40) 


e(Xjt) Re [E{x)e^^*] 
i(Xyt) = Re [/(a;)e'"^] 
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We now substitute these assumed forms of the solution in (10.3) 
and (10.6) and drop the lie sign, remembering that to get the instan- 
taneous potential dilference e(x,0 and the instantaneous current t*(x,0 
we must use Eqs. (10.40). On substituting the above assumed form 
of the solution into (10.3) and (10.6) and dividing out the common 
factor we obtain 


(10.41) 


dx 

(U 

dx 


+ (7?+icoL)7 = 0 
+ (G+jcC)E = 0 


^ 

Y =^G+jo}C 


It is convenient to introduce the notation 

(10.42) 

In this case, the Eqs. (10.41) value to 
I dE 

(10.43) 


dx 
(U 
\ dx 


+ ZI = 0 
+ YE - 0 


We may eliminate E and I by differentiating each equation with 
respect to x and substituting either ^ from the other. We thus 
obtain 

dx^ 

(PI 
dx^ 

where 
(10.45) 

These equations are linear differential equations of the second order 
with constant coefficients, and their solutions are 


(10.44) 


= am 
= a^I 

ZY 


(10.46) 


E(x) = Aie-^^ + 712^“^ 
llx) = 


The evaluation of the arbitrary constants (Ai, A 2 , Bi, B 2 ) requires 
a knowledge of the terminal conditions of the transmission line. The 
evaluation of these arbitrary constants in the case of general terminal 
conditions is straightforward but rather tedious.^ 


^See, for example, E. A. Guillemin, “Communication Networks,” Chap. II/ 
John Wiley & Sons, Inc., New York, 1935. 
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To illustrate the genera] procedure, let us consider the case of a line 
short-circuited at a: = s, as shown in Fig. 10.3. 

iixjt) 

jc-0 

Fia. 10.3. 

In this case, we have the boundary conditions 

(10 47) I 

I E{s) = 0 

These boundary conditions lead to the two simultaneous equations 
in the arbitrary constants Ai and A 2 


(10.47) 


(10 48) { Ai + A 2 Eg 

Solving for Ai and yl 2 and substituting the results into (10.46), we 
obtain 


(10.49) 




This result may be written more concisely in terras of hyperbolic 
functions in the form 


(10.50) 


E(x) = 


Eg sinh a(s — x) 


^ ^ " ^ sinh as 

We may obtain I{x) directly from (10.43) in the form 

(10.61) /(x) = -4^ 


Z dx 

Z sinh as 


If we introduce the notation 

(10.52) Z„ = .Jl 

then (10.51) may be written in the form 

Since a is in general complex, we see that E{x) and Hx) are complex 
functions of x. To obtain the instantaneous potential e{x,t) and 
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current we must use Eqs. (10.40). An interesting physical 

significance of the solution may be obtained by considering an indefi- 
nitely long line. Since in general a is a complex numter, we may write 

(10.54) a — ai+ ja^ 

In this case, the arbitrary constant A 2 in (10.46) must be equal to zero, 
since if it were not, the absolute value of E(^x) would increase indefi- 
nitely. Hence in this case we have 

(10.55) E{x) = Ege-^^ = Ege^^^^ • 

since E{0) = Eg 

The instantaneous potential is then given by (10.40) in the form 

(10.56) e{x,t) = Re {Ege-^^e^-*) 

= Ege~^*^ cos {(at — 

That is, as we travel along the infinite line, the potential is diminished 
by the factor e"®** and a phase difference a^x is introduced. In this 
case we have 

(10.57) I{x) = ^ e-“* 

Aid 

and the instantaneous current is given by (10.40). If there is no 
dissipation of energy along the line, then J? = 0, G = 0; hence 

(10.58) a = VLC 
or 

(10.59) tti = 0, a2 = w y/LC 

In this case, there is no attenuation of potential or current along 
the line, but we have 

(10.60) e{x,t) == Eq cos (a{t — x \/LC) 

This represents a harmonic wave having a phase velocity of 
Ify/LC, The current in this case is given by 

(10.61) i{x,t) = Eg cos a)(t — x y/LC) 

The study of more complicated boundary conditions may be 
undertaken in the same manner beginning from Eqs. (10,46). An 
excellent discussion of the general solution will be found in the above- 
mentioned reference. 
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PROBLEMS 


1. Find the form at time t of a vibrating string of length s, whose ends are 
fixed and which initially displaced into an isosceles triangle. The string is vibrating 
transversely, is under constant stretching force, and starts from rest. 

2. A transversely vibrating string of length s is stretched between two points 
A and B, The initial displacement of each point of the string is zero, and the 
initial velocity at a distance x from A is kx(8 — x). Find the form of the string 
at any subsequent time. 

3. The differential equation governing the displacement of a viscously 
damped string is 


dt^ 


dx^ 




Find the general solution of this equation when the string has an initial displace- 

4 

ment y « yo{x) and an initial velocity ~ ~ Vo(x) at i 0. 

ot 

4 . A square membrane is made of material of density m grams per sq cm and 
is under a tension of T dynes per cm. What must be the length of one side of the 
membrane in order that the fundamental frequency be Fo? What will be the 
frequencies of the two lowest overtones? 

6. A rectangular membrane is struck at its center, starting from rest, in such 
a way that at ^ 0 a small rectangular region about the center may be considered 

to have a velocity Vo, and the rest has no velocity. Find the amplitudes of the 
various overtones. 

6. Write the differential equation governing the displacement of the general 
oscillations of a circular membrane. Show that the allowed angular frequencies 
are determined by the equation 

Jn (a =0 n = 0, 1, 2, 3, . • . 


where Jn is the Bessel function of the first kind and nth order, a is the radius of 
the circular membrane, m the mass per unit area of the membrane, and T the 
tension per unit length. 

7. Show that the general solution of the differential equations governing the 
propagation of current and potential along a dissipationless transmission line 
R * 0, « 0 is 



where / and g are arbitrary functions. 

These solutions may be interpreted as a combination of two waves, one moving 
to the left and one moving to the right each with velocity lly/hG* 

8. Show that if we place Cr « 0, and L » 0 in the transmission-line equations, 
we obtain an equation of the form 

, , du 
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This is the differential equation governing the distribution of temperature in 
the theory of one-dimensional heat conduction. Discuss the analogy between 
the transmission line in this case and the one-dimensional heat flow. 

9 . Show that the small longitudinal oscillations of a long rod satisfy the 
equation 

d^U __ E d^U 
dP m 

where u is the displacement of a point originally at a distance x from the end of 
the rod, E is the modulus of elasticity of the rod, and m is the density. 

10 . Find the natural frequencies of vibration of a long prismatic rod of length 
density m, and elastic modulus which is fixed at a; = 0 and free at x - s. 

^1. Find the equation that determines the natural frequencies of vibration 
of the rod described above if the end x = 0 is fixed and the end a; == s is fastened 
to a mass M. 

12 . Starting with the differential equations of the dissipationless transmission 
line (R — Of G = 0) and that governing the oscillations of a long prismatic bar, 
show that there exists a close analogy between the electrical and mechanical 
systems. What is the electrical analogy of a long rod oscillating freely whose end 
at X = 0 is fixed and whose other end at x = s is free? 
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CHAPTER XVII 


SIMPLE SOLUTIONS OF LAPLACE’S 
DIFFERENTIAL EQUATION 


1. Introduction. Perhaps the most important partial differential 
equation of applied mathematics is the equation of Laplace 


( 1 . 1 ) 


= 


d^V d^v dH 

^2 + ;^2 + 


0 


As was shown in Chap. XV, if (x^y^z) are the rectangular coordi- 
nates of any point in space, this equation is satisfied by the following 
functions which occur in various branches of applied mathematics: 

а. The gravitational potential in regions not occupied by attracting 
matter. 

б. The electrostatic potential in a uniform dielectric, in the theory 
of electrostatics. 

c. The magnetic potential in free space, in the theory of magneto- 
statics. 

d. The electric potential, in the theory of the steady flow of electric 
currents in solid conductors. 

e. The temperature in the theory of thermal equilibrium of solids. 

/. The velocity potential at points of a homogeneous liquid moving 

irrotationally in hydrodynamical problems. 

In spite of the physical differences of the above subjects, the 
mathematical investigations are much the same for all of them. For 
example, the problem of determining the temperature in a solid when 
its surface is maintained at a given temperature is mathematically 
identical with the problem of determining the electric intensity in a 
region when the points of its boundary are maintained at given poten- 
tials. In this chapter, we shall discuss the solution of Laplace’s 
equation by the method of separation of variables. The method of 
conjugate functions will be discussed in Chap. XX. 

2. Laplace’s Equation in Cartesian, Cylindrical and Spherical, 
Coordinate Systems. In Sec. 12 of Chap. XV, the Laplace oper- 
ator V2 was expressed in general orthogonal curvilinear coordinates. 
From the results of that chapter, we have the following forms of 
Laplace’s equation. 


401 
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a. Cartesian Coordinates 

( 2 . 1 ) 


dh) dh) » 


h. Cylindrical Coordinates, Expressed in terms of the cylindrical 
coordinates of Fig. 2.1, it is 

(2.2) ^’"-fsVsj+F55r> + 5?-" 

c. Spherical Coordinates. Laplace^s equation expressed in the 
spherical coordinates of Fig, 2.2 is 


( 2 . 3 ) VV - i I (■■= If) + » H) + 


sin 6 d(l>^ 


0 


These are the most common coordinates usually encountered in 
practice. 




3. Two-dimensional Steady Flow of Heat. To illustrate the solu- 
tion of Laplace’s equation in a simple two-dimensional case, let us 
consider the following problem. 

Suppose we have a thin plate (Fig. 3.1) that is bounded by the 
lines re = 0, a; = s, and 2/ = « (Fig. 3.1). Let the temperature of the 

edge 2 / = 0 be constant with time and be 
given by F{x). Let the temperature on the 
other edge be always zero. We shall suppose 
that heat cannot escape from either surface 
^ of the plate and that the effect of initial con- 
* ditions has passed away. We assume that 
the temperature is everywhere independent 
of time. We wish to determine the temperature within the plate. 

The problem is one of steady two-dimensional heat flow. In Sec. 
14, Chap. XV, we found that the temperature distribution v inside a 
homogeneous solid satisfies the equation 
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(3.1) 




where A* is the diffusivity of the substance and is a constant. 
In the case under consideration, we have 


(3.2) 



since, by hypothesis, the temperature v does not depend on the time t. 
Equation (3.1), therefore, reduces to 


(3.3) 


V*t) = 




+ ?5!.o 


subject to the boundary conditions 


(3.4) 


„ = 0 1 i; = 0 

X = 0 \ x = s 


» = 0 
y = CO 


V = F(x) 
y = 0 


In order to solve Eq. (3.3), we try a solution of the form 


(3.5) 


V = Fi(x)Fi(y) 


where Fi(x) is a function of x only and Fi(y) is a function of y only. 
On substituting this ivjsumed solution into (3.3) and rearranging, we 
obtain 


1 dWx ^ _ 1 dWi 
Fi(x) cte* Fi dy^ 


Now a change in x will not change the right-hand member, and a 
change in y will not change the left-hand member. Hence each of the 
expressions of (3.6) must be independent of x and y and must, there- 
fore, be equal to a constant. Let us call this constant —A:*. Equation 
(3.6) then breaks up into two equations 


(3.7) 



and 


dy^ 


= k^Ft 


The variables are now said to be separated. This method of 
solving the partial differential Eq. (3.3) is called the method of separa- 
tion of variables. The equations (3.7) are linear equations with 
constant coefficients, and their solutions are 

fn I El = Cl cos kx -|- C 2 sin 

1 El = cic**' -f cic-** 

where the c’s are arbitrary constants. Substituting this into (3.5) we 
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have 

(3.9) V == (ci cos kx + C 2 sin kx)(cse^^ + 04 ^“**') 

— cos kx + B sin kx) + e^^{M cos kx + N sin kx) 

where B, M, and N are arbitrary constants. We must now adjust 
this solution in order to satisfy the boundary conditions (3.4). 

In the first place the temperature is zero when y is infinite. Hence 
we have 

(3.10) M = W = 0 

Now since v = 0 for x = 0, wc cannot have a cosine term in the 
solution, so A == 0. At rc = s, y = 0 for all positive values of y. 
Hence 

(3.11) B sin A;s = 0 
For a nontrivial solution, B = 0; lienee 

(3.12) sin = 0 

This equation determines the possible values of k. They are 

(3.13) k = — m = 0, 1 , 2, 3, • • ■ 

s 

Hence to each value of m there is a solution 

/o • rmrx 

(3.14) Vm ^ BmC « sm 

s 

where Bm is an arbitrary constant. If we take the sum of all possible 
solutions of the type (3.14), we construct the solution 


(3.15) 




Bme * sin - 


niTX 


We now only have to satisfy the condition v = F{x) at 2 / = 0. 
Placing 1 / = 0 in (3.15), we have 


(3.16) 


Fix) = 2 


Bm sin 


mrx 


i» = 1 


This is the half-range sine series for v as discussed in Chap. III. 
The coefficients Bm are given by 

(3.17) ^ (^) 
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Placing these values of the coeflSicients Bm in (3.15), we have the 
solution to the problem. 

Temperature Distribution of a Finite Plate. As a simple extension 
of the above problem, let us consider the distribution of temperature 
inside the plate of Fig. 3.2. The boundary conditions are 

V = 0\ t; = 0l t; = 0) = F{x) 

x^Oj 2/ = 0J x^sj y^h 

Starting with the solution (3.9), we see that again we cannot have 
any cosine terms present, and again the possible values of k are given 
by (3.13). We thus have 


(3.19) 


. mira: , . mirx 

• Btn Sin he* Nm sm 

s s 


— (c * Bfti *4" e * N m) sin 


Now at 2 / = 0, t; = 0, for 0 < a: < s; therefore 

(3.20) + or = -Nm 

Hence we can write the solution in the form 

(3.21) Vm - Cm sinli — ^ sin 

where Cm is an arbitrary constant. 

Summing over all possible values of m, we have 

W«" « 

( 3 . 22 ) , _ 2 

«*■“ 1 

Now at 2 / == A, we have 

«p 

(3.23) F{?^) = 2 

W-l 

This is a half-range sine expansion for F{x). Hence 

(3.24) Cm sinh ^ f F(x) sin dx 

8 S Jo \ 8 / 

or 

8 



Fig. 3.2. 
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If we substitute this value of Cm into (3.22), we have the solution to the 
problem. 

4. Cylindrical Harmonics. In its most general sense, the term 
“harmonic’’ applies to any solution of Laplace’s equation. However, 
the term harmonic is usually used in a more restricted sense to mean a 
solution of Laplace’s equation in a specified coordinate system. If we 
write Laplace’s equation in cylindrical coordinates and assume that v 
is independent of the coordinate 2 , we have from Eq. (2.2) 



We now attempt to find a solution of this equation of the form 
( 4 . 2 ) t; = Fi(e)F2{r) 


Substituting this in (4.1), we have 


( 4 . 3 ) 


Fr(e) d { dFA . F,{T) d’^F^{B) ^ 

r dr\dr/ dd^ 


Multiplying by and dividing by f if 2 , we have 


(4.4) 



+ r 


1 d^Fi 
Fi de^ 




where since the left side of the equation is a function of r alone and the 
right side is a function of 6 alone we conclude that both sides of the 
equation are equal to the same constant which we have called We 
thus have the two equations 


(4.5) 
and 

(4.6) 


dWi 

de^ 


+ nWi = 0 




dr^ 


dr 


The variables are now separated. The equation (4.5) is the well- 
known equation of simple harmonic motion. Its solution is 

(4.7) Fi — A cos n$ + B sin nd 

It is easily verified that the solution of (4.6) is 


(4.8) 
if n 5*^ 0. 


F% = Cr’* + Dr^ 
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If n = 0, we have the solutions 


(4.9) 


-Pi = Aod -f’ Bo 

Pa = Co In T Do 


where the Ay B, Cj D quantities are arbitrary constants. 

The number n is called the degree of the harmonic. The solutions 
of Laplace's equation in cylindrical coordinates when v is independent 
of the coordinate z are called circular harmonics. Circular harmonics 
are of extreme importance in the solution of two-dimensional problems 
having cylindrical symmetry. 

The circular harmonics are then 


. I Vo = (^ 0 ^ + Bq){Cq In r + Do) degree zero 

^ ^ I Vn = (An cos uB + Bn sin n6){Cnr”' + Dnr^^) degree n 

In most applications of circular harmonics to physical problems, 
the function v is usually a single-valued 
function of B. Since if we increase B by 27r 
we reach the same point in the xy plane, in 
order for Vn to be single-valued, we must 
have 

(4.11) Vn(ry ^ -b 27r) = VniTyB) 

It is thus necessary for n to take only 
integral values. A general single-valued 
solution of Laplace's equation is obtained by summing the solutions 
(4.10) over all possible values of n in the form 

00 

(4.12) V ^ aoln r + ^ ^"(^n cos nB + K sin nB) + 

n-l 



^ ^ (.Qn cos nB + fn sin nB) + Co 

n»l 

where the a, b, q, /, and Co quantities are arbitrary constants. 

As a simple illustration of the use of cylindrical harmonics, let us 
consider the following problem. Suppose a very long circular cylinder 
is composed of two halves as shown in Fig. 4,1. 

The two halves of the cylinder are thermally insulated from each 
other, and the upper half of the cylinder is kept at temperature vi 
while the lower half is kept at temperature v^. It is required to find 
the steady-state temperature in the region inside the cylinder. It is 
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assumed that the cylinder is so long in the z direction that the tem- 
perature is independent of z. 

To solve this problem, we must solve the equation 

(4.13) VH = 0 

in the region inside the cylinder and satisfy the boundary conditions 

{ V = Vi Sbtr — R 0 < d <Tr 

= atr==I2 t < 6 < 2 t 

We do this by taking the general solution (4.12) and specializing 
it to the boundary conditions (4.14). In the first place, we notice 
that the temperature must be finite at the origin r = 0. It is neces- 
sary, therefore, for the constants Uo, and fn to be equal to zero. 
There remains the solution 


(4.15) = X 

n«l 

Before solving the problem under consideration, let us solve the 
more general problem in which the temperature is specified on the 
circumference of the cylinder r = a as an arbitrary function of 6, so 
that 

(4.16) V = F{d) B,tr = R 

We then have on placing r — Rin (4.15) 

eo 

(4.17) Fid) = ^ R^ion cos nd + 6„ siu nd) + Co 

n-l 

The problem of determining the constants o„, 6„, and Co reduces to 
expanding the function Fid) in a Fourier series. We therefore have 

1 

a„ — / Fid) cos ind) dd 

K - ^ Fid) sin ind) dd 
1 

'•-s/o 

An interesting special case arises when the temperature of the 
upper half of the cylinder is kept at Vo and the lower half is kept at a 
temperature equal to zero. The function F{d) is then given graph!-* 
cally by Fig. 4.2. 


F(e)4 


~T 

Vo 


n 

Fia. 4.2. 


(4.18) 


2fr 
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VVe then have 

= -T^ / cos in6) dB — 0 
Jo 

i /o = t 

Substituting this into (4.15), wo obtain 

(4.20) + .odd 

n = 1 

Other two-dimensional problems having circular symmetry may be 
solved in a similar manner. 

6. Conducting Cylinder in a Uniform Field. As another example 
of the application of circular harmonics, let us consider the following 
problem: 

An infinitely long uncharged conducting 
cylinder of circular cross section is placed in 
a uniform electric field Eo with its axis at 
right angles to the lines of force. Denote 
the radius of the cylinder by a, and take the 
X axis in the direction of the field as in Fig. 

5.1 and the z axis along the axis of the cylin- 
der. We wish to determine the field induced by the presence of the 
cylinder. 

It is clear from symmetry that the potential v is not a function of z. 
As explained in Sec, 16 of Chap. XV, the electrostatic field E is derived 
from the potential v by the equation 

(5.1) E = —grad v = — Vy 

and V satisfies Laplace^s equation. 

The original potential outside the cylinder is of the form 

(5.2) Vo = --EfiX == —Eor cos B 

This field will induce charges on the perfectly conducting cylinder, 
and these induced charges will produce a potential Vi, The total 
potential due to the external field and the induced separation of charges 
of the cylinder is given by 

(5.3) V — Vo + Vi ^ — JEor cos ^ + y» 
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Now since the cylinder is perfectly conducting, it is an equi- 
potential surface and we may take its potential as zero. We, there- 
fore, have 

(5.4) V = 0 at r = a 

Now at infinity, the potential produced by the induced charges 
on the cylinder must vanish, since by hypothesis, the cylinder is 
initially uncharged and the external field produces only a separation 
of charge. Also by symmetry, the induced potential must be sym- 
metrical about the x axis; hence it must be an even function of $. 

It follows, therefore, that in the general circular harmonic solution 
of Laplace^s equation we must have ao, Un, K equal to zero so that the 
potential will remain finite at infinity, and fn must be equal to zero for 
a potential that is an even function of 6, The constant term may be 
taken equal to zero without loss of generality. We, therefore, take 
Vi in the form 

ao 

(6.5) Vi ^ — cos nd 

Tn 

n“ 1 

The total potential is given by (5.3) in the form 

00 

/K T? /I I V COS nB 

(5.6) V = — cos 0 + > - — — 

n-l 

Now at r = a, we have 

ao 

(5.7) 0= + 

n»l 

or 

ae 

/t ON COS nB r, 

(5.8) 2j ^ ^ ^ 

n*= 1 

To obtain the imknown coefficients Qn, we equate coefficients of like 
harmonic terms in B and obtain 

(5.9) = Eoa 

CL 

= 0 if n > 1 

Hence 

(5.10) qi = Eoa* 
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The complete potential (5.6) then becomes 

(5.11) cos B 

Since JS? = — Vv, the radial and tangential components of the 
electric field are obtained by taking the gradient in cylindrical coordi- 
nates and we obtain 

(6.12) { <ir\ T/ 

6. General Cylindrical Harmonics. We have considered solutions 
of Laplace^s equation in cylindrical coordinates that were independent 
of the coordinate z. In certain three-dimensional problems, it is 
necessary to obtain solutions of I.<aplace’s equation when v is a function 
of the three cylindrical coordinates r, and z. 


( 6 . 1 ) 


4- h 4- ^ 

r dr \ dr) d$^ dz^ 


We begin by assuming a solution of the form 
(6.2) V = Fi{e)F2(r)Fz(z) 


where Fi is a function of 6 alone, etc. Substituting this assumed form 
of solution in (6.1) and after some reductions, we obtain 


(6.3) 


1 d^Fz _ 1 d^Fi 1 dF2 1 dWi 

Fz dz^~ F2 dr^ rF2 dr rW\ dB^^ 


Now by hypothesis Fz is a function of z only, and by (6,3) a change 
in z does not change the right-hand side since it is not a function of z. 
Hence the left side of (6.3) reduces to a constant and we write 


(6.4) 
hence 

(6.5) 


1 dWz _ 
Fz dz^ 


Fa = Cie^> -h Cae-** 


Now from (6.3) and (6.4) we have 


d^F 8 I ^ dF 2 

Fa dF Fa dT 




1 <PFi 
Fi de^ 


(6.6) 
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By the same retisoning as above, it follows that each member of 
(6.6) is a constant. Let us call this constant m*. We, therefore, have 


(6.7) 

Therefore 


dWi 

de^ 


= —m^Fi 


( 6 . 8 ) 

and 

(6.9) 


Fi = Cz cos md + Cx sin md 

+ - m?)Fz =■- 0 

dr^ dr 


If we place 

(6.10) A;r == X 
in (6.9), we obtain 

( 6 . 11 ) ^2 ^ = 0 

This is BesseFs differential equation discussed in Chap. XIII. Its 
solution is 

( 6 . 12 ) F2 = C,Jm{x) + 

= CbJm(kr) + C^J^m{kr) 

if m is fractional, or 

(6.13) Fs = Ca^{kr) + C6F.*(A:r) 


if m is integral. 

Any of the above values of Fi, F2, and F3 substituted in (6.2) gives 
a solution of Laplace^s equation. If we let A; be a fixed constant and 
if we require v to be a single-valued function of 0, then m must take 
only integral values and we have the solution 


m — 00 

(6.14) V ^ COS md + Bm .sin md) + 

«i *0 

COS md + Dm sin md)]Jm(kr) 

This solution remains finite at r = 0 and is useful in certain elec- 
trical problems and problems of steady heat conduction. 

7. Spherical Harmonics. If the boundary conditions of a problem 
involving the solution of Laplace's equation are simply expressed in 
spherical polar coordinates, it is useful to have a general solution of 
Laplace’s equation in this system of coordinates. 
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In this case we must find solutions of the Eq. (2.3). This equation 
may be written in the form 


(7.1) 


dr V sin'3 66 ^66/'^ sin* 6 


= 0 


We wish to find a solution of the form 


(7.2) V = = RS 

where R is a function of r only, 0 is a function of 6 only, and <l> is a 
function of <l> only. 

The function 


(7.3) S(e,<l>) = 04) 

is called a surface harmonic. The function 0, when is a constant, is 
called a zonal surface harmonic. 

If we substitute (7.2) in (7.1) and divide through by RS, we have 


(7.4) 


\d(^dR\ 1 5 / • fl as\ 1 

R dr \ "dr J S mil dd 66/ S sin* 6 d'V 


= 0 


The first term is a function of r only, and the other ones involve 
only the angles. For all values of the coordinates, therefore, the 
equation can be satisfied only if 


and 

/S sin 0 ^ 66/ S sin* 6 d4>'^ ^ 

If we place 

(7.7) K ^n{n + 1) 
the solution of Eq. (7.5) is easily seen to be 

(7.8) R = Ar- + 


If we multiply Eq. (7.6) by s, we have 


(7.9) 


1 _a 

sin 6 dd 





Equation (7.2) therefore takes the form 
(7.10) V = (Ar^ + 
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The subscript on Sn signifies that the same value of n must be used 
in both terms of (7.10). Any sum of solutions of the type of (7.10) 
is also a solution. 

A General Property of Surface Harmonics. By the use of Greenes 
theorem (Sec. 9, Chap. XV), which may be written in the form 

(7.11) f f (UVW - WV^U)dv = fj (UVW -WVU)-ds 

we may derive an important property of the function Sn- To do this, 
let 

(7.12) U = r-^Sm, W = r-Sn 
so that 

(7.13) - VW = 0 

and hence the volume integral vanishes. If we take for the surface 
in Greenes theorem, a unit sphere, we have 

(7.14) (Vi7), = ^ (r^Sm) = mr^^Stn = mSm at r = 1 
and similarly 

(7.15) (VTF). = nSn 

Since both (VC7), and (VTV)« have the normal direction to the 
sphere, the dot product in (7.11) is absorbed and we have 

(7.16) (nSnSm “ mSnSm) ds - (n — m) SnS„,ds = 0 
and if n 7 *^ m, we obtain the result 

(7.17) fJSnS„ds = 0 

where the surface integration is taken over a imit sphere. 

Surface Zonal Harmonics. A very important special case is the one 
in which v is independent of <t> so that $ is a constant and /S„ is a func- 
tion of d only. In this case, we have 


(7.18) 

and Eq. (7.9) reduces to 


3 ^* 


= 0 


1 d 
sin 9 d9 



+ i)S, = 


( 7 . 19 ) 


0 
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If we write 

(7.20) = cos $ 

and transform Eq. (7.19) from the independent variable d to the 
independent variable we obtain 

(7.21) 0 

This we recognize as the I^egendre equation of Chap. XIV. If n 
is a positive integer, a solution of (7.21) is given by the I^egendre 
polynomial 

(7.22) Sn = Pnifi) = Pn(C0S 6) 

By combining the solutions thus obtained, we have from (7.10) the 
solution 

n*s to 

(7.23) t) = 2 P„ (cos 6) 

w«0 

where An and Bn are arbitrary constants. 

This solution has many applications to problems in electrostatics, 
magnetostatics, and potential theory that have spherical symmetry 
such that the function v is symmetrical about the z axis so that it is 
independent of the angle 0. 

8. The Potential of a Ring. As was shown in Sec. 15 of Chap. XV, 
if a particle of matter of mass m is at a point (a,6,c) of a Cartesian 
reference frame, then the gravitational potential at {x^y^z) due to the 
mass is 


\/(x - aY + {y - bY + - cY 

It was also shown in that section that the gravitational potential v 
satisfies Laplace’s equation 

( 8 . 2 ) = 0 

in the region not occupied by matter. 

Ijet us determine the potential at any point 
due to a uniform circular ring of small cross 
section lying in the plane of x, y with its center 
at 0 as shown in Fig. 8.1. 

By symmetry, the potential v is symmetric about the z axis and is 
independent of the angle <j>. We know, therefore, that the potential 
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» is of the form 


*'=5^ ^yl„r» + -?“i^P„(coE 


(cos 6) 


The problem is to determine the unknown coefficients An and Bn. 
We may determine these coefficients by realizing that any point Q 
on the z axis is at the same distance 

from all points of the ring where OQ = r, and a is the radius of the 
ring. The dimensions of the ring are assumed negligible. Hence 
the potential at Q is 

(8-4) 

y/ 0? + 

where M is the total mass of the ring. 

By the binomial theorem, we have 

.o.s \ 

^ ^ y/a^'+'r^ a y 2 a^ + 2 • 4a^ / 

when r < aj and 


2^2 + 2 • 4a< 




la® 1 • 3a® 

2 r® 2 • 47 ® 


when r > a. 

The general solution (8.3) must reduce to either (8.5) or (8.6) for 
a point on z where 0 = 0, Now we have from Chap. XIV 

(8.7) P„(cos 0) = P„(l) = 1 

Hence for points on the z axis (8.3) becomes 




Comparing this with (8.5) and (8.0), we have = 0 if r < a and 
An are the coefficients of (8.5), while il„=0 if r>a and Bn are the 
coefficients of (8.6). Hence we have the solution 


= E . " 

a 


Po(cOS e) - H ~2^2(c0S e) + 


^-P,(eose) 
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where r < a, and 

(8.10) t) = Po(cos e) - 5 P*(cos 6 ) + 

1 • 3 a' „ , .. 

^^P4(cos 0) - • • • 

when r > a. 

9. The Potential about a Spherical Surface. As another example 
of the use of the general solution (7.23), let 
us consider the following problem: 

Let a spherical surface be kept at a fixed 
distribution of electric potential of tne form 

(9.1) V = F{e) 

on the surface of the sphere of Fig. 9.1. 

The space inside and outside the spheri- 
cal surface is assumed to be free of charges, 
and it is desired to determine the potential 
inside and outside the spherical surface. 

In this case we have the boundary conditions 

(9.2) V = F(6) when r = a, 

where a is the radius of the sphere, and 

(9.3) lim V = 0 

7* —>00 

that is, the potential vanishes at infinity, 

a. The Region outside the Spherical Surface. In the region outside 
the spherical surface because of the boundary condition (9.3) we 
cannot have any positive powers of r. In this case, the general solu- 
tion (7.23) has An = 0 and we have 

00 

(9.4) » = ^ ^ P„(cos e) r> a 

« = 0 

To determine the unknown constants Bn, we use the boundary con- 
dition (9.2). Placing r = a in (9.4), we have 

oe 

(9.5) F{e) = /(cos 0) = P„(cos 0) 

n“0 

If we let 

(9.6) cos ^ = w 
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we have to expand /(w) in a series of Legendre polynomials of the form 

«o 

( 9 - 7 ) m = 

n-0 


By the results of Chap. XIV we have 


(9.8) 

Bn 2n 4"1 f f/ \t> r \ 

^1 2 j 


^ 2n + 1 r gin g 

^ Jo 

Hence 


(9.9) 

Bn = a^+i j’ F{9)Pn(cos 9) sin 9 d9 


This determines the coefficients in the solution (9.4). 

h. The Region inside the Spherical Surface. In the region inside the 
spherical surface, the potential cannot become infinite so that there 
cannot be any negative powers of r in the general solution (7.23). 
Hence the coefficients Bn = 0, and we have 

QO 

(9.10) V = ^ AnT^Pnioos $) T < a 

n -0 

To determine the unknown coefficients i4„, we place r = a and 
we have 

00 

(9.11) F{e) = ^ ^„a’‘P„(cos B) 

n =»0 

Using the formula for the determination of the coefficients of the 
expansion of an arbitrary function into a series of Legendre polyno- 
mials, we obtain 

(9.12) Fi9)I\{cos 9) sin n9 d9 

These values of An when substituted into (9.10) give the solution to the 
problem. 

A discussion of the general case when t; is a function of all three 
spherical coordinates r, and <t> is beyond the scope of this book. For 
a detailed account of the theory of spherical harmonics, the references 
at the end of this chapter should be consulted. 

10. General Properties of Harmonic Functions. In this section 
we shall discuss certain general properties of harmonic functions, that 
is, functions that satisfy Laplace's ^fferential equation. 
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Let us suppose that we have a vector field A such that 

(10.1) A == V» 

where » b a scalar point function that satbfied Laplace’s equation 

(10.2) V*t> = 0 

Now by Gauss’s theorem (Chap. XV, Sec. 9), we have 

(10.3) fj A- I j A) dv 

Now if V satisfies Laplace's equation at every point within the 
region bounded by the surface /S, we have 

(10.4) V • A = V • (Vii) = V^t; = 0 
Hence (10.3) becomes 

(10.5) fJ(Vv)-ds = 0 

If we take the curl of both sides of (10.1), we have 

(10.6) V X A = V X (Vv) - 0 

Let us now apply Stokeses theorem (Chap. XV, Sec. Id), to the 
vector field A, and obtain 

(10.7) ^^A-dl = fj (V X A) . ds = 0 

over the curve C bounding the open surface S. 

Substituting (10.1) in (10.7), we have 

(10.8) (Vr) • dl = 0 

From equations (10.5) and (10.8) certain important properties of 
harmonic functions may be deduced that are similar in the plane and 
in space. 

By an application of Greenes theorem 

(10.9) I f {UVW/ - WV»U)dv = fj (C^VTF - WVU)-ds 

it may be shown that if = 0 in the region bounded by a sphere of 
radius r, the value of v at the center of the sphere vo is given by 

( 10 . 10 ) 

where the integral b taken over the surface of the sphere. The result 
may be stated as follows; 
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I. The average value of a harmonic function on the surface of a 
sphere in which it has no singularities is equal to its value at the center 
of the sphere. 

As a consequence of (10.5), we may deduce the following theorem: 

II. A harmonic function without singularities in a given region 
cannot have a maximum value or a minimum value in the region. 

To prove this statement, let us assume that v has a maximum value 
at the point p. Now if we draw a small sphere s with p as its center, 
it is evident that the expression (Vv) * ds which is the normal derivative 
of V is everywhere negative on s since, by hypothesis, v has a greater 
value at p than at any point in the neighborhood of p. Therefore, the 
integral 

(10.11) * u (Vt;) • ds 

is negative. 

But by (10.5) this integral must vanish. This contradicts the 
initial assumption. In the same manner, it may be shown that v 
cannot have a minimum at p, and the proposition is proved. 

From the above proposition, we deduce the following theorem: 

III. A harmonic function with no singularities within a region and 
constant everywhere on the bounding surface S of the region has the 
same constant value everywhere inside the region. 

To prove this, assume that the function is not constant inside the 
region; it must, therefore, have maximum and minimum values. 
However, by proposition II, it cannot have any maximum or minimum 
values in the region, so that these maximum and minimum values must 
occur on the boundary of the region. However, by hypothesis, the 
function is constant on the boundary, and therefore its maximum and 
minimum values coincide and the fimction is constant. This proves 
the proposition. Another very important theorem is the following 
one: 

IV. Two harmonic functions that have identical values upon a 
closed contour and have no singularities within the contour are 
identical throughout the region bounded by the contour. 

To prove this, let us suppose that we have two harmonic functions 
Vi and V 2 which have the same values on the boundary of a closed 
region. Then {vi — 1 ^ 2 ) is a harmonic function which is zero on the 
boundary and hence, by Theorem III, is zero within the region under 
consideration. It follows, therefore, that vi = V 2 , and the proposition 
is proved. 

A practical result of this theorem is that if a solution of Laplace’s 
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equation has been found so as to take assigned values on a closed 
boundary no other solution is possible; that is, the solution is unique. 

Another important result may be obtained by using the first form 
of Greenes theorem (Chap. XV, Sec. 9), in 

(10.12) j j (C7 VTF) • ds = f f fjU VW + (yU) • (VTf)] dv 
If we let 

(10.13) U = W 

and 

(10.14) V*C/ = 0 

in the region inside S, Eq. (10.12) reduces to 

(10.15) fJ(UVU)-ds = m. (yuydv 

If the normal derivative of U vanishes on the surface S, we have 
(V U) • ds = 0 for every point of the surface, and hence the left side 
of (10.15) vanishes. We then have 

(10.16) j j j^{VU)^dv ^0 

Now since the volume v is arbitrary and the integral (V Uy is always 
positive, we must have 

(10.17) Vi7 = 0 

or hence 

(10.18) U = const. 

Hence we have the theorem: 

V. If the normal derivative of a harmonic function is zero on a 
closed surface witliin which the function has no singularities, the 
function is a constant. 

From this theorem follows the theorem: 

VI. If two harmonic functions have the same normal derivatives 
on a closed surface within which they have no singularities, they differ 
at most by an additive constant. 

These theorems are of great importance in the theory of electro- 
statics, magnetostatics, heat flow, etc. Applied to heat flow. Theorems 
IV and VI are physically evident. Theorem IV states that the 
temperature within a closed region is fully determined by the tempera- 
ture on the boundary, and Theorem VI states that except for an 
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additive constant the temperature inside the region is determined by 
the rate of flow across the boundary. 


PROBLEMS 

1 . A homogeneous spherical shell is made of material of diffusivity h. The 
inner radius of the shell is a and the outer radius is h. If the inner shell is kept 
at a constant temperature Va and the outer shell is kept at a constant tempera- 
ture Vhj show that the temperature of the shell is given by 


V 


(va — »b) 


ah 1 — Vaa 

{h - a) r'^ (& - a) 


2. Given the temperatures at the boundaries of a rectangular plate to be 


f; = 0 !;=0 t; = 4>(x) v = F{x) 

X ^ 0, X ^ Sy y — 0, y — h 


show that the temperature of the region inside the plate is given hy v ^ IJ + 
where 


where 


and 


where 



W 


00 


6n 


sinh nvih — y) . nwx 

^ sin 

. , mrn, S 

smh — 


^"“1 /o' ™ (^) 


3. An infinitely long plane and uniform plate is bounded by two parallel 
edges and an end at right angles to these. The breadth is tt, the end is maintained 
at temperature vq at all points and the edge at temperature zero. Show that the 
steady-state temperature is given by 


V 



Show by any method that this is equivalent to 



4 . Find the temperature for a steady flow of heat in a semicircular plate of 
radius r. The circumference is kept at a temperature vo and the diameter at a 
temperature zero. 
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6. A long rectangular plate of width 1 cm with insulated surfaces has its 
temperature equal to zero on both the long sides and one of the short sides so that 

v(0,i/) « 0, v(a,y) « 0, v{x,^) » 0 

v(x,0) ** kx 

Show that the steady-state temperature within the plate is given by 



1 


(- 1 )" 


a 


sin 


TItX 

a 


6. Show that when the values of a potential function on the boundary of a 
circle of radius R are given by 


v{R,e) « F{d) 

the potential at any interior point is given by 


v{r,e) ■= ^ (0 cos n(« - u)J F(it) du 

n 1 


7. 


that V 


If the potential is a constant vo on the spherical surface of radius 22, show 

V R 

ss vq at all interior points, and v = at each exterior point. 

T 


8 . Find the steady temperatures inside a solid sphere of unit radius if one 
hemisphere of its surface Ji. kept at temperature zero and the other at temperature 
unity. 

9. Find the steady temperature inside a solid sphere of unit radius if the 
temperature of its surface is given by C/o cos 

10. Find the gravitational potential due to a uniform circular disk of mass M 
and unit radius. 

11. A square plate has its faces and its edge y = 0 insulated. Its edges « 0 

and X ^ T are kept at temperature zero, and its edge y = tt at temperature F(«). 
Show that its steady temperature is given by ' 


t-fev) - ^ {J nu)sm nudu 

n»l 

12. Show that the steady temperature v(r,z) in a solid cylinder bounded by 
the surfaces r « 1, z « 0, and z * L where the first surface is insulated, the 
second kept at temperature zero, and the last at a temperature F(r) is 

«(r.*) - I vF(u) du + 2 £ uJ,{mru)F(u) du 

where m 2 , m 2 , • * • are the positive roots of t/i(m) 0. 

18. An infinite uncharged conducting cylinder of radius a is set with its axis 
perpendicular to a uniform electric field of strength E, Find the potential in the 
region outside the cylinder. 

14. Show that the surfaces ^ F(Xfy,z) «■ Coanbeanequipotentialif V*C/(VC)* 
is a function of C only. 
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CHAPTER XVIII 

THE EQUATION OF HEAT CONDUCTION OR DIFFUSION 

1. Introduction. Perhaps next in importance to Laplace’s equa- 
tion in applied mathematics is the partial differential equation 

dV 

( 1 . 1 ) 

ot 

where is a constant and is the Laplacian operator. We have seen 
in Chap. XV, Sec. 14, that this equation governs the distribution of 
temperature V in homogeneous solids. In Sec. 18 of Chap. XV, it was 
shown that as a consequence of MaxwelFs electromagnetic equations 
the current density vector J satisfies the equation 

( 1 . 2 ) = 

This equation has ^.mctly the same form as Eq. (1.1) and is known 
in the electrical literature as the skin-effect^^ equation. It may also 
be shown ^ that if U is the concentration of a certain material in grams 
per cm^ in a certain homogeneous medium of diffusivity constant K 
measured in cm^ per sec, that U satisfies the equation 

This equation is also of the form (1.1). 

In the theory of consolidation of soil,^ it is shown that if U is the 
excess hydrostatic pressure at any point at any time t and Cv is the 
coefficient of consolidation, U satisfies the equation 

This is also of the form of a heat-flow equation. 

In Chap. XVI, Sec. 10, it is shown that the equations governing 
the propagation of potential e and current i along an electrical cable 
having a resistance of R ohms per unit length and a capacitance of 

1 Newman, A. B., The Drying of Porous Solids; Diffusion Calculation, Trans- 
actions of the American Institute of Chemical EngineerSj vol. 27, p. 310, 1931. 
>Tebzaohi, K., ^^Erdbaumechanik,” Vienna, 1925. 
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C farads per unit length are given by 

d*e 


( 1 . 6 ) 

( 1 . 6 ) 


n = 

dx^ dt 

^ ^ pr ^ 
dx^ dt 


These equations are of the form (1.1) when F is a function of x 

^2 

only so that the Laplacian operator reduces to 

This chapter will be devoted to a discussion of some of the simpler 
methods of solution of Eq. (1.1) subject to certain initial and boundary 
conditions. We have already seen in Chap. XVII that when a 

dV 

steady-state with respect to time has been reached the term ^ is 

absent in Eq. (1.1) and the problem reduces to a solution of Laplace’s 
equation subject to the prescribed boundary conditions of the problem. 

2. Variable Linear Flow. Let us suppose that we have a bar of 
length s and of uniform section, the diameter of which is small in com- 
parison with the radius of curvature. Let us suppose that its surface 
is impervious to heat so that there is no radiation from the sides. 

Let the initial temperature of the bar be given, and let its ends be 
kept at the constant temperature zero. If we take one end of the bar 
at the origin and we denote distances along the bar by x, we have 


( 2 . 1 ) 


dt ^ dx^ 


as a special case of Eq. (1.1). 
The boundary conditions are 


( 2 . 2 ) 


v = 0 
V = 0 


when x ^ | fQj. values of t 
when X = s ) 


The initial conditions are 


(2.3) V == F{x) for f = 0 F pi oo for ^ ~ oo 

To solve the Eq. (2.1), let us try a solution of the form 

(2.4) ^(a:,0 = e^u(x) 

where w is a constant and u(x) is a function of a; to be determined. 
On substituting this in (2.1) and dividing out the common factor e*”', 
we have 


mu = 




dx^ 


(2.5) 
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or 

( 2 . 6 ) 

If we let 

(2.7) 

Eq. (2.6) becomes 

( 2 . 8 ) 


d^u __ m 
dx^ ^ 



d^u 

dx^ 


+ d^u = 0 


The general solution of this equation is 
(2.9) w = A sin ox + i5 cos ax 

Now u must satisfy the boundary condition (2.2). The first 
condition, at a; = 0, gives 5=0. In order for u to vanish at a: = s, 
we must have 


( 2 . 10 ) 


A sin (as) = 0 


or 

(2.11) as == rir, a = ~ r = 0, 1, 2, 3, • • • 

s 

for a nontrivial solution. To each value of r there corresponds a solu- 
tion of the differential equation (2.6) of the form 

(2.12) Ur = Ar sin 

where A r is an arbitrary constant. 

The possible values of the constant m are given by Eqs. (2.7) and 
(2.11) and may be written in the form 

(2.13) m, = - (^y 

To each value of r there corresponds a solution of the differential 
equation (2.1) of the form 

(2.14) Vr = sin — 

s 

that satisfies the boundary conditions. By summing over all values 
of r, we construct the general solution 
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To evaluate the arbitrary constants Ar, we place i == 0 in (2.15) and 
use the initial conditions (2.3). We thus have 


Fix) = ^ sir 


We must therefore expand F{x) in a half-range series of sines. We 
thus obtain 




Equation (2.15) with these values of the constants Ar gives the 
solution of the problem. 

If instead of the ends of the bar being kept at temperature zero they 
are impervious to heat, then the statement of the problem becomes 


= 0 at a: = 0 


0 at X = 


for all values of t 


(2.19) V = F(x) for t = 0, 

In this case, we have from Eq. (2,9) 


V 7 ^ CO at ^ = 00 


(2.20) ^ aA cos ax — Ba sin ax 

If this is to vanish at a; = 0 and a; = s, we must have 

(2.21) ^ = 0, sin as = 0 
Again we obtain 

(2.22) a = — r = 0, 1, 2, 


Continuing the same reasoning as before, we obtain the general 
solution 


t; = 5o + 




We must therefore expand F{x) in a half-range cosine series. We thus 
obtain 

(2.24) Bo = - f' Fix) dx, Br = - f* F{x) cos (— ) dx 
s Jo ^ Jo \ ^ / 
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It is interesting to note that when ^ = oo we have 

(2.25) V = Bo = - I F{x) dx 

s Jo 

the average initial temperature of the bar. This result might of 
course have been inferred directly from the fact that no heat leaves 
the bar. 

3. Electrical Analogy of Linear Heat Flow. A very interesting 
and useful electrical analogy to linear 
heat flow may be deduced if we employ 
the following notation. 

Consider a uniform bar or rod that 
is thermally insulated so that no heat 
escapes from its sides, as shown in Fig. 3.1. 

v{Xjt) = the temperature at a point a distance x from one end of the bar. 

<l) = the heat flux or quantity of heat passing through the cross 
section s of the bar per unit area per unit time. 

R = the thermal or heat resistance per unit length of material, 
that is, the temperature drop per unit length when the heat 
flux is unity {\/R is the thermal conductivity). 

C — heat capacitance of the material = specific heat X density. 
(The numlxir of heat units to raise a block of unit area and 
unit length 1 degree in temperature.) 
liv(x + HiXjt) is the temperature at a point at a distance of (x + Ax) 
from the end of the bar, we have 

(3.1) R<t>j\x = v{x,t) — v{x + Ax,0 

Using Taylor^s expansion and letting Ax ■— > 0 in the limit, we 
obtain 

(3.2) - S - 

Now the heat flux at the point x, <t>{Xyt) raises the temperature of 

3v 

a lamina of thickness Ax at the rate -^.7 and a heat flux of magnitude ' 

at 

4>(x + Ax,t) emerges from the lamina of width Ax. We thus have the 
equation 

(3.3) = C Ax ^ + <^(x + Ax,0 

Again expanding <;fr(x + Ax,i) by Taylor’s expansion and letting 
Ax 0, we obtain 



Fig. 3.1. 
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(3.4) = 

OX 01 

Now in Sec. 10 of Chap. XVI, it was shown that the flow of current 
and potential along an electric cable as shown in Fig. 3.2 having a 
resistance R and a capacitance C per unit length are governed by the 

equations 


eix,l) I 


di __ 

dx dt 


Fig. 3.2. \ 

Comparing Eqs. (3.2) and (3.4) with (3.5), we see that we have the 
following set of analogies: 

0 (heat flux) > i (current along the cable) 

V (temperature) > e (electric potential) 

R (thermal resistivity) . R 

C (heat capacitance) > C 

On eliminating ip between Eqs. (3.2) and (3.5), we obtain 


The quantity 


J. ^ 

CRdx^ 


1 _ (thermal conductivity ) 
CR (density X specific heat) 


is called the diffusivity, diffusion coefficient, or thermometric con- 
ductivity. 

The above electrical analogy makes it possible to use the methods 
of electric-circuit theory to solve problems in one-dimensional heat 
conduction. 

4. Linear Flow in Semi-inflnite Solid, Temperature on Face Given 
as Harmonic Fxmction of the Time. Let all space on the positive side 
of the yz plane be filled with a homogeneous solid of diffusivity h\ 
Let the temperature on the xz plane be given as a harmonic function 
of the time, and let it be the same for all values of y and z. It is 
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required to find the temperature throughout the solid when the periodic 
state is established. 

It is clear from symmetry that the temperature v{x,t) is independent 
of y and 2 , and the conditions to be fulfilled are 


(4.1) 

(4.2) 


^ ,2 dh 

V = Vo sin (at for a: = 0 v 9^ ^ at a; = <» 

= Im i = \/— 1 


where Im stands for ^Hbe imaginary part of.'' To solve (4.1), let 
us assume a solution of the form 


(4.3) v{Xyt) = Im u{x)e^^^ 

Discarding the Im symbol and substituting this in (4.1), we obtain 

(4.4) = 


where the common factor has been divided out. Equation (4.4) 
may be written in the form 


If we let 

(4.6) a* = ^ ^ & = 0, 1, 2, • • • 


the solution of (5.5) may be written in the form 

(4.7) u = Ae^ + Be-^^ 

where A and B are arbitrary constants. Now since o* is given by 
(4.6), the square root of o* is given by 


(4.8) 



This may be written in the form 


( 4 . 9 ) _ 

Now at a; = <» , the temperature is finite and hence we must have 
the constant A in (4.7) equal to zero. At a? = 0, we have 


(4.10) 


« JB =» Fo 
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Hence the solution is 
(4.11) v{Xji) = Im 

= Im 


= Foe sin {^t — ^ 


We thus see that the temperature decreases in magnitude and 
changes in phase as we proceed farther into the solid. This result 
explains why the daily variation of the temperature of the earth’s 
surface cannot be traced to a depth of 3 or 4 ft., while the annual 
variation cannot be traced beyond a depth of 60 or 70 ft. The greater 
the frequency of the variation of the surface temperature, the more 
rapidly is the amplitude of the variation attenuated. This phe- 
nomenon has its counterpart in electromagnetic theory and is known 
in the electrical literature as the ^‘skin effect.” 

6. Two-dimensional Heat Conduction. To illustrate the solution 
of the two-dimensional diffusion equation, let 
us consider the following problem. 

A thin rectangular plate (Fig. 5.1) whose 
surface is impervious to heat flow has at i == 0 
an arbitrary distribution of temperature. Its 
four edges are kept at zero temperature. It is 
required to determine the subsequent temper- 
ature of the plate as t increases. 

Let the plate extend from a; = 0 to a; = a and from y = 0 to y — b. 
Expressing the problem mathematically, we must solve the equation 






T 

0 


0 b 



i , 


0 

X 


4 a — ► 



Fig. 5.1. 


(5.1) 


^ 4- — ^ 

dt \dx^ dyy 


subject to the boundary conditions 


V = 0 

(6.2) a: == 0 
0 <y <h 


v = 0 
X = a 
0<y <b 




for all time L 

The initial conditions are 

(5.3) V = F{Xjy) for 


0 < a; < a, 
r = 0 


0<y<b, 
at i = 00 


at ^ 0 


To solve the Eq. (5.1) assume a solution of the form 
(5.4) t; - e-^^Fiix)Fziy) 
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where fi is a function of x only and Fi is a function of y onjy. Sub- 
stituting (5.4) in (6.1) and dividing out the common term we 
obtain 


(5.6) -eFiFi = h^F'^Ft -h 

If we divide by F^F^, we have 


(5.6) 



This may be written in the form 


A* 


(5.7) 






We have now succeeded in separating the variables since the left 
member of (5.7) is a function of x only and the right member of (5.7) 
if a function of y only, and hence both members of (5.7) are constant 
which we have called 
If we let 

(5.8) ^ = g* 


Eq. (5.7) separates into the two equations 


(6.9) 


I F'{ -{- qWx = 0 
I F" + = 0 


These equations have the solutions 


jQ.. f Fi = Ai sin qx -f cos qx 

^ ' I Fj = .4 2 sin Ay -f jBz cos ky 

where the A’s and B’s are arbitrary constants. Now to satisfy the 
boimdary conditions (5.2), it is obvious that there cannot be any 
cosine terms present so that we must have B\ = = 0. 

Also we must have 


(5.11) 

i sin ga = 0 

1 sin = 0 


Hence 

/ _ mTT 

m 

(6.12) 

1 ^ 

) Ic - 

* “T 

n 


= 0 , 1 , 2 , -- 
= 0 , 1 , 2 , ••• 
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From. (5.8), we find that 

(6.13) - V [(^)’ + (h)’] 

Hence for each value of m and n we find a particular solution of (5.1) 
that satisfies the boundary conditions (5.2) of the form 


(5.14) 


V = B„ne' 




, rmrx . niru 

sin sm 

a b 


If we sum over all possible values of m and n, we construct the 
general solution 

00 00 

(5.15) ^ X X (^) 

m-*! n=*l 

Where the quantities Bmn are arbitrary constants that must be 
determined from the initial conditions (5.3), placing i = 0 in (5.15) we 
must have 


(5.16) Fix,y) = ^ X (^) (^) 

TO«=1 n=»l 

We must therefore expand the initial temperature function F(x,y) 
into a double sine series. 

To do this, let us multiply both sides of (5.16) by 
sin sin 

where r and s are integers and integrate from oj = 0 to a: = a and 
y « 0 to 2 / = 6; because of the orthogonality properties of the sines, 
all the terms in the summation vanish except the term for which 
m — r and n = s, and we obtain the result 

( 6 . 17 ) 

This determines the arbitrary constants of the general solution (5.16). 

The Cooling of a Hot Brick, By a simple extension of the above 
analysis, it may be shown that if we have a rectangular parallelepiped 
or brick whose sides are kept at zero temperature and whose internal 
temperature is given arbitrarily at 0 to be F(x, 2 /,z), then the 
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subsequent tempcratui'c is given by 


(5.18) » = 2 2) i) sin sin sin 


in“=l 71 = 1 r = l 


where 

(5.19) 
and 

(5.20) 






8 

abc 


rir 

^ rx=a rb rc 

hr / / si 

oc Jx=0 Jv = 0 Jz = 0 


mirx . nwy , rwz , , , 

sm sin sin — ax ay dz 

abc 


where the brick is oriented with respect to a Cartesian coordinate 
system as shown in Fig. 5.2. 

6. Temperatures in an Infinite Bar. 

An illustration of the method of solution of 
the diffusion equation by the use of definite 
integrals is given by the following example. 

Given an infinite bar of small cross sec- 
tion so insulated that tiiere is no transfer of 
heat at the surface, we take the x axis along 
the bar. The temperature of the bar at ^ = 0 is given as an arbitrary 
function of x, F{x). It is required to find the subsequent temperature. 

Stated mathematically, we must solve the equation 

1 ^ J 2 



subject to the initial condition 

(6.2) V = F(x) at f = 0 

Let us assume a solution of (6.1) of the form 


(6.3) V = 

Substituting this in (6.1) and dividing out the common factor we 
obtain 

d^u 
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If we let 

(6.6) p 

a particular solution of (6.5) may be written in the form 

(6.7) u == cos a(x — jS) 

where is an arbitrary constant. We thus obtain from (6.3) the 
following particular solution of Eq. (6.1): 


(6.8) Vi == cos a{x - /3) 

where a and are arbitrary constants. 

If we multiply (6.8) by F{^)/v, we obtain 

(6.9) V 2 = e”®***^ cos a{x — jS) 

TT 


This is still a solution of (6.1). The integral of vt with respect to 
the parameters a and /3 in the form 

(6.10) V = - r r ^ f (/3)e-“’*’‘ cos a(x - /S) da dfi 

^ J amO — « 

is a solution of Eq. (6.1). If we place i = 0 in (6.10), we obtmn 


(6.11) »(a:,0) -- f f Fifi) cos [a(x — 0)] da d0 

^ J a^O J -- « 

But by Sec. 9, Chap. Ill, we see that this is the Fourier integral 
representation of F{x). Hence the solution of the problem is given 
formally by (6.10). This may be simplified by using the well-known 
definite integral 

f " ■re-*' 

(6.12) / e-o' coa 2by dy = —^ * 

which is found in most tables of integrals. Using this integral, we 
transform (6.10) into 

(6.13) vix,t) = — ^ / F(j8)e d/3 

2h\t-r 


7. Temperatures inside a Circular Plate. The use of cylindrical 
coordinates in the solution of a diffusion problem is illustrated by the 
following one. 

Consider a thin circular plate whose faces are impervious to heat 
flow and whose circular edge is kept at aero temperature. At i «« 0, 
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the initial temperature of the plate is a function F(r) of the distance 
from the center of the plate only. It is required to find the subsequent 
temperature. Let the radius of the plate be o. 

It is obvious because a symmetry that the temperature v must be 
a function of r and t only. Using cylindrical coordinates, we know 
that V must satisfy the equation 

(7.1) 

1.2 _L 1 j- n ^ ^ 

= ^ + f + dfj 0 < r < o 

The boundary condition is 

(7.2) = 0 at r = a 

The initial condition is 

(7.3) V = F{r) at ^ = 0 

To solve Eq. (8.1), assume the solution 

(7.4) V = e^^u(r) 

where u{r) is a function of r only. Substituting this into (7.1) and 
dividing the common factor we obtain 

-V i^nfdhi , 1 du\ 

(7.5) 

Dividing by A* and multiplying by r, we obtain 

(7.6) 

If we let 

(7.7) 

we recognize that Eq. (7.6) has the same form as Eq. (9.1) of Chap. 
XIII, with n = 0. 

Hence the general solution of (8.6) is 

(7.8) u = AJoikr) + BYoikr) 

where A and B are arbitrary constants. Since the temperature must 
remain finite at r = 0, the arbitraiy constant, B, in (7.8) must be equal 
to zero since Yo{^) goes to infinity at r = 0. We thus have the 
solution 

(7.9) 


d^u , du , m 

j“2 + j" + Ts ’■M 

dr’ dr A’ 


m 

A’ 


= A’ 


u — AJtikr) 
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However, the boundary of the plate r = a is maintained at zero 
temperature for all values of time, and hence we must have 

(7.10) JoOca) - 0 

Hence only values of k are permissible that satisfy equation 

(7.10) . Let these values be k^ (s = 1, 2, 3, • * • ). Equation (7.7) 
gives the following values for m: 

(7.11) nis - {kshy 

A particular solution of (7.1) that satisfies the boundary condition 
is 

(7.12) r. = A,^-**=^Vo(/c,r) 

If we sum over all possible values of s, we construct the general 
solution 

00 

(7.13) f = X oik,r) 

1 

where the arbitrary constants A, must l)e determined from the initial 
conditions that at ^ = 0, = F(r). Placing ^ = 0 in (7.13), we have 

(7.14) F{r) = X ^‘Joik.r) 

1 

We must therefore expand the arbitrary function F{r) into a series 
of Bessel functions. Using the results of Sec. 12, Chap. XIII, we have 

(7.15) A. - f rTO/.CM dr , - I, 2, • • ■ 

This determines the arbitrary constants in the solution (7.13). 

8. Skin Effect on a Plane Surface. A very interesting problem in 
electrodynamics is the one of determining the alternating-current 
distribution in homogeneous conducting mediums. Perhaps the 
simplest problem of this type is the following one: 

Consider a semi-infinite conducting mass of metal of permeability 
H and conductivity <r. I^et the equation of the surface of this mass 
be z = 0, and suppose that on this surface the current density vector 
i has only an x component ix and it has the value 

(8.1) {Q co “ io sin Q)t 

That is, on the surface of the semi-infinite mass we have a sheet of 
alternating current fiowing in the x direction. The problem is to 
determine the distribution of current density within the conducting 
mass. 
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In Sec. 18, Chap. XV, it was shown that the current density vector 
i satisfies the equation 

(8.2) VI 

in a region of conductivity <r and permeability ju. 

This is a vector equation and in the case we are considering, we 
have 

(8.3) i = (ii,0,0) 

that is, the current density vector has only one component, the x 

component. Accordingly, in the ease under consideration, we have 

/Q dHx 

(8.4) = = 

This problem is mathematically identical to the heat-flow proDl8|p!; 
discussed in Sec. 4. If we let \ 


and follow the analysis of Sec. 4 writing z instead of x and v instead of 
ixj etc., we obtain 


ix = ioe ^ ^ sin ( w/ 


for the current density inside the mass of metal. We see that because 
of the negative exponential factor, the current amplitude decreases as 
we penetrate the metal and is greatest at the surface of the mass. 
This phenomenon is the well-known skin-effect^' phenomenon of 
electrodynamics. 

We may^btain the net current flowing per meter width by inte- 
grating j||f 


* ix dz == ^0 ^ sin — kz) 


where 


Using formulas Nos. 363 and 401 of Peirce's Tables of Integrals/' 
the integral (8.7) may be integrated, and we obtain 




y/ 


sin 
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It may be noted that this value of current would be increased if 
all conducting matter below a certain depth were removed since for 
certain values of z the current is reversed. 

The average power P converted to heat per square meter of surface 
is obtained by integrating 


( 8 . 10 ) 


/‘2«= » r u> 

= $■ (“ e-’^’dz 
^ Jo 


^2 

_ H 
Aak 

9. Current Density in a Wire. A very important problem in 
electrical engineering is the determination of the current density in a 

circular wire carrying alternating current. 

Let us consider a long cylinder of radius 
a, oriented along the z axis of a Cartesian 
coordinate system as shown in Fig. 9.1. 

Let the material of the cylinder be 
homogeneous and have a permeability n 
and conductivity a. In this case the cur- 
rent density vector i has only a z compo- 
nent, and Eq. (8.2) reduces to 



(9.1) 


VHi = jLur 


dig 

Hi 


Since we are considering the case of a wire carrying alternating 
current, the current density has the form 


(9.2) 


ig = u{r) cos 
= Re w(r)e^"* 


where the symbol Re denotes ‘‘the real part of and u{r) is a function 
of r only. Suppressing the Re symbol and substituting this in (9.1), 
we obtain on dividing out the common factor 

(9.3) Vhx = jo)}UTU 

Since w is a function of r only, we have (Sec. 12, Chap. 29) 
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Hence Eq. (9.3) becomes 
(9.6) 

In differentiating, this becomes 


(9.6) 

If we let 


\ d^u , 1 ^ 
dr^ r dr 


joifiau == 0 


(9.7) *2 == 
this may be written in the form 


(9.8) 


1 dw 

-r2 H j" + = 9 

dr^ r dr 


Equation (9.8) is of the form of Eq. (9.1) of Chap. XIII with 
n = 0. Hence the solution of (10.8) is 

(9.9) u = AJoikr) + BYo{kr) 

However, since the current density must remain finite at r » 0 
and the function Yo goes to infinity for the zero value of its argument, 
we must have 


(9.10) B = 0 
The solution (9.9) reduces to 

(9.11) u = AJo{kr) 

Now 

(9.12) k = \/~jcojLKr = j V7 y/upa 

= j^m 

where 

(9.13) m = \/a>)Lur 
Hence (9.11) may be written in the form 

(9.14) u == AJo(j^mr) 

This may be written in terms of the Ber and Bei functions of 
Chap. XIII, Sec. 11. in the form 

(9.15) u =» il[Ber (mr) + j Bei (mr)] 

To determine the arbitrary constant A^ place r = 0 in the equation 
(9.14) and let Uo be the value of the current density amplitude at the 
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center of the wire. Since /o(0) = 1, we obtain 

(9.16) Wo = ^/o(0) = A 
Substituting this in (10.15), we thus have 

(9.17) u = Wo[Ber (mr) + j Bci (mr)] 

This expression may be written in the polar form 


(9.18) 

u = UoMe^^ 

where 


(9.19) 

M = \/Ber^ (mr) + Bei'^ (mr) 

and 


(9.20) 

^ - Bei (mr) 

Ber (mr) 


We now obtain the instantaneous current density iz by substituting 

(9.18) in (9.2). We thus have 

(9.21) iz == Re 

== uoM cos (u)t + 6) 

Total CurreM in Wire. The total current I(t) in the w^ire may be 
obtained by integrating the current density iz throughout the cross 
section of the wire. We then have 

(9.22) /(<) = u ■ (27rr) dr 

= ^ 2Tru dr • 

= He J UoJo{flmr)%rr dfr j 

To integrate this expression, we use expression (6.11) of Chap. 
XIII, for n = 1. This equation may be written in the form 

(9.23) jiufoiu) du = vJi(u) 

Hence we have 

(9.24) 

L jrn Vj 

= Iq cos {(at + <^) 
lo ~ 


|2rwoqt/ i(fima) 


jm vV 


where 

(9.26) 
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If we know the amplitude of the total current in the wire, we may 
compute from (9.25) and hence obtain i, from (9.21). 

10. General Theorems. In this section some general theorems 
useful in the solution of certain heat-flow and diffusion problems will 
be considered. 

Theorem I. If wi(x,0, uziVyt)^ and Uz{Zyt) are solutions of th^ three 
linear heat-flow equations 


( 10 . 1 ) 

( 10 . 2 ) 

(10.3) 


1 

1 

A* 

dhii 

Bt 

Bx- 

BU2 


b-Urj. 

'IT “ 

w 

Bui ^ 

h* 

B-Uj 

Bt 

Bz- 


then u = U 1 U 2 UZ is necessarily a solution of tne mree-dimensional heat- 
flow equation 


(10.4) 

Proof, 
in (10.4). 


Tt = ^ \dx- + By- + Tz-) 

To prove this theorem, substitute the function u == uxu^uz 
We then have 


B I B— B— B — 

( 10 . 5 ) ^ (uiUiUz) = ^ (U1U2U3) + (U1W2W3) + (U1U2U3) 

Differentiating, we have 


( 10 . 6 ) 


Bui , Bu 2 , 

U 2 U 3 + UiUz “ - + U 1 U 2 
dt Bt 


Bu z 

Bt 




B-Ui . B-U 2 


+ UiUt 


d^W3\ 


If we now substitute Eqs. (10.1), (10.2), and (10.3) in (10.6), we 
obtain an identity. This proves the theorem. 

This theorem may be used to facilitate the solution of the ‘'brick'' 
problem of Sec. 5. 

Theorem II. If Ui{r,t) is a solution of the symmetrical two- 
dimensional equation 


( 10 . 7 ) + 

and is a solution of the linear heat-flow equation 


( 10 . 8 ) 


BUi , , 
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<ar 


then u = UiUi is necessarily a solution of the three-<l|jnensional heat- 
flow equation 


(10.9) 


du 

It 


= 


dhjL 1 1 ^ 1 
5^2 + ^ -r 


This is proved by substituting u = UiU 2 in Eq. (10.9). By the 
use of Eqs. (10.7) and (10.8), we again obtain an identity and this 
proves the proposition. 


PROBLEMS 

1. An infinite plate of thickness a and uniform material of permeability n 
and conductivity <r carries alternating current of angular frequency o) in one direc- 
tion. Show that the current density Uo at the middle of the plate is related to the 
current density at the surface of the plate by the equation 

^ V2 

V cosh ma + cos ma 

where 



2. An infinite iron plate is bounded by the parallel planes x — h and x « 

Wire is wound uniformly around the plate, the layers of wire are parallel to the 
y axis. An alternating current is sent through the wire. This current produces a 
magnetic field Ho cos wt parallel to the z axis at the surface of the plate. Show 
that the magnetic field H inside the plate at a distance of x from the center is given 
by 


H 


Ho 


( cosh 2mx + cos 2mag \i 
cosh 2mh cos 2mh/ 


cos (<at 4- 4>) 


where m ■« and ^ is a phase angle, y and <r are the permeability and the 

conductivity of the plate, respectively. 

dH 

Hint: The magnetic field H satisfies the equation v*H — /wr — in the region 

at 

inside the plate. 

3. The rate at which heat is lost from a rod as a consequence of surface 
radiation into the surrounding air at constant temperature uo is proportional to 
the difference of temperature {u — uo) and to the surface area of the element. 
Show that this leads to an equation of the form 


at 


h* 


a*u 

da;* 


— A;*(w — Wo) 


for the temperature of the rod. 

4. If Wo is zero in Prob. 3, show that in the electrical analogy discussed in 
Sec. 3 we must add a leakage conductance term to take into account the radiation 
in the thermal problem. 

(L An infinite bar has one end located at a; •> 0 and the other end extends to 
x m CO, The temperature of the surrounding air is zero, and the end at a; 0 is 
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kept at u ■■ Wo. Find the steady-state distribution of temperature, taking into 
account radiation. 

6. A thin bar of uniform section is bent into the form of a circular ring of 
large radius a. At one point P in the ring, let a steady temperature w© be main- 
tained. Let heat be radiated from the ring to the air. Assume that the air is at 
zero temperature. Show that when a steady state is established, the temperature 
of the ring is given by 


w 


cosh [k{x — fra)] 
cosh (kxa) 


where k* is the radiation coefficient as defined in Prob. 3 and a; is a coordinate 
measured around the ring so that a; « 0 at P. This arrangement is known as 
Fourier^s ring. 

7. It has been proposed to represent the rate of cooling of a surface by the 
empirical formula e(v — Vo)^, where e is the emissivity of the surface and n has the 
value 1.2. Show that on this supposition the equation to be satisfied in a long thin 
rod cooling laterally is 


at 




where v is the temperature at a distance x measured along the rod from one end, »o 
is the temi)erature of the siirrounding medium, is the diffusivity, p the density, 
p the perimeter, C the specific heat, and a the area of cross section of the rod. 

8. A bar of length « is heated so that its two ends are at temperature zero. If 
initially the temperature is given by 

cx(8 — x) 


find the temperature at time t. 

9. If in the equation 

du , , a*w , , . 

ST “ ~ 


we introduce the change in variable 

W «= Wo 4- c-% 


show that the equation in v is of the form 


Bv 

® d*v 


10 . A rectangular plate bounded by the lines a;«0, y«0, a;*a, has 
an initial distribution of temperature given by 

. . TX . Ty 

0 ■« A sin — sm -r 

a b 

The edges are kept at zero temperature, and the plane faces are impermeable 
to heat. Find the temperature at any point and time, and show that very close 
to any comer of the plate the lines of equal temperature and Sow of heat are 
orthogonal systems of rectangular hyperbolas, 
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Show that the heat lost by the plate across the edges up to time t is 


imAab 


[ 


1 



where m is the thermal capacity of the plate per unit area. 

11, A conducting sphere initially at zero temperature has its surface kept at a 
constant temperature Uo for a given time, after which it is kept at zero. Find the 
temperature at any time in the second stage. 

12. A bar of uniform cross section is covered with impermeable varnish and 

extends from the point a; = 0 to infinity. The bar being throughout at tempera- 
ture zero, the extremity is brought at time ^ = 0 to temperature t>o and kept at 
this temperature. Find the distribution of temperature in the bar at any subse- 
quent time tj and verify that the solution gives the obvious solution at ^ « . 
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CHAPTER XIX 


THE ELEMENTS OF THE THEORY 
OF THE COMPLEX VARIABLE 

1. Introduction. Many of the problems of applied mathematics 
may be solved particularly simply by the use of the theory of complex 
functions. Chapter II is devoted to an exposition of complex numbers 
in general, and in Chap. Ill it is demonstrated how periodic phenomena 
may be simply and concisely expressed in terms of complex exponentials. 

In this chapter, a brief account of the most useful results of function 
theory will be given; for a fuller and rigorous exposition of these 
results, the reader should consult the works listed at the end of this 
chapter. The use of the theory of complex functions in the solution 
of two-dimensional flow and potential problems is discussed in Chap. 
XX. 

2. General Functions of a Complex Variable. In Chap. II, the 
elementary operations involving complex numbers were discussed. 
It was there shown how the elementary transcendental functions are 
defined for complex values of their arguments by allowing the variable 
in the power-series developments of these functions to take on complex 
values. We have thus seen that the functions of a complex variable 
obtained by operating on the complex variable 

(2.1) z=^x+jy j = 

with the fundamental laws of algebra or involving the elementary 
transcendental functions sin z, cos 2 , e*, sinh (z), etc., are themselves 
complex numbers of the form u + jv, where u and v are real functions 
of a; and y. 

Let us now assume the expression 

(2.2) w{z) — u + jv 

and determine what conditions it must satisfy in order that it may be 
a function of z. 

If we speak in the broadest sense of the word function, then w is 
always a function of z since if z is given then x and y are determined 
and it follows that u and v are determined in terms of x and y. 

This definition is too broad, and in the theory of functions of a 

447 
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complex variable it is restricted by demanding that the function w 
shall have a definite derivative for a given value of z. 

It must be realized that if w{z) is one of the elementary trans- 
cendental functions such as z^, sin z, cosh z, In z, as discussed in Chap. 

this condition is certainly met since all the operations used in the 
calculus of a real variable to obtain the derivatives are still valid for the 
complex variable and hence the derivative is uniquely determined. 
We thus have 

(2.3) ^ cosh z = sinh z, ~ In z = etc. 

However, it will now be shown that the uniqueness of the derivative 
requires the functions u and v to satisfy certain conditions. 

3. The Derivative and the Cauchy-Riemann Differential Equa- 
tions. In the theory of functions of a real variable, if the difference- 
quotient 

(3.1) = F\x) + 

where F{x) is a real function of the real variable x, can be resolved 
into two terms in such a way that the first is independent of h and the 
second one is such that 


(3.2) lim 4>{x,h) = 0 


then by definition it is possible to differentiate F(x), and F\x) is called 
the derivative of F{x), Hence 


(3.3) 


F'ix) = lim 
h — K) 


F{x + h) - F{x) 
h 




This definition is transferred to complex functions as follows: 



X 


(3.4) 

where 

(3.6) lim ^(«,<?) = 0 

g— «K) 


Fio. 8.1. In this case, however, q represents a vector 

in the vy plane of Fig. 3.1. The end point of 
the vector representing the complex number q can converge toward the 
otiidn as 9 — » 0 along any arbitrary curve. The derivative i 0 '(s) is 
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defined by 

(3.6) »'(*) - Bm 

g-*0 3 

and must be independent of the manner in which q approaches zero in 
order to be unique. In order to carry out the limiting process (3.6), let 

(3.7) q = Az = Ax+j Ay 
and 

(3.8) Aw = w(z + Az) — w{z) 

= A« + j At» 


Now since u and v are functions of x and y, then if u and v have 
continuous partial derivatives of the first order, we have 

(3.9) 



where 



(3.10) 

lim €r = 0 

r = 1, 2, 3, 4 


(3.11) 


Substituting (3.7), (3.8), and (3.9), in (3.6), we have 

( du , .dv\ . (bu . .dv\dy 

1 + ii 


dw T Aw 
= lim — 


(S) 



^ A + Bm 
“ 1 + iry 

where 

/ J _ dw 


1^ dx 

(3.12) 

h’r 

j 




1 m = 

\ dx 


+ j 


.dv 


+ J 


dx 

.dv 


dy 


Now if ^ is to be unique, it m\ist be independent of the manner 

dv 

in which Az approaches zero mid hence must be independent of m 
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If ^ — w' is independent of m, we must have 
az 


(3.13) 



(1 + jm)B - (A + Bm)j ^ ^ 
(1 + 


Hence 


(3.14) 
or 

(3.15) 


B =jA 



Equating the coefficients of the real and imaginary terms of (3.15), 
we obtain 


(3.16) 
and 

(3.17) 


du ^ ^ dv 
dy dx 

du _ dv 
dx dy 


. 


Equations (3.16) and (3.17) are the conditions that the real and 
imaginary parts of w(z) must satisfy in order that w{z) may have an 
unique derivative w'{z). Such a function is said to be analytic at the 
point z. They are called the Cauchy-Riemann differential equations. 

If we differentiate Eq. (3.16) with respect to y and Eq. (3.17) with 
respect to x and add the results, we obtain 


(3.18) 


d^u , d^u 
dx^ dy'^ 


Differentiating (3.17) with respect to y and (3.16) with respect to x 
and subtracting the results, we obtain 


(3.19) 


a**t; ^ 


dx^ 


0 


We thus see that the real and imaginary parts of an analytic 
function w{z) of a complex variable are solutions of the Laplace equa- 
tion in two variables. The functions u and v that satisfy the Cauchy- 
Biemann Eqs. (3.16) and (3.17) are called conjugate fundiona. 
Substituting Eqs. (3.16) and (3.17) in (3.11), we obtain 

/o ort\ tf \ du , .dv 1 fdu , . dv\ j 
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The use of these functions in the solution of two-dimensional flow 
and potential problems will be discussed in Chap. XX. 

4. Line Integrals of Complex Functions. The concept of the line 
integral of a three-dimensional vector 
field was discussed in Sec. 10 of Chap. 

XV. We shall now consider the defini- 
tion of the line integral of a complex 
function along a curve C. 

Let w{z) be a complex function of 
the complex variable z defined in the 
region B (Fig. 4.1), and let C be a 
smooth curve in the region B having 
end points Zo and z. Let 2 i, 22 , ^ 3 , * * • Zn~\ be an arbitrary number 
of intermediate points on C and Zn chosen to be the point z. 

Let 



(4.1) 


AZr — Zr Zr^i r = 1, 2, 


n 


represent chord vectors of the curve C. Let nir l>e a point on the curve 
C located between Zr^i and Zr (this point may also (joincide with Zr^i or 
with 2r). Let the following summation be performed: 


(4.2) 


r*»n 

^ w{mr) AZr = Ln 
r= 1 


If as the curve is C is divided into smaller and smaller parts so that 
n — > 00 , |A2:rl — >0 and this summation tends to approach a limit that 
is independent of the choice of the intermediate points and of the 
manner in which the division is performed, then the above limit Ln is 
called the definite integral of the complex function w{z) taken along the 
path C and between the limits 2 = 2o and z — z and is denoted by 


(4.3) 


lim Ln = 
n— ♦ 00 


wiz) dz 


Zo 


As in the case of real quantities, it may be shown that the limit Ln 
exists if w{z) is continuous along the path of integration. 

The value of this integral in general depends on w{z) and on the 
limits of the integral as well as on the form of the path, C. 

Estimation of the Integral Value, Let the curve C be a curve of 
finite length (rectifiable curve) ; then if 

(4.4) lu?(2)| < M 

where M represents a fixed real quantity, throughout the curve C; then 
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the following estimation of the integral along the curve C exists 


(4.5) 


/; 

£0 


w(z) dz 


< Ms 


where s is the length of the curve C from Zo to z. 

To prove (4.5), we substitute (4.4) in Eq. (4.2) and obtain 


(4.6) 

However 


J*o 


dz] 


< M lim AZr 


n— ► 00 r-l 


(4.7) 


lim I ^ AZr\ = I r dz\ = f" \^dx^^TW^ = 

n-^oo 


This proves Eq. (4.5). 

If we decompose w{z) into its real and imaginary parts 

(4.8) w{z) = w + jv 

and write 


(4.9) dz — dx + j dy 

we have 


(4.10) w(z) dz = (udx — V dy) + j (vdx + u dy) 

EO X0,]/0 S^fi/0 


whej?6 we now have two real intepals. 

n/o. Cauchy’s Integral Theorem. Let the function w(z) be single- 
valued, continuous, and possess a definite derivative throughout a 
region B, that is, let w(z) be analytic in R. 

Cauchy’s integral theorem states that 


(5.1) w(z) dz — 0 

where the above notation signifies that the line integral is taken along 
an arbitrary closed path lying inside the region /?. 

The proof of this theorem can be made to depend on Stokes’s 
theorem of Chap. 15, Sec. 10. Stokes’s theorem states that if we have 
a vector field A whose components possess the continuous partial 
derivatives involved in the caJculation of V X A, then 

(6.2) (V X A) -ds 

ilritusre th« line mtegral is taken along the curves, bounding tiie qom 
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surface If A is a two-dimensional vector field having the com- 
ponents Ax and Ay above, then (5.2) reduces to 

(5.3) (A. dx + A,dy) = dx dy 

where c is a closed curve lying in the sy plane and s is the surface 
bounded by this curve. As a consequence of (4.10), we may write 

(5.4) w{z) dz = (w dcr — v dy) + i ^ {v dx + u dy) 

By means of (5.3) we may transform both the integrals of the right 
member of (5.4) into surface integrals. 

To transform the first one, let 


(«■*) { t : 

We thus obtain 

( 5 . 6 ) + 

However as a coixsequence of the first Cauchy-Riemann equation 
(3.16), we have 


(5.7) 


dv . du 
dx dy 


= 0 


Hence the first integral of the right member of (5.4) vanishes. 
Using Eq. (5.3) to transform the second integral of the right member 
of (5.4) and the second. Cauchy-Riemann equation (3.16), this integral 
may be shown to vanish also. Hence 
Cauchy’s integral theorem (5.1) is 
proved. 

As a consequence of this theorem, 
it follows that the path of the line 
integral whether closed or between 
fixed limits may be deformed without 
changing the value of the integral pro- 
vided that in the deformation no point is encountered at which w{z) 
ceases to foe analytic. 

MvUvfdy Connect<^ Regions. Cauchy’s integral theorem has been 
deduced under the assumption that the closed curve is the boundary 
of a simply connected r^on. However, as we shall see, the theorem 
still holds if the enclosed region is mvMply connected. Consider the 
r^on of Fig. 5.1. 
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This region requires three curves C|, c,, and Cg to divide it into two 
separate parts and is therefore a triply connected region. intro- 
ducing the cross cuts AB and CD, the region may be transformed into 
a simply connected region. We thus have 

(5.8) w{z)dz = 0 

Where the curve s includes the outer curve Ci traversed in the mathe- 
matically positive direction the curves c% and traversed in the nega- 
tive direction and the cross cuts AB and CD. We thus have 


(5.9) ^ w(z) dz = ^ w(z) dz -f w(z) dz + w{z) dz + 

/ B f A. r jO fC 

^ wiz) dz + u){z) dz + / w{z) dz •+ 1^ w(z) dz 

Since the function is analytic along the cross cuts and the integral 
from A to J5 is traversed in the opposite direction from the integral 
B to A, etc., the integrals along the cross cuts cancel out in pairs. 
Using this fact and transposing, we obtain 

( 6 . 10 ) w{z) dz = w{z) dz + w{z) dz 

where we have reversed the direction of integration along curves C 2 
and Cg. 

As aji example of the use of Cauchy’s integral theorem, let it be 
required to compute the integral 



1 - 4 ^- 


(5.11) 


where c is a simply closed curve. 

The function w{z) == l/z is analytic for 
any value of z except for z = 0. If, there- 
simply closed curve c does not 
enclose the origin, let us draw an arc Ci of 
small radius r with center at the origin as shown in Fig. 5.2. 

Since the function I /2 is analytic in the region between ci and c, we 
have by Eq. (5.10) 


(5.12) 


4^.4 

C Z J C, 


Now on the circle Zi we have 


(6.13) 


dz = jre^^ dB 


Sec. 6] 
Hence 
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(6.14) 

We thas have the result 


— = / jde = 2kj 

X 2 


( 5 . 15 ). 


dz 

z 


0 if c does not surround the origin 
2irj if c surrounds the origin 


6. Cauchy’s Integral Formula. Let w{z) be analytic in a region 
including a point z = a and bounded by a 
curve c. Let us draw a small circle Ci of 
radius r and center at a as shown in Fig. 6.1. 

Then in the area bounded by the circle Ci 
and the curve c, the function 


( 6 . 1 ) 


4>{z) = 


w{z) 


(z - a) 

is analytic. Hence by Cauchy’s theorem, we have 





Fio. 6.1. 




( 6 . 2 ) 


W(z) dz 


e (z — a) 
Now on the circle Ci we have 


(6.3) 

Hence 

(6.4) 


z = a + 

w{z) = w{a) + 5 


w{z) dz 

Cj {Z o) 


dz = jreJ^ do 




jdde 


= 27rjw{a) + 27rjf5 

Now we may take the radius of the circle so small that 


( 6 . 6 ) 


lim 3 = 0 
r— *0 


Hence from (6.4) and (6.2), we obtain 
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This is Cauchy ^s integral formula; it is remarkable in that it 
enables one to compute the value of a function w(z) inside a region in 
which it is analytic from the values of the function at the boundary. 

If we apply the formula to a circle with center at a of radius R, we 
have 


(6.8) z = Re^'^ + a, dz = jRe^^ d6 

and we obtain 


1 

(6.9) w(a) = 

zTje^o 

This shows that the value of the function w{z) at the center of a 
circle is equal to the average value of its boundary values. If M 
denotes the maximum of the absolute value of w(z) on the boundary of 
the circle, then 

(6.10) w{z) (i*! < %rM 
Hence 


(6.11) |^(a)| ^ M 

Therefore the maximum of the absolute value of an analytic function 
cannot be situated inside a circular region. 

Another form of Cauchy^s integral formula is obtained by replacing 
a by 2 and letting z — tm (6.7), We then have 

( 6 . 12 ) 


where now z is held fixed in the integration and t traverses the curve c. 

Derivatives of an Analytic Function. It may be shown that the 
integral (6.12) may be differentiated under the integral sign and that 
the result thus obtained may be differentiated in the same way. This 
will be assumed. Then we have 


(6.13) 

(6.14) 

(6.15) 


dw . 1 

S - “ 


w(0 


w"{z) 


K;C«)(2) 


nl • 

2irj 


n 

2irj 

fc 


e (< - 

wit) 


(<- 

W{t) 


(t-z) 




*)• 

di 


z)» 

dt 


dt 


71 — 0 , 1 , 2 ^ 3 ) 


From this it follows that if a function is analytic all its derivatives 
most. This is not necessarily true of a function of a real variaUe. 
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Taylor’s Series. In Chap. I, Sec. 15, the Taylor’s series expan- 
sion of a function of a real variable was discussed. By means of 
Cauchy’s integral formula, we may discuss Taylor’s series expansion 
of an analytic function of a complex variable w(z). If we let 

z~*(z + h) 

in equation (6.12), we have 


(7.1) 




w(t) dt 


2irj Jet — (z h) 


Where we assume that w(z) is analytic in a circle R with the 
boundary c and that the points z and {z + h) are inside of this circle, 

let us now expand ' r~JI W ^ power series in h in the form 


t- iz + h) 


(7.2) 


1 


t - {z-^h) 




= 1 " 
(< - z) - 


1 + 


+ 




t-z ' {t-zY 
k' 


Hence 


(7.3) 


1 


w{t) dt 


2irj •Tc ^ — {z + h) 

Using (6.15) and (7,1), we have 

hw\z) hV'(z) 


(t - zY 

2tj LX c t — 
w (t) dt 
{i - z)^+^ 


dt 


+ 


+ h 


+ • - + 


{t — zY{t — z — h)^ 
w{t) dt 


it - zY 
wit) 


+ 


(7.4) w(z + h) = w{z) -+• 


(< - 2)’‘+’(< 


h" 


ett 

— z — h)_ 


1! 


2! 


h • • • +^u^’‘>(«) + /2.+i 


where Bn+i is the remainder after (n -H 1) terms and is given by 

(7.6) 

Now by the estimation formula (4.5), it may be shown that 
(7.6) lim Rn+i * 0 

n-."o 


Tlie series (7.4) converges inside of a circle with z as its center, the 
radius of the circle being equal to the distance from z to the nearest 
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point {z + //) itt which w{z + h) is no longer analytic. Series (7.4) 
may also be represented as follows: 


Fig. 8.1. 


(7.7) tc(2 + /*) = X 

r «0 

where 

(7.8) . 

y Thus the coefficients may be obtained by means of integration. 

8. Laurent’s Series. Let w(z) be an analytic function in the 
annular region of Fig. 8,1 including the boundary of the region. 

The annular region is formed by two concentric 

@ circles c and Ci whose center is zo» Let (zo + h) = z 
be located inside the annular region. If we apply 
Cauchy’s integral theorem to this annular region, we 
have 

(8.1) + 

Fig. 8.1. 

The integration is carried out over the entire bound- 
ary of the annular region composed of the circles c and Ci. We thus 
have symbolically 

(8.2) «;(2o + h) = 2^ 

where the integration over both circles must be taken in the positive 
direction. Each integral is calculated individually. Now as in 
Eq. (7.2), we have 

/o q\ 1 1 , h _ 

(t-zo-h) (t- zof (t - zo)-^ ^ (( - z,p 

*.» A»+‘ 

(i - Zo)-+‘ ■^ (/ - 2o)’‘+>(< -Zo- h) 
If we interchange (< — zo) and h, we have 

(8 4) = - + - + • • • 4- 

^ ^ t-zo-h ^ ^ ^ 

it - Zo)" (t- Zo)”+‘ 

A»+‘ f hn+i^t -zo-h) 

If we now substitute these expansions in Eq. (8.2), we have 

(8.6) w{zo + /i) = a.h‘ + i?: + K 


where 


1 ' ^ wit) dt 

^ Jo it - Zo)*+‘ 


s = 0, +1, + 2 , +8, 
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Sec. 8] 


(8.7) 

( 8 . 8 ) 


o, = 

K = 
R" = 


1 ^ w(t) (R 

2irj J c, (« 

(« - z«)»+>(< - Zo- h) 

1 


2o)*+i 

dt 


s = -1, -2, -3, -4, 


(< — Zo)*+’to(0 


2Ti Jc, -zo-h) 

By Cauchy’s estimation formula (4.5), it is easy to show that 

?' = 


(8.9) 


( hm K = 0 
I n— ► GO 

I lim R" = 0 
Vn— > 00 


Hence we obtain the Laurent^s series 


(8.10) w(zo + h) = ^ <uh^ 

— to ^ 

where the coefficients a, are given by (8.6) and (8.7). It may be 
noted that if all the coefficients of negative index have the value zero 
then (8.10) reduces to Taylor’s series. 

Examples of LaurenFs Series Expansions. Consider the function 

(8.11) w{z) = 


This function is analytic at all points of the z plane except at the points 
z = 0 and z = 1. Therefore it is possible to expand this function in a 
Laurent’s series in an annular region about z = 0 or « = 1. 

To expand about z = 0, we have 


= — i (1 + Z + + 2® + • • •) 

z 

= _1_1_2_22_28_... 2 j ^0 

z 


To expand about 2 '= 1, write 

1 _ 1 1 
2(2 - 1) 2 - i (2 - 1) + 1 

= [1 - (2 - 1) + (2 - ly - 

(2 - 1)« + • • • j 
= - 1 + (« - 1) - (2 - 1)* + • • • Z9^l 


(8.13) 
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As another example, consider the function 
(8.14) w(z) = e‘/‘ 

This function may be expanded in any annular region enclosing the 
origin in the form 

1 


(8.15) 


ei/o 1 + ^ + + 


+ 


2 5 *^ 0 


In tms case all the terms of the Laiirent^s series have a negative index, 
sy' 9. Residues, Cauchy’s Residue Theorem. In the Laurent’s series 
(8.10), let 

(9.1) z = (zo + h) or h ^ {z - z^) 

we then obtain 


(9.2) 


t “ -f* «o <!' 

wiz) = ^ a»(2 - 2o). 


The coefficient a_i is given by Eq. (8.7), and it is 

(9.3) fl-i ~ ^ w{l) dt y* 

* 

where Ci is a curve surrounding the point Zq, a-i is in general a com- 
plex number and is called the residue of w(z) at the point z = 2o. It is 
usually denoted by 

(9.4) a_i == Res w{z)z^z^ 

It sometimes happens that the Laurent’s series for w{z) is known 
in the neighborhood of 2 = 2o or the series is easier to compute than 
the integral. In that case, from a knowledge of a«i we may compute 
the integral (9.3). 

As a very simple example, consider the function w{z) « 1/a. In 
this case the Laurent’s series about the origin consists of only one term 
and we have 


(9.6) a_i = 1 v/ 

Hence 

(9.6) = 2irj-l = 2irj 


where the integral is taken about a curve surrounding the origin. In 
the same manner, we have 

(9.7) ^ dz = 
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where the path of integration encloses the origin. This follows from 
the expansion of the function e'/* in the series (8.15) where we see that 

(9.8) a^t = Res (c^/*) = 1 

z^O 

Cauchy^ 8 Residue Theorem. Let w{z) be an analytic function inside 
a region R at all points except at the points 2 i, Z 2 , • • • Zn. Let w{z) 
be analytic at all points on the boundary c of the region R. Let us 



surround the points 2 ^ 2 , • * • Zn by the closed curves Ci, C 2 , • • • Cn. 
Then by Cauchy's integral theorem of Sec. 5, we have (see Fig. 9.1) 

(9.9) w{z) dz = w(z) dz + w{z) rfg + • • • + ^^ w{z) dz 
However, by (9.3), we have 

(9.10) w(z) dz = 2jrj Res w(z) 

z = Zr 

Hence substituting this in (9.9), we obtain 

r»n 

(9.11) w w(z) dz — 2vj V Res w{z) 

r-l 

Z ^ Zr 

This is Cauchy^s res'idue theorem. It is of extreme importance in 
evaluating definite integrals and in the theory of functions in general. 
Applications of this theorem to the evaluation of definite integrals will 
be c^iridered in a later section. 

XyW. Singular Points of an Aiial3rtic Function. All the points of the 
z plane at which an analytic function does not have a unique derivative 
are said to be atngular points. If we concern ourselves only with 
single-valued functions of the complex variable w{z), then w{z) may 
have two types of singulwities. 
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a. Poles or nonesseniial singular points. 

b. Essential singular 'points. 

The distinction between these two types of singularities will now 

explained. 

I^et 2 o be a singular point of w{z) . Let us expand w{z) in a Laurent^s 
series in powers of {z — Zq), This expansion will contain powers of 
{z — 2io) with negative exponents, for otherwise z = Zo would not be a 
singular point. Hence we have 


( 10 . 1 ) .(.) . . . +^ + 

ao + aj(z — Zo) • 

There are two possibilities: 

a. The expansion (10.1) has only a finite number of powers of 
(z — Zo) with negative exponents. 

In this case w(z) is said to have a pole singularity at z = Zo. If m 
is the largest of the negative exponents and if the function 

(10.2) <l>iz) = (z — Zo)^w(z) 

behaves regularly (is analytic) at the point zoy m is called the order of 
the pole Zoy and w(z) is said to have a pole of the mth order at the 
point Zo. 

The sum of the terms with negative exponents 


(10.3) 


U—I . a_2 I , , ^ I w 

(z — Zo) (z — Zo)^ (z ~ Zo)”^ 


is called the principal part of the function w{z). 

b. The other possibility is that the Laurent ^s expansion of the 
function w(z) about the point Zo will have an infinite number of nega- 
tive powers of (z — Zo) and is of the form 


(10.4) 


r«» -f* • 

W’W = ^ Or(z — Zo)’’ 

— ee 


In this case the point z — Zoi^ said to be an essential singular point 
and w{z) is said to have an essential singularity at 2 = Zo. 

As examples of these possibilities, consider the function 

(10.6) »(«) = (; _ 2).(, I 5).(, _ 1) 

This function has a pole of the second order at a = 2, a pole of the 
third order at z = 5, and a pole of the first order at z =* 1. 
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The function 

(10.6) w{z) 

has the Laurent's series (8.15) in the neighborhood of the origin. Its 
Laurent's series expansion contains an infinite number of negative 
powers of X a-nd has, therefore, an essential singularity at 2 : = 0. 

Mcromorphic Functions, If a function w{z) has only pole singu- 
larities in the finite part of the z plane, it is said to be a meromorphic 
function, 

11. The Point at Infinity. In the theory of the complex variable, 
it is convenient to regard infinity as a single point. The behavior of 
w(z) ^^at infinity" is considered by making th^ substitution 

(11.1) 3 = i 

and examining w(\/t) at f = 0. We then say that w{z) is analytic or 
has a pole or an essential singularity at infinity according as w(l/t) has 
the corresponding property at ^ 0. 

It may thus be shown that i/z^ is analytic at infinity, 2 ® has a pole 
of the third order at infinity, and the function 

( 11 . 2 ) = + . . . 

has an essential singularity at infinity. 

The Residue at Infinity, The residue of w{z) at infinity is defined as 

(11.3) ^.£wiz)dz 

where c is a large circle that encloses all the singularities of w{z) except 
at 2 = 00 . The integration is taken around c in the negative sense, 
that is, negative with respect to the origin provided that this integral 
has a definite value. 

If we apply the transformation 

(11.4) e == i 
to the integral (11.3), it becomes 



where the integration is performed in a positive sense about a small 
circle whose center is at the origin. It follows that if 
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(11.6) lim T— = lim l—zw(z)] 

t — >0 L V / ^ J °° 

has a definite value, then that value is the residue of w{z) at infinity. 
For example, the function 

“ (2 - a){z - 6) 

behaves like 1/z for large values of z, and is therefore analytic at 
« = oo. However, 

(11.8) lim [—zw(z)] = —1 

2 — ►« 

Hence the residue of w(z) at infinity is — 1. We thus see that a func- 
tion may be analytic at infinity and still have a residue there. 

12. Evaluation of Residues. The calculation of the residues of a 
function w{z) at its poles may be performed in several ways. By the 
definition of the residue of the function w(z) at a simple pole z ^ Zo is 
meant the coefficient in the Laurent^s expansion of w{z) in the form 


(12.1) w(z) = + Oo + cLi(z — Zo) 4- ciziz — Zoy -)-••* 

where Zq is a simple pole. If we now multiply Eq. (12.1) by (2 — 20 ) 
and take the limit 2 — > 2o, we have 

(12.2) lim (2 — zq)w{z) = a-i 

= Res w{z) z = Zo 

For example, the function 


(12.3) 


( 2 => + a*) (z + ja)(z - ja) 


has two simple poles, one at 2 = ja and another at 2 « — ja. To 
evaluate the residue at 2 = ja, we form the limit 

(12.4) lim (2 — ja)w{z) = lim ( — 

2— ►ia z-*ja \z + ji 

Similiurly, the limit at a = —ja is — 

Residues ai Simple Poles of to(a) = F(z)/0{z). Frequently it is 
required to evaluate residues of a function w(a) that has the form 


\ 

/ 2ja 


wiz) = 


Oiz) 


(12.5) 
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where G(z) has simple zeros and hence w{z) has simple poles. If 
z = Zo is a simple pole of w(z), then by (12.2) we have 

(12.6) Res w(z)t^z^ « lim [(z — zo)w(z)] 

Since z = Zo is a simple pole of ii?(z), we must have 


(12.7) G(zo) - 0 

so that expression (12.6) becomes 0/0. To evaluate it, we use L'Hos- 
pitaFs rule and obtain 


(12.8) Res w(z)t^z. 


lim 
2— >20 


Fiz) + (z ~ Zo)F'(z) 

/ / G\z) ' 


F(zo) 

G'(zo) 


As an example of the use of this formula, let it be required to 
compute the residue of w{z) = e^^/(z^ + a^) at the simple pole z = ja. 
Using (12.7) we have 


(12.9) 



£2 

2ja 


Evaluation of a Residue at a Multiple Pole, If the function w(z) 
has a multiple pole at z = Zo of order m, then the Laurent's expansion 
of w{z) is 


( 12 . 10 ) 


w{z) = 


Q— m 

(z - 20)“ 


a — m-j-l 1 ... _i U— .1 I 

(z - Zo)--^ (z - Zo) ^ 

ao + ai(z — Zo) + a2(z — Zo)^ + . . » 


The residue at z Zo is a-i, and to obtain it we multiply (12.10) 
by (z — Zo)*" and obtain 


(12.11) (z - Zo)"^(z) = + a_«»+i(z - zo) + • * * + 

a-i(z — Zo)*”*"^ + (« — Zo)’"ao + ai(z — Zo) + a^iz — Zo)® + • • • 

If we differentiate both sides of (12.11) with respect to z (m — 1) 
times and place z = Zo, we obtain 


(12.12) [(z - Zo)’^(z)]^,^ = a.«i(m - 1)! 


Hence the residue a-.i at the multiple pole is 

(12.13) 0-1 = 
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For example, let it be required to find the residue of 

(12.14) u>(z) = 

at the third-order pole z — a. Applying (12.13), we have 

(12.15) (zc')^a = e“ ^1 + 

13. Liouville’s Theorem. A very interesting and useful theorem 
may be established by the aid of the notion of residues. 

Let w(z) be a function that is analytic at all points of the complex 
z plane and finite at infinity. Then if a and h are any two distinct 
points, the only singularities of the function 

are a and b and possibly infinity. However since w{z) is by hypothesis 
finite at infinity, we have 

(13.2) lim z<t>{z) = 0 

2— ► 00 

Hence the residue of <^>( 2 ) is zero at infinity. However, in Sec. 11, 
we saw that the residue of <l>(z) at infinity is defined by 

(13.3) 

where c is a large circle that encloses all the singularities of 4>(z) 
except the one at 2 = 00 and the integration is performed in the nega- 
tive sense. However by Cauchy^s residue theorem, we have 

(13.4) ^ inside c 

Hence the sum of the residues of <t>{z) including that at infinity is 
zero. Now the residue of <^( 2 ) at 2 = o is 


(13.6) 


lim (2 — a) 


w(z) 

(2 — a) ( 2 — b) 


w(a) 
(a -6) 


and, similarly, the residue at 2 = 6 is w(b)/{b — a). Since the sum 
of the residues vanishes, we have 


w(a) . wQ)) 
(a - b) ^ (b- a) 



(13.6) 
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407 


(13.7) w(a) =» %t(b) 

and since a and b are arbitrary points, w(z) is a constant. We have 
thus proved LiouviHe^s theorem which states; 

A function that is analytic at all points of the z plane and iBnite at 
infinity must be a constant. 

As a corollary of this theorem, it follows that every function that 
is not a constant must have at least one singularity. 

It also follows that if w(z) is a polynomial in z, the equation 

(13.8) w(z) = 0 

has a root, because if it did not, the function l/w(z) would be finite 
and analytic for all values of z and would therefore be a constant; then 
w(z) would be a constant. This centradicts the original hypothesis. 
This is the fundamental theorem of algebra. 

14, Evaluation of Definite Integrals. By the use of Cauchy’s 
residue theorem, many definite integrals may be evaluated. It should 
be observed that a definite integral that can be evaluated by the use 
of Cauchy’s residue theorem may be evaluated by other methods 
although not so easily. However, some simple integrals such as 

jj" du cannot be evaluated by Cauchy’s method. 

a. Integration around the Unit Circle. An integral of the type 

(14.1) F {cos 6f sin 6) dd 

where the integrand is a rational function of cos 6 and sin $ that is 
finite in the range of integration may be evaluated by the transformation 

(14.2) ' == z 

since 

(14.3) cose^l(z + iy 8mtf = 1(0-0 
the integral takes the form 

(14.4) Siz) dz = 2irj 2) Res S{z) inside c 

where S(z) is a rational function of z finite on the path of integration 
ttod e is a dircle of unit radius and center at the ori^. 

As an example of the general procedure, let it be required to prove 
that if a > b > 0 
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(14.5) 


Jo CL 


sin^ 6 do 2 t , AT" 

tfsst# - p- 


Letting this becomes 


(14.6) 

where 


j_e (g^ - lydz 
2 b Je z^(z — p) (z — q) 


(14.7) p = ; q = 

these are the two roots of the quadratic 


'o* - 


(14.8) 


g* + ^ + 1 = 0 


It is seen that p is the only simple pole of the integrand inside the unit 
circle c, and the origin is a pole of order two. We must now compute 
the residues of 

nA (\\ ~ A 


(14.9) 


S(z) - 


z\z -p){z- q) 


at the poles z — p and « = 0. 

We do this by the methods of Sec. 12. The residue at 2 = p may 
be evaluated by formula (12.2). We thus obtain 

(14: 10) Res S(z) = lim — (p^ •— 1)^ ^ p^ 

(14.10) Res^^( 2 ) p^(p - g) (p - g) 




_ V PJL _ (p - g)^ _ _ 2 Va^ - b ^- 

ip -q) ip-q) ^ b 

The residue at the double pole g = 0 may be evaluated by equation 
(12.12); it is 


(14.11) 


ResS(g) =^Ig».S(g)]_o= -|5 

z^Q 0 


Now by Cauchy's residue theorem (9.11), we have 


( 14 . 12 ) 


2 Vo* - 6*) 


^ (o - V55rrp) 


this proves the result. 
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6. Evaluation of Certain Integrals between the Limits — « and + oo . 
We shall now consider the evaluation of integrals of the type 

(14.13) Q{x) dx = I 

where Q{z) is a function that sa»/islics the following restrictions: 

(a) . It is analytic in the upper half plane except at a finite number 
of poles. 

(b) . It has no poles on the r^'al axis. 

(c) . zQ(z) -^0 uniformly as | 2 :| « for 0 ^ arg z ^ ir, 

(d) . When x is real, 0 as a: — ► ± oo in such a way that 

/* /_^oo 

both converge. Then 

(14.14) Q(x) dx = 2iri ^ R+ 

where denotes the sum of the residues 
of Q(z) at its poles in the upper half plane. 

To prove this, choose as a contour a semicircle c with center at the 
origin and radius li in uhe upper half plane as shown in Fig. 14.1. 
Then by Cauchy^s residue theorem, we have 

(14.15) Q(x) dx+ Qiz) dz = 2irj 22+ 



Fia. 14.1. 


Now by condition (c) if 1? is large enough, we have 

(14.16) \zQ{z)\ < 5 
for all points on c, and so 

(14.17) 11^ Q{z) dz\ = 1/^' Q(Rei»)jRe>> (2fl| < d dd = irS 


Hence as 22 — » <» , the integral around c tends to zero, and if (d) is 
satisfied, we have Eq. (14.14). 

This theorem is particularly useful in the case when Q{x) is a 
'National function. As an example of this theorem, let it be required to 
prove that if o > 0 


(14.18) 


X* + 


2 V2o* 


Consider 


(14.19) 


Qiz) = 


1 

z* + o* 


this function has simple poles at oe*'#'*, ae**^'*, Only the 
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first two of these poles are in the upper half plane. The function Q(z) 
clearly satisfied the conditions of the theorem, therefore 

(14.20) J ^4 ^ ~ ^ Residues at ae’^^* and 

By the methods of Sec. 12, we have 


(14.21) 
Hence 

(14.22) 
and 

(14.23) 
Therefore 

(14.24) 


Res Q(z) = lim ^ 

Z^Zq Z-*Zq 4 Z® 

Res Q( 2 ) = ~ 

Res Q{z) = 


— — — = 2x1 (— e->**'* + — 

j_. x* + a* ^4a>^ } 

TT 

^ V2a* 

Since the function Q(x) is an even function of x, we have 

dx _ 2 f * da; 

X* + a*~ Jo X* + o* 


(14.26) 

Hence 

(14.26) 


/■“ dx _ 

Jo + 


2 \/2o» 


V V/ _ ^ _ 

" 16. Jordan’s Lemma. A very useful and important theorem will 

now be proved, it is usually known as Jordan^ s kmma. 

Let Q{z) be a function of the complex variable z that satisfies the 
following conditions: 

(а) It is analytic in the upper half plane except at a finite number 
of poles. 

(б) Q(z) — ► 0 uniformly as — > oo for 0 < arg z <ir. 

(c) m is a positive number. 

ITiien 


(15.1) 


lim f €^^Q{z) dz ^ 0 

B-*oo 


where e is a semicircle with its center at the origin and radius i2. 
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Proof, For all points on c, we have 

I 2 ? = = JK(cos B + j sin 6) 

I = jRe^^ dB 

s— j^ymfi(oo6 O-j-y Bin tf) j jg— wi/J rin dj 

By condition (6), if R is sufficiently large, we have for all points 
on c 

(15.4) \Qiz)\ < 8 

Hence 


(16.2) 

Now 

(15.3) 


(15.5) I J[ Q( 2 )e»“' = Q(,z)e>^‘Rei>j dfl| < S jj dB 

= 2m dB 

It can be proved that sin B/B decreases steadily from 1 to 2/ir as 
B increases from 0 to ir/2. Hence 


(15.6) 

Therefore 


sin ^ ^ 2 
B -T 


(15.7) Q{z)e’-i’ dz\ <2RS 


' t /2 —■2m 

e 


R9 


when 0 < ^ ^ 


do = — (1 - (T^) < — 

m ^ ' m 


from which (15.7) follows. 

By the use of Jordan^s lemma, the following type of integrals may 
be evaluated: 

Let 

( 16 . 8 ) OW - ^ 


where N{z) and D{z) are polynomials and D{z) has no real roots. 
Then if 

(o) The degree of D{z) exceeds that of N{z) by at least one. 

(5) m > 0 
then 

(15.9) Q(x)e*^ dx = 2*-/ 2) 

where denotes the sum of the residues of Q(z)e^ at its poles in 
the upper half plane. To prove this, integrate Q(«)e^ around the 
dosed contour of Fig. 15.1. We then have 
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(15.10) Q(x)e^dx + j Q(z)e^ 

= 2irj ^ Res inside the contour 



Since Q{z)e^”^^ satisfies the conditions 
of Jordan^s lemma, we have on letting 
R CO the result (15.9) since the inte- 
gral around the infinite semicircle van- 
ishes. Taking the real and imaginary 
parts of (15.9), we can evaluate integrals 
of the type 

/ *^ 00 

Q{x) sin mx dx 


As an example, let it be required to show that 


(15.12) 



cos X dx 
x^ + 


9re~® 

2a 


where a > 0 


Here we consider the function 
above conditions we have 


2* + a^’ 


and since it satisfies the 


The only pole of the integrand in the upper half plane is at ja] the 
residue there is er‘/2ja. Hence 


16.14) 


(15.15) 


r * e'* do; _ n •( _ Jre~* 

j-. a;» + a* “ ^^\2ia) ~ a 

Therefore taking the real part of we have 

cos dx ^ ^ = 9 f “ cos dx 
(x* + o^) a Jo (x<‘ + o*) 


/: 


hence (15.12) follows. 

/ Indenting the Contour, By an extension of the above theorem, it 
may be proved that 


(15.16) [ dx = ^ if m > 0 

Jo X I 

To prove this, let us consider the integral 



(16.17) 
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taken about the contour of Fig. 15.2 where Ci is a semicircle of radius 
R and s a semicircle of radius r. 

We notice that the integrand 


(15.18) 


<3(2) = 


has a simple pole at 2 = 0 and none in the upper half plane. By 
Jordan^s lemma, we have 


(15.19) lim f ^dz =0 
R — ► 00 J Cl Yi 


where Ci is a semicircle of radius R and I . ( \ i 

center at the origin. Since the contour c -R -r r r 
does not enclose any singularities of the Fig. I 6 . 2 . 

integrand, we have by Cauchy’s residue theorem 

(15.20) ff-^dz=r Q{z) dz + j Q{z) dz + Q(z) dz + 


Q(z) dz = 0 


Now on the semicircle s, we have 


(15.21) 




(15.22) lim [ Q{z) dz = lim P • j dS = — jV 

r -^0 r ->0 

Placing 72 00 and r — > 0 in (15.20), we have 


(15.23) 


/* + * Qjmx d,x 

J-. -1^-^ 


On equating real and imaginary parts, we get 


(15.24) 


cos mx dz 


= 0 and 


dx ^ v 


Hence, since the integrand of the second integral is an even function 
of rc, we have 

(15.25) r^^^dx^l m>0 

Jo X I 


m > 0 


Integrals Involving Multiple Valued Functions. Frequently 
integrals of the type 

(16.1) Jo* 
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where u is not an integer, are encountered. These integrals can be 
evaluated by contour integration. However since is a multiple- 
valued function, it is necessary to introduce a barrier or cut in the 

z plane. 

One method of integrating integrals of 
this type is to use a contour consisting of a 
large circle C with center at the origin and 
radius JB. The plane must be cut along the 
real axis from 0 to oo and the branch point 
Z = 0 enclosed by a small circle a of radius 
r, as shown in Fig. 16.1. 

Now let Q{x) be a rational function of x with no poles on the real 
axis. Let us write 



(16.2) 

and let us suppose that 


w{z) = z^^Q{z) 


(16.3) 

and 


lim zw{z) = 0 

\z\-^oo 


(16.4) 


lim zw(z) ~ 0 
\ z \->0 


we then get the integral around C tending to zero as i? — > oo and the 
integral around s tending to zero as r 0. Hence, on making JB — > oo 
and r — > 0, we get 


. (16.5) ^ " x“-‘Q(a:) dx + f° dx = 2xj'^R 


where SJ? is the sum of the residues of w{z) inside the contour. It 
must be noticed that the values of a:““‘ at points on the upper and 
lower sides of the cut are not the same. This may be seen as follows: 
If z = re''*, we have 


(16.6) g.-i = r»-i . 

and the values on the upper side of the cut correspond to \e\ = x and 
9 = 0, and at the lower side they correspond to |z| = x and 9 = 2«-. 
Since • 


(16.7) 
we get 

(16.8) 





x^^(x) dx 


2rjXR 
(1 - 
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As an example of this method of integration, let us evaluate the 
integral 

(16.9) [ = r(a)r(l — a) = — where 0 < a < 1 

This integral is of importance in the theory of gamma fimctions 
discussed in Chap. XII, Sec. 7. 

In this case, we have 

(16.10) w{z) = 

Hence if 0 < a < 1, conditions (16.3) and (16.4) are satisfied. 
w{z) has a pole at 2 = — 1 . The residue at 2 ; = — 1 is 

(16.11) lim [(1+2) -^1 = (-1)“-* 

i + zj 

= 1 ) 

= — 

Hence by (16.8), we have 

(16.12) /, ■ ^ - STS) 


PROBLEMS 

1. Show that the function w ( 2 ) = | 2 |* has a unique derivative at the origin but 
nowhere else. 

2. Show that the real and imaginary parts of sin z satisfy Laplace^s equation 
in two dimensions. 

8. Find the residues of w{z) « e*/( 2 * -f a*) at its poles. 

4. Find the poles of the function w{z) » e*/(8m 2 ). 

6. Find the sum of the residues of the function w{z) = e*/(z cosh mz) at its 
poles. 

.. . f • xsinxdx 

6. Prove that / — z —. — =- •« ^ e ® where a > 0. 

Jo a?* -h o* 2 

/ 7. Prove that f da; « ^ tan where —v < a <r. 

Jo sinh vx 2 \2J 

Hini.Tntegratee®*/(sinh ir 2 ) around the rectangle of sides 2 / «0, y«l,a;«±^, 
indented at the origin and at j. 

.. 8. Show that if m and n are positive integers and m <n, 



9, Show that if m > 0, a > 0 




* ^ sin mx 

X* -h 


da; 
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10. Show that 


ma 

f ^ COS mx , ir -v/t • / ma , 7r\ 

Jo x*‘ + 2a® \\/2 V 


11. Prove that if a > 0 


y+-^ 


COS a; H- a; sin a; , . 

dx = 27re"‘» 

x^ 4- a® 


Hint: Integrate c^'*/ {z — Jd) over a suitable contour. 


12. Prove that / cos” e de = { 1 • 3 • 5 • . . . • (n — 1) 


2-4-6- . . . -n 


if n is odd 
• 27r n even 


13. Show that if — t < a < t 


cosh ax , 1 /a\ 

— T ox == s sec ( jr 

cosh ttx 2 \2J 


Hint: Integrate c“*/cosh ttz around the rectangle of sides x — ±12, y = 0, 

y “ 1. 

14. Show that f ” 

Jo smh X 4 

16. By integrating around a suitable contour, show that 


f * sin x^ 
Jo X 


16. By integrating along a suitable path, show that 

{ * eo8 X dx __ r * sin x dx __ ^/tt 

Jo X Jo \/ X '2 

17. By taking as a contour a square whose corners are ±iV, ±N + 2Nj, where 

is an integer and letting — > <» , prove that 


18. Show that 


19. Show that 


(1 + a;*: 


^ x*dx T Vs 


:)coah(f) 


Jo - 1 ” 

f ^ a d$ 

Jo a* -f sin® 6 


sin® e y'l a* 


20. Prove that 


" + « cos X dx 


(a:® 4- a*)(a:* 4“ 6*) 


^tiereo>6>0 


21. Show that 


r+“ ^ r(J> + 2c) 

J- . (*» + 6>)(s:> + c’)* 2&c«(6 + c)* 
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CHAPTER XX 


THE SOLUTION OF TWO-DIMENSIONAL POTENTIAL 
PROBLEMS BY THE METHOD OF CONJUGATE FUNCTIONS 


1, Introduction. Many problems of applied mathematics involve 
the determination of two-dimensional vector fields that are irrotational 
and solenoidaL If we let A be such a vector held, then we have seen 
in Chap. XV, Sec. 10, that if 

(1.1) V X A - 0 
then 

(1.2) A = V7 

that is, an irrotational field may be obtained by taking the gradient 
of a certain scalar function 7. 

If the vector field is also solenoidal, then 

(1.3) V • A = V • (V7) = V27 = 0 
If the vector field, A is two-dimensional, then 

(1.4) A = U^+jAy 

where i is the unit vector in the x direction, j is the unit vector in the 
y direction, and A*, Ay are the components of A in the x and y directions. 
In this equation, (1.3) reduces to 


(1.5) 


A^V 


dW dW 
dx^ dy^ 


which is Laplace^s equation in two dimensions. 

In Chap. XVII we have solved Eq. (1.5) by the method of separa- 
tion of variables. In this chapter the solution of (1.6) by complex 
function theory will be discussed. 

This method is particularly useful in determining the distribution 
of the following typical vector fields: 

a. An electrostatic field between parallel cylindrical conductors of 
various shapes. 

b. An electric current in a uniform conducting sheet. 

c. The streamlines of fluid flowing in two dimensions through an 
unobstructed channel when the flow is irrotational. 

478 
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d. The flow of heat in two dimensions through a homogeneous 
material that has arrived at a steady state. 

e. The magnetic field around a straight conductor carrying current 
in the neighl:>orhood of parallel ferromagnetic masses. 

/. The streamlines of fluid flowing in two dimensions through a 
homogeneous porous obstructing medium when the flow has reached a 
steady state. 

2. Conjugate Functions. We have seen in Chap. XIX that if a 
function 


(2.1) w(z) = u + jv 

is an analytic function of the complex variable 

(2.2) z = X +jy 

then the real part u and the imaginary part v of w(z) satisfy the 
Cauchy-Riemann equations 


(2.3) 


dx ^ dy dy ~ dx 


and that as a consequence of these equations we have 


(2.4) 

(2.5) 


dx^ dy^ 


dh dh) 
dx^ dy^ 


so that the real and imaginary parts of w{z) satisfy Laplace's differen- 
tial equation in two dimensions. The functions u and v are called 
conjugate functions. 

Orthogonality Conditions. Let us construct the two families of 


curves 


(2.6) 

M(®>y) = Cl 

and 


(2.7) 

v(x,y) = Ct 


If 3/0 is a point of intersection of these two curves, the slopes of 
the tangent lines at ajo, 3/o are, respectively. 



( 2 . 8 ) 
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(2.9) 



dv 

— 

dy 


But as a consequence of the Cauchy-Riemann equations (2.3), we 
have 


( 2 . 10 ) 



Hence the two slopes are negative reciprocals, and therefore the 
two curves intersect at right angles, that is, every curve of one family 
intersects every curve of the other family at right angles. This is 
expressed by saying that the families of curves corresponding to two 
conjugate functions form an orthogonal system. 

As an example of this, consider the function 


( 2 . 11 ) 


w(z) — In z = u + jv 


If we write z in the polar form 


( 2 . 12 ) 


z = 


we have 


(2.13) In (re^^) == In r + jd — u + jv 

Hence 


(2.14) 


u = In 


and 

(2.15) V = 6 = tan“"^ 
are conjugate functions. The curves 

(2.16) u = In + y^ = const, 
are a family of circles and the curves 



(2.17) 


V = tan“^ 



= const. 


are a family of straight lines passing through the origin and intersect 
the family of circles at right angles. 

3. Conformal Representation. Let 

(3.1) w{z) ^ u +jv, z ^ X + jy 
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We can represent values of 2 in one Argand diagram called the 
z plane and values of w in another, called the w plane as shown in 
Fig. 3.1. 

Any point P in the z plane corresponds to a definite value of z and, 
hence, by Eq. (3.1) may give one or more values of w depending on 
whether w{z) is or is not a single-valued function of 2 . 

If Q is a point in the w plane that represents one of these values of 

the points P and Q are said to correspond. 

As P describes some cuive S in the z plane, the point Q in the 
w plane tliat corresponds to P will describe some curve Sq in the w 
plane and the curve So is said to correspond to the curve S, 



Fig. 3.1. 


In particular, corresponding to any infinitesimal linear path PP' 
in the z plane, there will correspond a small linear element QQ' in the 
w plane. If we let the element PP' represent dz, then QQ' will repre- 
sent dWj or 



In general ^ is complex and may be written in the polar form 


(3.3) 

dw .. 

— = 

dz 

where 


(3.4) 

\dw\ 

® “ \di\ 

and 

J V 

(3.5) 

"*'(*) 

We can then write 


(3.6) 

dw = (ewA*) dz 


We thus find that the element dw may be obtained from the corre- 
sponding element dz by multiplying its length by a and turning it 
through an angle 
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It thus follows that any element of area in the z plane is represented 
in the w plane by an element of area that has the same form as the 
original element but whose linear dimensions are a times as great and 
whose orientation is obtained by turning the original element through 
an angle B. 

Because of the fact that the forms of two corresponding elements 
are the same, the process of passing from one plane to the other is 
known as conformal representation. 

As an example of the above general principles, let us consider the 
function 


(3.7) w = Inz = u + jv 

Here we have 


(3.8) 


dw 


z 


so that 

(3.9) 

(3.10) 


dw 

1 

dz 

z 


1 

■\/x^ 


^ = 


tan“‘ 



(3.11) « = In \/a:* + y* = In r 

(3.12) V = tan-» ^ 

We thus see that a circular region in the z plane transforms con- 
formally into a rectangular region in the w plane, as shown in Fig. 3.2. 



This may be seen from the relations 

(3.13) r = 
and 

(3.14) tan p = 

We thuB have the following value for the two radii; 
(3.16) Ti = and r» = 
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and the angle B is given by 


(3.16) 


B = tan Vo 


The quantity a which as we have seen measures the linear magni- 
fication produced in a small area on passing from the z plane to the w 
plane is called the modulus of the transformation. 

Now we have 


(3.17) 

But 

(3.18) 
Hence 

(3.19) 
Therefore 

(3.20) 


dw 

dx 


dx dx 

dw _ dw 
dz dx 

dw _ 
dz 


~ dz dx 
{x + jy) = 1 

dx^^ dx 


By the use of the Cauchy-Riemann equations, this may be written 
in the form 


(3.21) 


dw 

dz 


dy'^^ dx 


Hence the modulus of the transformation, a, may be written in the 
form 



It is to be noted, that the conformal property fails at points where 
a is zero or infinity. 

4. Basic Principles of Electrostatics. To show the utility of the 
method of conjugate functions in the solution of potential problems, 
the method will first be used to solve certain two-dimensional electro- 
static problems. 

As explained in Sec. 16, Chap. XV, the basic equations of electro- 
statics are 


(4.1) V X E « 0 

(4.2) V • D =: p 

(4.3) D - i£E 

where E « electric intensity vector, volts/m. 

D *«= electric displacement vector, coulombs/m*. 
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p = charge density, coulombs/m*. 

K = KrKo = electric inductive capacity of medium. 

Kr ~ relative dielectric constant. 

Ko = 8.854 X 10“^® (farad/meter). 

Since the curl of the vector field E vanishes, it is customary to let 

(4.4) E = —grad 0 = — V<^ 

where ^ is the electric potential. 

Hence 

(4.5) D = iiCE = -if 
and substituting this into Eq. (4.2), we have 

(4.6) V-D = V - (if V(#») = p 
or. 

(4.7) W = - ;! 

in a homogeneous medium. This is Poisson^s equation. If the region 
under consideration is free of charges, p = 0 and Eq. (4.7) becomes 
Laplace^s equation. 

Surface Charge. Let us consider a solid conducting body as shown 

in Fig. 4.1. 

If a charge Q is placed on the body, 
the electricity distributes itself so that 
field inside the body is zero. Hence 
the surface of the body is an equi- 
potential surface, and by Eq. (4.2) we 
see that all the charge is on the surface 
of the body. Also the electric field E has only a normal component to 
the surface of the body at the surface. 

To determine the distribution of electricity per unit area, apply 
Gauss's theorem to a small disk-shaped volume as shown in the 
figure. Since the only component of E is the one having the direction 
of the outward drawn normal to the surface of the body, we have 

(4.8) IJ-Dds = Ds= { f f{V-X))dv = III pdv = q 

where A is the area of the disk and q is the entire charge contained 
within the disk-shaped volume, and A has been assumed so small that 
D is sensibly constant throughout A. 



Fig. 4.1. 
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Now if we let 


(4.9) 


Urn 
A — >0 




1 - 


***** A 

A-*0^ 

where <r is the surface density, we have from (4.9) 
(4.10) (r = Dj, 


where Djv is the normal component of D at the surface of the body. 
Hence, a the surface density of charge may be determined by com- 
puting the absolute value of the vector D at the surface of the conductor. 

In the usual electrostatic problem, we are given the geometrical 
configuration of the charged conducting bodies and the total charge 
on each body (Fig. 4.2), and we are asked to find the charge density 



Fiq. 4.2. 


on the several conducting bodies and the electric field in the space 
outside the bodies. 

Let Qr be the total charge on the rth conducting body. This charge 
resides entirely on the surface of the rth conductor. The entire 
conducting body r is at one potential, and its surface is an equipotential 
surface at potential <f>r. 

We must, therefore, solve Laplace^s equation (4.8) subject to the 
condition that the potential <f> should reduce to <f>i, <^ 2 , <f>rj etc., at the 
surface of the first, second, and rth conducting body. In this chapter 
we concern ourselves with the solution of two-dimensional electrostatic 
problems. 

Theoretically, a two-dimensional electrostatic problem can never 
occur, since all conductors are finite. However, there are a great 
number of important cases in which the surfaces of the conducting 
bodies are cylindrical and can be generated by moving an infinite 
straight line parallel to some fixed straight line. If the lengths of the 
parallel cylindrical conductors are so great compared with the inter- 
vening spaces that the end effects are negligible, the problem becomes 
two-dimensional. 

Since the real and imaginary parts of the function of the complex 
variable z, w(z) satisfy Laplace's equation in two dimensions, it is 
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natural that the use of conjugate functions should find application in 
the solution of two-dimensional electrostatic problems. 

It is clear that if we are given a function w{z) then we are assured 
that the real part u and the imaginary part v 
of w{z) satisfy the two-dimensional Laplace 
equations 



(4.11) 
and 

(4.12) 


dx^ 


Hence either the function u or the function v may be taken as the 
electric potential function </>; if, for example, we let 


(4.13) <l>^u 

then we have solved the electrostatic problem in which the family of 
curves 


(4.14) u = const. 

are the equipotential surfaces. To illustrate this, consider the function 

(4.15) A \tl — u+jv 
where A and c are real constants. Since 

(4.16) In « = In r + jB 
where 

(4.17) r = tan 6 = - 

X 

we have 

(4.18) « = 4 In r + c 

(4.19) A9 

If we take u for the electric potential function 4>, we have 

(4.20) ^ = M==Alnr4-c 

We may use this transformation to solve the electrostatic problem 
of two concentric circular cylinders as shown in Fig. 4.3. 

Since the curves ^ = const, are circles in the z plane, let us consider 
the problem of determining the electric field in the region between two 
concentric cylinders one of radius a at potential <l>, and the othw of 
radius 6 at potential ^t. 
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We thus have from Eq. (4.20) 

(4.21) s* A !n o + c 

and 


(4.22) 


In 6 c 


Subtracting Eq. (4.21) from (4.22), we have 

(4.23) 02 — 01 = ^ in 6 — A In a = In 
Hence 

(4.24) A=^ 

In 

From (4.21), we have 

(4.25) c = 01 — A In o = 01 + In a 

In 0 — In o 

02 In a — 01 In h 

In a — In 6 




Hence the potential in the region within the concentric cylindrical 
conductors is given by 


(4.26) 


^ In (r) + - ^ ^ 0<a<b 


In I- 
\a. 


In 


The electric intensity E is given by 


(4.27) 


E = ””V0 = 


dr 


)( Now if g is the charge per unit length on the inner cylinder, we have 
(4.28) q = 2ra • <r 


where <r is the surface density of charge on the inner cylinder. Differ- 
entiating (4.20), we obtain 


(4.29) 


E = - 


d0 A 

dr T 


If K is the dielectric constant of the medium within the cylinder, 
then we have 



488 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XX 


The value of the magnitude of the displacement vector 
surface of the inner cylinder gives the surface density < 7 , by Eq. 
Hence 

(4.31) = S' 

Hence 


at the 
(4.10). 


(4.32) 


^ = - 


g 


The potential may then be expressed in the form 


(4.33) ^ ^ In r + c 

In terms of the charge per unit length q of the inner cylinder, the 
potentials of the inner and outer cylinders are 


(4.34) <i>i= - In o + c 

and 


(4.35) = _ ^ In 6 + c 

The capacitance per unit length of the condenser formed from the 
two cylindrical conductors is defined to be 


(4.36) 


Capacitance __ g _ _ 

Length («^i - 0 j) ” 

a 


This simple problem illustrates the use of the theory of functions 
in solving a potential problem. In this case we have chosen the real 

part u of the function w = Alnz + c to 
be the potential function </>. The curves 
V = const, are the lines of force. They 
are radial lines emanating from the cen- 
ter of the cylinders as shown in Fig. 4.4. 

The Charge on the Surface of a Con^ 
ductor. The charge on a strip of unit 
width between any two points P, Q on 
the surface of conductor on which the 
potential <t> ^ vis constant may be determined in a very simple manner. 

As a consequence of Eqs. (4.10) and (4.5), we have for the charge 
density <r on a conductor, the equation 






(4.37) 
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where 




denotes the normal derivative of v evaluated at the 


surface « where v is constant. 

Now by the Cauchy-Riemann equations and Eq. (3.21), we have 


(4.38,) 


dw dv • ^ ^ ^ 

dz dy ^ dx dx ^ dy 


Hence 


where dn is an element of length normal to an equipotential line, 
y = 0 = const., and ds is an element of length parallel to an equi- 
potential line. The sign is chosen so that if one faces in the direction 
of n the positive direction of s is to the left as shown in Fig. 4.5. 

The total charge on a strip of unit width between any two points 
P, Q of the conductor is, therefore, 

(4.40) ~ -K = K jl^d, . K(m - 

If the surfaces Vi = const, and t ’2 = const, are closed surfaces, and 
all the charge is situated on one side of one surface and on the opposite 
side of the other so that all lines of force u = const., in the region 

between the surfaces Vi and pass from one 

surface to the other, then the surfaces form a 
condenser. The total charge per unit width on 
either surface of this condenser is 

(4.41) q = ^ads = K^du = K[u] ' 

where [w] represents the increment in going once 

around the Vi = const, curve. The potential difference is 

(4.42) 1^2 — *^2| == At; 

The capacitance per unit length of the condenser is 


(4.43) 


hv \V2 — Vi\ 


6. The Transformation, z == k cosh w. A very interesting and 
instructive transformation is 

(5.1) z == k cosh w = k cosh (u + jv) 


where Jk is a real constant. 

To study this transformation, we must determine the curves 
u = const, and v = const. Expanding cosh (u + jv) into its real and 
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imaginary parts, we obtain 

(6.2) X + jy ^ fc(cosh u cos v + j sinh u sin v) 

Hence 

{ X k cosh u cos V 
^ ^ 1 y = fc sinh u sin v 

This may be written in the form 

\ cos t; = ^ ^ 

(5.4) 


k cosh u 


V 

sin V = 5 — — 
k sinh u 

Therefore on squaring these equations and adding the results, we 
have 

( 5 - 5 ) + ..i = 1 


If we let 
(5.6) 


k^ cosh^ u k^ sinh^ u 

a ^ k cosh u 
b ^ k sinh u 


Eq. (5.5) may be written in the form 

( 5 . 7 ) 




y 





4 

7b 




1 

1 


^ — % 

3 



- + 
o* ^ 6* 


k! _ 


Fio. 6.1. 

(5.8) F = -v/o*" 


This is the equation of an ellipse with its 
center at the origin having a major axis of 
length 2a and a minor axis of length 2b as 
shown in Fig. 6.1. 

The focal distance F is given by 


i >2 s- \/fc2(cosh® u — sinh* u) ^ k 


Hence the curves u — const, are a family of confocal ellipses all 
having the focal distance k. If 


(6.9) 


w = 0, 




This represents a degenerate ellipse and is a straight line extending 
from —Jk ^x Zk» 

Now 

lim ( ^ I » lim tanh u ^ 1 

OQ \a/ 00 


(5.10) 
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Hence as w — > « the ellipses become more and more circular. There- 
fore all the z plane is covered if u takes the range 

(5.11) 0 Z t/ Z cx) 

To obtain the curves v = const., we write Eqs. (5.4) in the form 


(5.12) 
Hence 

(5.13) 


cosh u = 


X 

k cos V 


sinh u = 


y 

k sin V 


cosh^ u — sinh^ u == 7^ r- 

k^ cos^ V 


-Ji— = 1 

sin^ V 


If we let 


(5.14) 
we have 

(5.15) 


a' — k cos V, b' = k sin v 


_ 1 


We thus see that the curves v = const, represent a family of 
hyperbolas as shown in Fig. 5.2. 

The asymptotes of the hyperbolas are given by the equation 


(5.16) 



1 

6 ' 


The focal distance F is given by 

(5.17) F = \/a'2 + = k y/ cos^ v + sin^ v = k 

Hence the curves v = const, represent a confocal family of hyperbolas 
having the same foci as the family of 
ellipses u = const. 

The angle d of the asymptote is 
given by 

(5.18) tan ^ ^ ^ = tan v 

It V = 0, we obtain a straight line 
starting from the focus F and extend- 
ing to infinity along the x axis. This 
is the case of a degenerate hyperbola. 

We thus see from the geometrical configuration of the curves 
u = const, and v = const, that, with the proper choice of or v to 
represent the potential function that the transformation z = k cosh w 
gives the solution to the following problems. 



Fia. 5.2. 



492 MA THEM A TICS FOR ENGINEERS AND PHYSICISTS (Chap. XX 

1. The electric field around a charged elliptic conducting cylinder 
as shown in Fig. 5.3. 

Here we let 

(5.19) ' ^ = w 

The equipotential surfaces are now a family of confocal ellipses, 
and the lines of force are a family of confocal hyperbolas. 



Fig. 5 . 3 . Fig. 5 . 4 . 


Consider a condenser formed of a flat strip and an elliptic cylinder 
surrounding this strip as shown in Fig. 5.4. 

Let the width of the flat strip be 2d, where 


(5.20) 

d = 

The flat strip is 

then given by the degenerate ellipse m = 0. 

Let it be required to find the capacitance Co of this condenser. We 
determine Co by the Eq. (4.44) modified to fit this choice of potential. 

(5.21) 

, _ m 

~ \u^ - Mil 

In this case, 

we have 

(5.22) 

Ui = 0, cosh ^2 = ^ 

Hence 


(5.23) 

II 

and 


(5.24) 

[r] = 2jr 

Hence 


(6.25) 

_ 2jrfc 

cosh~^ [a/d) 


This is the capacitance per unit length of such a condenser. 
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2. The electric field between two semi-infinite conducting plates 
with a slit separating them as sho^m in Fig. 5.5. 

The two coplanar plates are degenerate hyperbolas. 




3. The field between perpendicular semi-infinite plates separated 
by a gap as shown in Fig. 5.6. 

4. The field between two hyperbolic pole pieces as shown in 
Fig. 5.7. 

6. General Powers of z. Another instruc- 
tive transformation is the transformation 

( 6 . 1 ) w = Az^ = u + jv 

where A is a real constant and is a real 
number. 

In order to obtain the curves u = const, and v = const., it is con- 
venient to write in the polar form 

(6.2) ==' = r’‘(cos nB + j sin nB) 




If we now take v to be the potential function so that ^ we see 


that 

(6.5) t) = 0 ( 

\nB ^ T 


Hence in this case the potential v vanishes on the two sides of a 
wedge of angle ^ as shown in Fig. 6.1. 
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where 


(6.6) 

= IT 

Hence if we let 


(6.7) 

II 

then 

(6.8) 

V = sin 

gives the potential inside a conducting wedge whose sides are the 

surfaces 0 = 0 and 0 

= «. 

The function 


(6.9) 

u = cos 

gives the lines of force in the region inside the wedge. To determine 

the surface density v 

on the bottom plate, we have 

(6.10) 

^ dw 
^ ^ dz 

Uf£t [on 

Now 

^ 1 (02*) = 

(6.11) 

4> 

Hence 

(6.12) 

^ = El ^y.(ir/4-l) 

<? 

As a special case let 0 = ir/2. 

In this case we have the right-angle wedge shown in Fig. 6.2. 


We now have 


(6.13) V = Ar^ sin 20 = Ar^ • 2 sin 0 cos 0 

§ 

II 

|H 

II 

v-O 

(6.14) u = Ar* COB 26 = .4r* (cos* 6 — sin* 6) 

Fig. 6.2. 

= A{x^ — y*) 

We thus obtain two families of hyperbolas. The surface density on 

the lower plate is 



(6.15) 


<r = -2KAr 
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We thus see that the surface density is zero at the comer and 
increases linearly as we move away from the corner. 

Another interesting case is the one for which = 27r. This is the 
case where the wedge has been opened completely as in Fig. 6.3. 

We now have 


V = Ar* sin ^ 


u = Ar* cos ; 



Fig. 6 . 3 . 


To obtain the rectangular form for the 
curves u = const, and v = const, in this case, it is more convenient to 
use (6.1) directly. In this case, n = i and (6.1) becomes 

(6.17) w = Az^ == A \/z 


For simplicity and vdth no loss of generality in studying the curves 
u == const, and v == const, let us take 


the transformation then becomes 


Hence 


( 6 . 21 ) 


+ jy) 


_ (u + jvY 

2 

+ 2juv 

2 


( 6 . 22 ) 


y ^ uv 


Eliminating u between these two equations, we get 


(6.23) 


. 2 ,= (» + ^) 


These are the curves v = const. It is easy to show that this is a 
family of parabolas with their foci at the origin as shown in Fig. 6.4. 
The parabolas mtex^t the x axis at 


(6.24) 


X « 
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The parabola v = 0 degenerates into the positive side of the x axis. 
Eliminating from Eqs. (6.22), we obtain 


(6.25) 



These are the curves u = const. They are a family of confocal 
parabolas with their foci at the origin and are orthogonal to the curves 
V = const, as shown in Fig. 6.5. 



The curves v = const, give the equipotential lines in the region 
surrounding a semi-infinite charged plate, while the curves u = const, 
give the lines of force emanating from a semi-infinite charged plate. 



The Transformation 


w ^ A In 


z — a 
z + a 


We have seen that the 


transformation 


(7.1) 


= — 2^ \nz = u + jv 


gives the appropriate transformation to study the electric field in the 
region surrounding a charged circular cylinder with its center at the 
origin and having a charge q per unit length. In this case the real part 
of the transformation, u, is given by 


<^•2) “--A'”' 

and the imaginary part is given by 


(7.3) 


V = 


g 


e 


The family of curves u = const, and v ~ const, are given by 
Fig. 7.1. 

The lines u = const, are a family of concentric circles and represent 
the equipotentials. The lines v = const, are a family of straight lines 
and represent the lines of force. This transformation also represents 
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the field of a line charge at the origin of charge q per unit length sur- 
rounded by a medium of dielectric constant K, 

The transformation 


(7.4) 




gives the appropriate transformation for a line charge situated at 
2 == a, as may be seen by shifting the origin of the transformation (7.1) 
to = a. 



Fig. 7 . 1 . 

Let us now consider the field produced by a line charge of charge 
per unit length situated at 2 = a and another line charge of — ^ 
units per unit length situated at 
0 = — o, as shown in Fig. 7.2. 

The field produced by both line 
charges is equivalent to the super-po- 
sition of the fields given by (7.4) and 


(7.5) w ^ 


Hence 

(7.6) - 


2 & 



In (z + o)] = 




2kK z + o 


represents the proper transformation to determine the field and equi- 
potentials of the two line charges of Fig. 7.2. 

Let 


(7.7) 

We then have 

( 7 . 8 ) 


A - - g 
2irii: 


u + jw “= .4 In 


z — o 
z + o 
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If we now let the distance from the points z — a and * = — o to the 
point s be ri and rj, respectively, as shown in Fig. 7.2, we have 

(7.9) 
where 

(7.10) - arg (z — a), 6 ^ = arg (z + a) 

Hence 

(7.11) u + jv = j4[ln (z — a) — In (z + a)] 

= .4[ln ri + jOi — In rj — 

Therefore 

(7.12) « = ^ In 

n 

and 

(7.13) t; = ^(^1 - 62 ) 


(2 — a) == 
(2 + «) = 


These are the curves u = const, and v = const. Now from (7.12), 
we have 


(7.14) 
Therefore 

(7.15) 
Hence 

(7.16) 
Therefore 

(7.17) 


T2 a 




r 2 


©■ 


(x - ay + ^ ^ ^ 

(z + a)* + 2/* 

-4.L_<L±^T = _i£!^ 
^ ^ L 1 - if J (1-K)^ 


we thus see that the curves u = const, are a family of circles with 
center at 


(7.18) 


» = 0 , 


o(l_±^ 

® ” 1 -K 


and radii 
(7.19) 


2a VK 
^ ~ \ -K 


These circles are shown in Fig. 7.3. 

This transformation may be used to find the capacitance of two 
eccentric cylinders of'equal radii B, whose centers are at a (fistauce S 
apart as shown in Fig. 7.4. 
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Since any of the circles u = const, of Fig. 7.3 may be replaced by a 
circular conductor at potential u, we must adjust the center of one 



of the u = const, circles to be a^tx 
have 


(7.20) 


S __a(l+ K) 
2 I- K 


The radius of the circle is fixed 
by Eq. (7.19) to be 


(7.21) 


_ 2a VK 
1 - K 



Fia. 7.4. 


Eliminating a between Eqs. (7.20) and (7.21), we have 


(7.22) 

Therefore 


S _ I + K _1 + 

R VK 6 “'''* 


(7.23) 


S . e”/-* + , u 

2R 2 cosh j 


By Eq. (7.7), we Lave 


(7.24) 

, 2wKu , 2irKu 

cosh cosh 

? ? 

Hence 


(7.26) 

2jrA'M , , S 

or 


(7.26) 

2tKu 

^ cosh-i {S/2R) 


The capacitance per unit length formed by the conductors of Fig. 
7.4 is obtained by dividing q by the total potential difference which is 
obviously 2 m. Hence 


(7.27) 


Co 


± = gir 
2m co8h~‘ {S/2R) 
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The curves v = const, are given by (7.13). This may be written 
in the form 


(7.28) 

Now 

(7.29) i 
Hence we have 


(^1 - ^ 2 ) = J 


= tan^^ 


02 = tan*"^ — % — 

X + a 


I y 
X + a 


We now use the trigonometric identity 


tan~^ M — tan~^ N = tan"-^ ~ — 

1 + MN 


and let 


(7.32) M = 
then Eq. (7.30) becomes 

(7.33) tan' 
and hence 


2ya 

- + 2/^ 


X + a 




. -tan^ 

^ 

This is a family of circles whose centers are at 


(7.35) y = 
and having radii given by 

(7.36) 


2/ = a cot a: = 0 


R ^ a cosec - 


These circles are orthogonal to the circles u = const, and represent 
, the lines of force in the electrical 

application, see Fig. 7.5. 

^ 8. Determination of the Re- 

\ quired Transformation When the 

— L j — j Boundary Is Expressed in Paramet- 

.X J ric Form. In the last two sections 

we have studied transformations 
enabled us to solve problems of 
i physical interest. In general if 

we are given a two-dimensional 
potential problem arising from some physical investigation, we are 
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required to find a transformation w{z) = w + of such nature that 
either the curves u == const, or the Curves v == const, should coincide 
with the boundary of the region. It is sometimes possible to express 
the desired equipotential boundary in parametric form. 

Let 

(8.1) F{x,y) - 0 

by the equation of one of the desired equipotential boundaries. Let 
us suppose that this equation can be expressed in the parametric form 

(8.2) a: = y = F,{t) 

where Fi{t) and Fi{t) are real functions of the real parameter t whose 
range of variation corresponds to the whole equipotential (8.1). 

Then the transformation 

(8.3) z = Fi(kw) + jF 2 ikw) 

where /b is a real constant, gives v = 0 over the surface (8.1). To see 
this, let i; = 0 in (8.3) ; we then have 

(8.4) z = Fiik'a) + jF^iku) - x + jy 
Hence 

(8.5) X = Fi{ku)y y = F2{kv) 

These are exactly the parametric equations (8.2) with ku in the 
place of the parameter t 

This method enables one to find the proper transformations when 
the boundaries are confocal conics or various cycloidal curves. 

For example, consider the parabola with its focus at the origin 

(8.6) 2/2 == 4a(x + a) 

This may be written in the parametric form 

(8.7) (x + a) == y = 2at 

Hence the transformation is 

(8.8) z = aw^ — a + 2ajw = a{w — jy 

where we have placed & « 1 for simplicity. 

Therefore 

(8.9) w = i + 

This transformation makes the parabola (8.6) the equipotential 
surface ti *= 0. 
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As another example, let us consider the ellipse 


( 8 . 10 ) 


5! 4 - ^ - 
^ 


This may be expressed in the parametric form 

(8.11) X == a cos tf y = h &in t 
The required transformation is 

(8.12) z = a cos w + jh sin w 

where we have again place fc = 1, for simplicity. 
If we let 


(8.13) 
then 

(8.14) 
and 


a = c cosh 6 = c sinh ^ 


tanh 0 = 



(8.15) = (a^ - 
Then (8.12) may be written in the form 

(8.16) z = c(cos w cosh 0 + j sin w sinh <l>) 

= c cos (w + j<t>) = c cos [u + j{v + 0)] 

As another example, suppose it is required to find the field on one 
side of a corrugated metal sheet whose equation is that of the cycloid 

(8.17) X = a(t — sin t), y = a{l — cos t) 

The required transformation is 

(8.18) z = a(w — sin w) + aj{l — cos w) 

== a(w + i — 

9. Schwarz’s Transformation. Schwarz has shown how to obtain 
a transformation in which one equipotential is a linear polygon.^ 

This is one of the most useful transformations, it transforms the 
interior of a polygon in the z plane into the upper half of another plane, 
say the Zi plane, in such a manner that the sides of the polygon in 
the z plane are transformed into the real axis of the Zi plane. Schwarz 
has ^own that, given the required polygon, a certain differential 
equation may be written which when integrated gives directly the 
desired transformation. 

^ Schwarz, H. A., Journal fUr MathemaUky vol. LXX, p. 5.105, 1869. 
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Consider the expression 
Hz 

(9.1) = 4(^1 - Ui)*^ • (2l - • . . . • (2i - Ur^y- 


where i4 is a complex constant Wi, ?^ 2 , * * * Un, and <^ 2 , * * • 4>n 
are real numbers, and 

(9.2) Un > Un-l > * • * Ui> Hi 

Now since the argument of a product of complex numbers is equal 
to the sum of the arguments of the individual factors, we have 


(9.3) 



= SiTg A + 4>i arg {zi — u^) + 


<l >2 arg (^i - U 2 ) + • • • arg (zi — Un) 


Let us now consider the 25 1 plane 
of Fig. 9.1. 

The real numbers Wi, W 2 , * * * Un 
are plotted on the real axis of the Zi 
plane. If Zi is a real number, then 
the number 

(9.4) Nr = (zi 


y.' 

1 i 1 1 

Zj-plane 

1 1 1 • r 

H 

Ur Un Xj 


Fio. 9.1. 


Ur) 


is positive if Zi is greater than Ur and it is negative when Zi is less than 
Ur- Hence 


(9.5) 


arg {zi ~ Ur) 


0 if > Ur 

T U Zi < Ur 


Let us suppose that the point Zi traverses the real axis of the Zi plane 
from left to right as shown by the arrow in Fig. 9.1. 

Let 

dz 

(9.6) 6r = arg when Ur < Zi < m,+i 


Then by (9.3) and (9.5), we have 

(9.7) 8, = arg A + (<^r+i + ^r +2 + • • • + <t>n)‘ir' 

and 


(9.8) 
Hence 

(9.9) 
Now 

(9.10) 


6,+i = arg A + (^,+2 + <?'r +3 + • • • + ^»)x 


8r+l ~ 8r — —7r<l>T+l 


dz 

arg = arg 


dx -^-jdy 
dxi 


tan~* 


dx 
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We see that this is the angle that the element dz in the z plane into 
which dzi is transformed by the transformation (9.1) makes with the 
real axis of the z plane. It is thus seen that as the point Zi traverses the 
real axis of the Zi plane the corresponding point z traverses a polygon 
in the z plane as shown in Fig. 9.2. 



When the point zi passes from the left of Ur+i to the right of Ur+i 
in the Zi plane, then the direction of the point z in the z plane is sud- 
denly changed by an angle of —7r<^r+i, measured in the mathematically 
positive sense as shown in Fig. 9.2. 

If we imagine the broken line in Fig. 9.2 to form a closed polygon, 
then the angle ar+i measured between two adjacent sides of the polygon 
is called an interior angle. We then have 

(9.11) ar+i — ir<^r+i = ir 
Hence 

(9.12) 0.+, = - 1 

IT 

Substituting this into (9.1), we have 
——1 2?— 1 

(9.13) A{zi- «i)' (zi — Ms)'~ • ■ • (zi - 
= A H (Zi - UrY * 

r-1 

Integrating this expression with respect to Zi, we have 
/• " 2 r 1 

(9.14) z = y n («1 - 

r-1 

where B is an arbitrary constant. 

This transformation transforms the real axis of the zi plane into 
a polygon in the z plane. The angles at are the interior angles of the 
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polygon. The modulus of the constant A determines the size of 
the polygon, and the argument of the constant A determines the orien- 
tation of the polygon. The location of the polygon is determined 
by the constant 5. 

10. Polygon with One Angle. As the simplest example of the 
Schwarz transformation (9.14), let us transform the real axis of the Zi 
plane into an angle in the z plane as shown in Fig. 10.1. 


Zi-plane Z-plane 



in this case the transformation reduces to 

(10.1) z = AJ(zi - ^ + B 

For simplicity, let 

( 10 . 2 ) 1/1 = 0 

Therefore 

(10.3) z == Ajz^ ^ dz + B = + B 

where K is an arbitrary constant. If we let JB == 0, we have 

(10.4) z = Kzi^'^ 

This transformation gives the correspondence shown between the 
two planes. 

Polygon with Angle Zero. If we let the interior angle of the polygon, 
«, be equal to zero in (10.1), we have 

(10.6) z = A f + B = Almi + B 

Let 5 = 0 and A be a real constant. We then obtsun 

( 10 . 6 ) z — Alnzt 

The correspondence between the Zi and Zt planes is shown in 
Fig. 10.2. 

To see the correspondence between the planes, let 

(10.7) Zi — rie'*‘ 
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then 

(10.8) X + jy ^ il(ln n + je{) 

Therefore 

(10.9) X = ^ In ri, y = aSi 



Fig. 10.2. 


^1 = 0 corresponds to the positive side of the real axis of the Zi 
plane and to the entire real axis of the z plane. The origin in the 
Zi plane corresponds to the point x = — cjo in the z plane. The nega- 
tive side of the real axis of the Zi plane corresponds to the line y = At 
in the z plane. This transformation in the z plane is a limiting case 
of the transformation of Fig. 10.3. 



Fig. 10 . 3 . 

11. Successive Transformation. In solving two-dimensional 
potential problems, it is frequently convenient to use successive 
transformations. 

Let 


(11.1) 

w — Fi{zi) 

and 


(11.2) 

2i = Fi{z) 


then by the elimination of Zi between (11.1) and (11.2), we obtain 
(11.3) w = F^{z) 

The relation (11.2) expresses a transformation from the z plane 
into a zi plane, while (11.1) expresses a further transformation from 
the Zi plane into a w plane. Therefore the final transformation (11.3) 
may be regarded as the result of two successive transformations. 

There are two uses of successive transformations that are of great 
importance. 
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a. Conductor Influenced by a Line Charge, We have seen in Sec. 7 
that the transformation 

(11.4) + 

gives the solution when a line charge q per unit length is placed at 
21 = o, and a line charge —q per unit length is placed at the distance 
zi = —a as shown in Fig. 11.1. 




Fig. 11.2. 


Now let the transformation 


(11.5) 


2l = Fit) 


transform the real axis of the Zi plane into the surface S and the point 
Zi = 2o as shown in Fig. (11,2). 

Then the transformation 


( 11 . 6 ) 




’ F{z) - F{z ,y 
F{z) ~ F(2o). 


W-plane 


u 


Z|*plaiie ^pUuie 



gives the solution when a line charge q is placed at 2 == 2o in the 
presence of the surface S that is at potential w = 0. The curves 
u = const, are the equipotentials, and the curves v = const, are the 
lines of force. 

6. Conductors at Different Potentials, Consider the three planes of 
Fig. 11.3. 
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Let 

(11.7) = F(z) 

transform the surfaces Si and S% in the z plane into the real axis of the 
Zi plane in such a manner that the surface S 2 is mapped into the negative 
part of the real axis of the Zi plane and the surface Si into the positive 
part of the real axis of the Zi plane. 

The transformation 

(11.8) w A \n Zi u + jv 

transforms the zi plane so that the positive part of the real axis corre- 
sponds to V = 0 and the negative part of the real axis corresponds 
to V == Av, 

Hence the transformation 

(11.9) w; = In F{z) 

gives the solution for the problem in which the surface Si is at potential 
r = 0 and the surface S 2 is at potential v = Air, The u = const, 
curves give the lines of force. 

12. The Parallel Plate Condenser Flow out of a Channel. As an 

illustration of the use of Schwarz’s trans- 
formation and the above general principles, 
let us determine the proper transforma- 
tion to determine the potential and field 
distribution of two semi-infinite conducting 
plates raised to different potentials as shown 
in Fig. 12.1. 

By symmetry, it is only necessary to solve the problem of a semi- 
infinite plane placed parallel to an infinite plane, as shown in Fig 12.2. 

2|-plaiie 


-H ^ , ^ 

A B C J> £ X, A Bh 

Fio. 12.2. 

Since there are only two angles involved in the polygon in the 
z plane, we may write the Schwarz transformation equation (9.14) 
in the form 

(12.1) ^ - K(zi - «i)'’'(zi - 




Fig. 12.1. 
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where X is a constant. Since we are free to choose the numbers wi and 
W 2 , we choose them so that the expression (12.1) is as simple as possible. 
The two interior angles of the polygon in the z plane are 

(12.2) ai = 0 and = 27r 
Let us take 

(12.3) == 0 and = -f-l 
Then Eq. (12.1) becomes 

(12.4) = 

Integrating, we have 

(12.5) z == K{z\ — In si) + C 

where C is an arbitrary constant. Since the sides of the polygon in 
the z plane are horizontal and hence have zero slope, it is necessary 
for the constant K to be real. 

Boundary Conditions, The arbitrary constants K and C must now 
be determined from the correspondence between the two planes. 

a. As the point Zi moves across the origin from B to C, the point 
z turns through a zero angle and the imaginary part of z is increased 
from 0 to h. 

In Ti — j^i) + C 

- In fi) -f* Re C 
• di) + Im (7 

and Im denotes the imaginary 

Bi = ir 
^1 = 0 

I +ImC 

h 


Let 

( 12 . 6 ) 

Therefore 

(12.7) 
Hence 

( 12 . 8 ) 


zi = ri 


® + jy == if — 

{ X = K(ri cos 01 - 
y - if(ri sin 0i - 

where Re denotes "the real part of" 
part of." 

Now 


(12.9) 
Hence 

( 12 . 10 ) 

( 12 . 11 ) 




Is = 0, 

\y 

( 0 = K{-t) 
I A = Im C 
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6. Let the point 21 = 1 correspond to the point z = xo + jh. 

The point = 1 is determined by 

(12.12) ri = 1, ^1 = 0 

Therefore 

(12.13) a:o = - + Re (7 

T 

If we choose xo so that 

(12.14) *0 = - 

TT 

then we have 

(12.15) Re C = 0 

With this choice of xo, the constant C is a pure imaginary and from 
Eq. (12.10) has the value 

(12.16) C = jh 
The transformation (12.5) thus becomes 

(12.17) 2 = - («i - In 2 i) 4- jh 

TT 

= - (21 - In 2i + jir) 

TT 

This transformation transforms the Zi plane into the polygon in the 
z plane with the correspondence of points shown in Fig. 12.2. 

Transformation to w Plane, We now transform the Zi plane to the 
w plane by the transformation 

(12.18) w = In = w + jV 
that is, 

(12.19) zt = 
or 

(12.20) u+jv — lari + jdi 
then 

(12.21) w = In ri, v ^ $i 

The correspondence between the two planes is shown in Fig. 12.3. 
By (12.18) we have 

( 12 . 22 ) 


Zi — 
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If we now eliminate Z\ between Eqs. (12.17) and (12.22), we pass 
directly from the w plane to the z plane by the equation 

(12.23) g = ^(e»-'u;+» 

IT 


TV- plane Zi - plane 



.y i 

yi 

B - 

1 

A 


c 

„ p A ^ 

D 

c 

it 

o 

f 

i;*0 O 

u 

HET E 


Fig. 12 . 3 . 

The correspondence between the two planes is shown in Fig. 12.4. 



If we let V be the potential function, we have in the z plane a semi- 
infinite plane at potential zero parallel to an infinite plane at potential 
T, If we write (12.23) in the form 


(12.24) a; + jy = ^ [e^(cos t; + j sin t;) - w — jv + jV] 
we have 

i a: == - (e“ cos v — u) 
h 

y = - (e“ sin i; — V + it) 

TT ' 

Let V = 0, then 


(12.26) 

For 

X 

« = 0] 

= - (e« - w), 

\ 

y = h 

(12.27) 

h 

W = 00 1 

W = — 00 1 



a; = 00 j 

a; = 00 J 


Negative values of u give the region inside the condenser, and 
positive values of u give the region outside the condenser. 
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If u is large and positive, we have approximately 


(12.28) 

Hence 

(12.29) 


X ^ - (e^ cos v) 
1/ * - (e“ an ») 

T 


x* + y^ = -^e^ 


u>> 1 


The u = const, curves are a family of circles, so that the lines of 
force are approximately circles at a large distance from the origin as 
seen in the Ilg. (12.5). 



If u is large and negative, we have approximately 

(12.30) ® - u, y = - (x — ti) 

IT IT 


The u = const, and v = const, curves are families of straight lines. 
This represents the uniform field in the region inside the planes. 

The Charge Density, At a point on the equipotential r = 0, the 
charge density <r is given by the equation 


(12.31) 



Inside the condenser, u is large and negative and we have approxi- 
mately 


(12.32) 


<r = 


Kt 

h 


at D, w 5= 0 and <r becomes infinite. On the upper part of the semi- 
infinite plane, u is large and positive and we have 


(12.33) 


(7 


he^ 


The surface density decreases as we move to the right of the point D. 

This transformation also solves the hydrodynamical problem of the 
irrotational flow of fluid out of a long channel into a large reservoir. 
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13. The Effect of a Wall on a Uniform Field. As another example 
of the use of the Schwarz transformation, let it be required to determine 
the effect produced by an indefinitely thin wall or ridge on a uniform 
field as shown in Fig. 13.1. 














it: 







laj 

S 1 





P T 

Fio. 13.1. 


The solution of this problem also gives the lines of flow of a fluid 
over an obstacle. We regard the line ABODE as a polygon in the 
z plane and transform it into the real axis of the Zi plane as shown in 
Fig. 13.2. 


Z- plane R 


1 — 

jrt 

b\ 


i 

Vj 

P Q 

S T 



Z|-plane 


^ . 

P Q 

RST 


Fio. 13.2. 


Let US establish the following correspondence between the two 
planes: 

P — 00 S —>Uz 

Q-^ui P -^ + 00 

From the figure, we have 

(13.1) ai = a 2 = 2ir, ~ ^ 


The Schwarz expression of Sec. 9 becomes 


(13.2) ^ ~ ■“ ^(21-W2)' ^21 - ws)' 

= A(Zj ~ Wi)“*(2i - W2)(2i ~ Ut)-^ 

For simplicity, let 

(13.3) »* — a, Wi = 0, Ut — 

Then (13.2) becomes 

.V dz Azi 
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Integrating, we have 

(13.5) z = A [ + B = A Vzl - + B 

J V^i - 

Boundary Conditions, 
a. When 21 = ±a, let 2 = 0. 

Therefore 

(13.6) 5 = 0 

h. If h is the height of the wall, then when z = jh, let Zi = 0. 
Therefore, 

(13.7) jb = A \/^ = Aaj 
Hence 

(13.8) .1 - \ 

The transformation 

(13.9) z = ^ Vz\ - o* 
or 

(13.10) zi = I VzM^ 

transforms the 2/1 = 0 axis in the Zi plane into the polygon PQ5ST in 
the z plane. Now let 

(13.11) w = Fiz = w + jy 

This transformation transforms the lines v = const, in the w plane 
into the lines 

(13.12) y, - 

in the Zi plane. 

Hence 

(13.13) w = FiZ = -^ Vz* + 6* 

in the transformation that transforms the line y = 0 into the polygon 
in the z plane. If the field is to be uniform at large distances from the 
wall, we must have 

lim w = lim y/z^ + z — Fz 

2— ► 00 2— ► 00 ^ ^ 


Fta 


(13.14) 

Hence 
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Skc. 14] 

and the transformation may bo written 
(13.16) w = F^/z^-{-b^ = u■^-jv 

where v is the potential function as shown in Fig. 13.3. 


■ 

1 

1 

1 
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Separating (13.16) into its real and imaginary parts, we have 

j = F^ix^ - y^) 

I uv = F-^xy 

Separating this into its real and imaginary parts, we have 

(13.18) — ^ -v^ = F\x^ - y^) + FW 
This is the family equipotentials, and 

(13.19) M* - = FKx^ - y^) + 

are the lines of force. 

In the hydrodynamical case, v = const, gives. lines of flow and 
u == const, gives constant velocity potentials. 

14. Application to Hydrodynamics. The theory of conjugate func- 
tions is of extreme usefulness in determining two-dimensional flow 
distribution of moving fluids. There is a very close analogy between 
the electrical problems discussed in the last few sections and problems 
in hydrodynamics. 

Let A be the velocity vector field of an ideal nonviscous fluid. If 
the flow is irrotational, then 

(14.1) V X A = 0 

and as we have seen in Chap. XV the velocity A is the gradient of a 
scalar, or 

(14.2) A = - V</> 

where ^ is the velocity potential. The lines of flow are everywhere 
normal to the surfaces = const. If the fluid is incompressible, then 
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the equation of continuity is 

(14.3) V.A = 0 
so that 

(14.4) V. A = V(- V0) = 0 


or 


(14.5) = 0 

so that, as in the case of the electrostatic potential the velocity poten- 
tial satisfies Laplace's equation in a region that contains no sources. 

The Stream Function. Let ^ix,y) be a function of the two inde- 
pendent variables x and y. Now the differential is given by 


(14.6) 


=^^dx + ^dy 
dx dy ^ 


For two-dimensional motion, the equation of continuity (14.3) 
reduces to 


(14.7) 

If we let 

(14.8) 

then (14.6) becomes 

(14.9) 


I dAy _ ^ 

dx ^ dy 


A X 


dy 


A 

~ dx 


— Ay dx — Ax dy 


The condition that this expression be a perfect differential is 


(14.10) 


dAy _ __ dA® 

dy dx 


This is exactly the equation of continuity (14.7). Hence from 
the velocity vector A we can determine a unique function and the 
velocity components are given by (14.8). The function ^ is called the 
stream function. From Eq. (14.2), we have 


(14.11) 

Hence 

(14.12) 


dx dy 
d<t> _ d^ 
dy dx 

dx dx dy dy 



The two families 4> == const, and $ = const, intersect orthogonally. 
It is thus apparent that if we have 


(14.13) 


w ^ u + jv ^ w(z) 
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a function of the complex variable then if we take w for the potential, 
then V will be the stream function, or vice versa. For example, if we 
consider the function 


(14.14) 



and take u to be the potential function and v the stream function, then 
this transformation gives the velocity and flow pattern produced by a 
source and a sink of equal intensities and located at 2 = a and 
2 == —a, respectively. The analogy with the electrical case is easily 
seen. 

16. The Joukowski Transformation. The transformation 

w-ka_(z-a\^ 

is of importance in the practical problem of mapping an airplane wing 
profile on a nearly circular curve. The wing profile has a sharp point 
at the trailing edge. The angle 

(15.2) (2 - k)ir 

is the angle between the tangents to the upper and lower parts of the 
profile at this point. The circle that passes through the point —a 
in the z plane so that it encloses the point z a and cuts the line 
joining 2 = — a and z = a + 6 where d is small is mapped by this 
transformation into a wing-shaped curve in the w plane. 

In practical problems on the study of the flow of air around an 
airfoil, the desired transformation is onb that maps the region outside 
a circle or a nearly circular curve. If we take the special case 

(15.3) a = 1, k = 2 
we have 

MKA\ w — 2 _ (z — iV 

W + 2 \2 + 1 j 

This transformation transforms a circle in the z plane passing 
through the point 2 = — 1 and containing the point 2=1 into a wing- 
shaped curve in the w plane. This curve is known as Joukowski ^s 
profile.^ 

PROBLEMS 

1. Given the transformation 2 =<= a sin w, where a is real. What are the 
curves u » const, and the curves v « const.? What possible electrical and 
hydrodynamical problems may be solved by this transformation? 

^See H, Glauert, ^*The Elements of Aerofoil and Airscrew Theory,^' The 
Macmillan Company, New York, 1043. 
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2. Given the transformation z — w + e ^. Study this transformation in the 
range —tt < v < tt for all values of u. Determine the curves u = const, and 
V * const, for very large and very small values of u. Draw a rough sketch of the 
lines u = const, and w = const. What problems may be solved by this trans- 
formation? 

,/ s. Given the transformation z = tanh w. Determine the curves u = const, 
and V = const, and sketch them. What practical problems arc solved by this 
transformation ? 

4. Using the theory of the complex variable, show that i2”(cos nd + sin nO) 
and l/i?"(cos nd •+- sin nd) where n is an integer are solutions of the two-dimen- 
sional Laplace equation where R and d are polar coordinates in the xy plane. 

6. Two parallel infinite planes at a distance a from each other are kept at 
zero potential under the influence of a line charge of strength q per unit length 
that is located between the planes and at a distance of h from the lower plane. 
Find the field and potential distribution in the region between the planes. 

6. A cylinder (x/a)^^ -f (y/b)^^ ~ 1 carries a charge of Q units per unit 
length. Show that the transformation that gives the field is 

7. Determine the transformation that gives the field inside a hollow cavity 
of rectangular shape that contains a line charge at a distance of a from the base 
whose width is h, 

8. Determine the surface density oii an earthed conducting plane (potential 
zero) under the influence of a line charge of strength g at a distance of a from the 
plane. 

9. Write down the integral from which the transformation can be obtained 
which represents the field near the sharp edges of a slit beveled at 45°. 

Z I >j;2 ^2 

10. Using the transformation w = ^ which gives the potential 

and stream functions when there is' a slit of width 2b in a thin infinite plane con- 
ducting sheet that forms one boundary of a uniform field of unit strength, find 
the field when a filament carrying a charge per unit length is placed in front of the 
slit. 

11. Write down the integral that represents the field when a slit of uniform 
width 26 in an infinite sheet of thickness d forms one boundary of a uniform field. 
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CHAPTER XXI 

THE OPERATIONAL CALCULUS 

1, Introduction. In Chap. VI, the simple direct Laplace transform 
or operational method of solving linear differential equations with 
constant coefficients was considered. It was there demonstrated how, 
by the introduction of a Laplacian Transformation and by the use of a 
table of Laplacian transforms, it is possible to solve linear differential 
equations with constant coefficients subject to one point boundary 
conditions in a very efficient manner. In this chapter, the basic 
principles of the Laplacian Transformation will be developed and 
methods of obtaining inverse transforms will be considered. 

The mathematical technique commonly called the ^‘operational 
calculus” was first developed by Oliver Heaviside. In his paper ^ he 
presented a mathematical tool that he had developed himself and that 
enabled him to solve certain physical problems in a very direct manner. 
The first problem attacked by Heaviside was the solution of the system 
of differential equations which express the behavior of a lumped con- 
stant electrical network with linear parameters subject to certain 
initial conditions. 

The system of equations handled by Heaviside had been attacked 
by classical methods of great power before the time of Heaviside. As 
early as 1788 in the “ M6caniqae analytique” of Lagrange, a method 
for the solution of the system of equations had been presented. The 
novel feature of tho Heaviside treatment consisted of the following 
two innovations: 

a. The functions Er{t) representing the known electromotive forces 
applied to the systems were considered by Heaviside to be of an impul- 
sive type and equal to zero for negative values of the time parameter t 
and suddenly jumping to finite values for positive values of L This 
type of function represented very well the actual physical system and 
enabled Heaviside to introduce several novel methods of treatment. 

h. A process was formulated by which a problem of this kind was 
solved by a single operational procedure that gave the solution of the 
problem subject to the initial conditions directly and without the usual 
laborious classical procedure of evaluating arbitrary constants. 

^ Heaviside, Oiavbr: Operators in Mathematical Physics, Proceedings of the 
Royal Society A, vol. 52, p. 504, 1893. 
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Heaviside himself used h eurist ic reasoning and either was not aware 
of existing earlier work or at least makes no mention of it. His various 
writings contain typical statements such as, ^Ve shall have, pri- 
marily, to work by instinct, not by rigorous rules,'^ and ‘Hhe best 
proof is to go and do it.^’ Heaviside^s lack of rigor was naturally 
distasteful to mathematicians who were appalled by his informal 
procedures. The lack of rigor in Ileaviside^s procedures led many 
investigators to justify and explain his methods. Electrical engineers, 
mathematicians, and mathematical physicists entered the field, and 
now, after 50 years, Heaviside’s claim about the power of his method 
has been fully confirmed, and recent researches have even extended 
the domain of its applicability. It now appears that although the 
method was originally designed with a special view on physical prob- 
lems it is a tool of great value to the pure mathematician as well.^ 
Looking back on the controversy after thirty years, we should 
now place the operational calculus with Poincare’s discovery of 
automorphic functions and Ricci’s discovery of the tensor calculus 
as the three most important mathematical advances of the last quarter 
of the nineteenth century. Applications, extensions, and justifications 
of it constitute a considerable part of the mathematical activity of 
today.” 

At present, a sound mathematical basis for Heaviside’s operational 
calculus is at hand, mainly due to the work of John R. Carson and 
K. W. Wagner and T, J. I’A Bromwich. Carson showed that the 
method could be based on the Laplacian Transformation, and he 
demonstrated that a set of niles could be derived by the introduction of 
this transformation that were quite similar to those used by Heaviside 
without justification. Carson’s method is essentially the method that 
was discussed in Chap. VI. In this method, a function h{t) is trans- 
formed into a function g{'p) by the integral 


( 1 . 1 ) 


ff(p) = P dt 


provided, of course, that the integral exists. 

Wagner and Bromwich showed that the ''unit” function, that is, a 
function whose value is zero for negative values of i and is unity for 
positive values of t and that may be denoted by l(^). may be expressed 
by the following integral 


( 1 . 2 ) 


2 le+j « 

^jjc 


eP* dp 
P 


^ This fact was expressed by Prof. E. T. Whittaker in his article, Oliver Heavi- 
side, BuUetin of the Calcutta Mathematical Society ^ vol. 20, p. 199, 1928-1929. 
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where c is any positive quantity and the path of integration is a straight 
line in the complex p plane. It is obvious that the response of a 
system whose behavior is expressed by a set of linear differential 
equations with constant coefficients may be obtained by obtaining the 
response of each exponential component and then by an integration 
of all these responses we have the solution when the unit function (1.2) 
is suddenly impressed on the system. 

By this reasoning, Bromwich was led to consider the integral 


(1.3) 


hit) = 


2 r » 
j c—j « 


e^*g{p) dp 
V 


where the contour has to be chosen in such a manner that all the 
singularities of g{p) are to the left of the path of integration. Brom- 
wich based the foundations of the operational calculus on this expression. 

As a matter of fact, the integral (1.3) follows from the integral (1.1) 
by an application of the Fourier-Mellin theorem as will be shown in 
Sec. 2. The integral (1.3) enables one to find the function h{t) when 
the function g{p) is known, this integral is therefore the inverse of the 
integral (1.1). 

Paul Levy in 1926 pointed out the unique equivalence of the 
integrals (1.1) and (L3). Hence (1.1) considered as an integral equa- 
tion with g{p) known and h{t) unknown is solved uniquely by (1.3), 
and similarly (1.3) considered as an integral equation with h{t) given 
and g{p) unknown is solved uniquely by (1.1) provided that h{t) = 0 
for ^ < 0. It is thus seen that it is immaterial whether (1.1) or (1.3) 
is taken as a basis for the operational calculus, although (1.1) has the 
advantage of simplicity. Since the rigorous mathematical foundation 
of the method is now well understood, the power and applicability of 
the method to problems of physical importance is very great. 

2. The Fourier-Mellin Theorem. In this section the Fourier- 
Mellin theorem that is the foundation of the modern operational 
calculus will be derived. The Fourier-Mellin theorem may be derived 
from Fourier’s integral theorem. The derivation of this theorem is 
heuristic in nature. For a rigorous derivation, the references at the 
end of this chapter should be consulted. 

It was shown in Chap. Ill, Sec. 9, that if F{t) is a function that has 
a finite number of maximums and minimums and ordinary dis- 
continuities, it may be expressed by the integral 


(2.1) Fit) = ds JP du 

If we let 


( 2 . 2 ) 


2t« = V 
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then (2.1) becomes 

(2.3) du 

In order for the integrals involved in (2.1) to converge uniformly, it 
it is also necessary for the integral 

-(2.4) 7 = /_"jF(0|d< 

to exist. 

Let us now assume that the function F{t) has the property that 
(2.5) F{t) =0 for i < 0 

In this case, the Fourier integral representation of the function is 


(2.6) F{t) = ^ j dv F{u)e-’-'‘ 


where the lower limit of the second integral is zero as a consequence 
of the condition (2.5). 

Let us now consider the function defined by the equation 
(2.7) 0(0 = e-^nt) 

where c is a positive constant. 

Substituting this into (2.6), we obtain 

* -f- 00 r 00 

dv j du 

Let us now make the substitution 
(2.9) p == c + jy 

then (2.8) may be written in the form 
1 


(2.8) = e-‘F«) = 1 J_' 


(2.10) e-'‘F(<) = dp 

^'^3 J c-j » 


i: 


F{^)er^'^ du 


On dividing both members of (2.10) by we have 

(2.11) F{t) = f dp [ F(u)er^^du 

Jo 

This modified form is more general than the Fourier integral (2.3) 
because if 

( 2 . 12 ) I=p\F{t)\dt 

does not exist but 

(2.13) , r = p e-‘^\F(t)\dt 

exists for some Co > 0, then (2.11) is valid for some c > Co. 
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If we now let 

(2.14) (,(p) = p r F{u)e~^ du 
we have (2.11) 

(2.15) 

Since the value of a definite integral is independent of the variable * 
of integration, it is convenient to use the letter t instead of the letter u 
in the integral (2.14) and write 

(2.16) giv) = P jo” dt 

^ Equations (2.15) and (2.1G) are the Fourier-Mellin equations. 
They are the foundations of the modern operational calculus. 

A more precise statement of the Fourier-Mellin theorem is the 
following one. 

Let F{t) be an arbitrary function of the real variable t that has only 
a finite number of maximums and minimums and discontinuities and 
whose value is zero for negative values of L 
If 

(2.17) g{p) — P Jq (0 dt Re p > c > 0 
then 

(2.18) 
provided 

(2.19) pe-“F{t)dt 

converges absolutely.^ 

It is convenient to use the notation 

(2.20) g{p) = LF{t) 

to denote the functional relation between g{p) and F(t) expressed in 
(2.17). We then say that g(p) is the direct Laplacian transform of 
F(0* The relation (2.18) is expressed conveniently by the notation 

(2.21) Fit) = L-^gip) 

then say that Fit) is the inverse Laplacian transform of gip), 
y 3. 'The Fundamental Rules. In this section some very powerful 
and useful general theorems concerning operations on transforms will 

^ A rigorous discussion and derivation of this theorem will be found in E. C. 
Titchmarsh, “Introduction to the Theory of Fourier Integrals/' Oxford University 
Press, New York, 1937. 



524 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XXI 


be established. These theorems are of great utility in the solution of 
differential equations, evaluation of integrals, and other procedures of 
applied mathematics. 

Theorem I. The Laplace transform of a constant is the same 
constant, that is, 

(3.1) L{k) = k 

where A; is a constant. To prove this, we have from the fundamental 
definition of the direct Laplacian transform 

(3.2) L{k) =P dl = kp = k 

The integral vanishing at the upper limit since by hypothesis Re p > 0. 
Theorem II. 

(3.3) Lk<t)(t) = kL4>{t) where A is a constant 
This may be proved in the following manner: 

(3.4) Lk<t>{t) = P dt ^ kp dt = fcL0(O 

Theorem III. 

(3.5) = pLFit) - pF(0) 

This theorem is very useful in solving differential equations with 
constant coefficients. To prove it, we have 

(3.6) L ^ = p / pFe-^‘ I " + 

dt Jo dt |o 

p2 ^ e-pF dt=-pLF - pF(0) 

where the integration has been performed by parts. 

Theorem IV. 

n— 1 

(3.7) L^^pnLF-'2^ pv*)(0)p<»-« 

*-0 

d^F 

where F<^^(0) = ^ evaluated at ^ = 0. 

This theorem is an extension of Theorem III. To prove this, we 
have 
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by Theorem III. By repeated applications of Theorem III, we finally 
obtain the result (3.7). If we let 


(3.9) 


Fr 


d'F 

dtr 


evaluated at < = 0, we have lor the transforms of the first four deriva- 
tives 

(3.10) -- pLF - pFa 

(3.11) ^ - P"^o - 

dW 

(3.12) ' ^ - P*^« - P'^i - P^* 

(3.13) ^ = P'^^ - P*^o - P’^i - P*^* - P^» 
etc. 

These expressions are of use in transforming differential equations. 
Theorem V. The Faltung Theorem. This theorem is known in the 
literature as the Faltung theorem. In the older literature of the opera- 
tional calculus, it is sometimes referred to as the “superposition 
theorem.'^ 

Let 


(3.14) LFx(0 = g,{v) 

(3.15) LF,{t) = g^iv) 

Then the theorem states that 

(3.16) L I' F,{y)F^{t -- y) dy = L F,{y)Fi{t - 

JO JO 

To prove this theorem, let 

(3.17) LFiiit) = 

Then by the Fourier-Mellin formula, we have 


y) dy = 


(3.18) 


F ,(0 


J e—j « 


gl(p)g8(p) 


However, by hypothesis, 

(3.19) gt(p) P e~>”'Fiiy) dy 
Therefore 

(3.20) F.(0 = i / " F,(y) dy y) 

Arj Jo Je-3<» V 

if we do not question reversing the order of integration. 


V 
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However, we have 

(3.21) i ^ e'X'-v) dp = Flit - y) 

J C—J « P 

Hence 

(3.22) jtUO = // Ftiy)Fiit - y) dy 
Now by hypothesis, Fi(t) = 0 if < is less than 0. 

(3.23) Flit - y) = 0 fory >t 

Consequently, the infinite limit of integration may be replaced by 
the limit t Therefore we may write (3.22) in the form 

(3.24) f 3(0 = F,iy)Fi(t - y) dy 

and, by symmetry, 

(3.25) F,it) = Fiiy)F,it - y) dy 

Corollary to Theorem V. By applying Theorem III to Theorem V, 
we have 

(3.26) L ^ F,(y)Fi(t - y) dy = p = gig^ 

Theorem VI. If 


(3.27) 

LFit) = gip) 

then 

(3.28) 

Le-^Fit)-g(j, + a) ^ 

Proof. 

Let 

(3.29) 

Le-<^Fit) = iPip) 

therefore, 

(3.30) 

0(p) = p X" 

“ ^ X " dt 

But as a consequence of (3.27), we have 

(3.31) 

gip) =V e-r‘Fit) dt 

Hence 


(3.32) 

gip + a) = (p + o) e-*^^Fit) 



Sec. 3] 


THE OPERATIONAL CALCULUS 


527 


Comparing this with (3.30), we have 

(3.33) 0(p) =g(p + a) = Le-o^Fit) 

Theorem VII. If 

(3.34) LF(t) = g{p) 
then 

( 0 t < k 

Fit -k) t>k P^'ovided A: > 0 

Proof 


(3.36) 

L<t>it) = e~*’’ff(p) 

Hence 

, . 1 " e^^e-^^gip) dp 

p — ■ 

(3.37) 

while 


(3.38) 

TO - ' . r' 

2irj Je-t<c p 


Comparing (3.36) and (3.37), we have 

(3.39) -#.(0 = Fit - k) 

However, Fit) = 0 for i < 0. Hence F(< — k) = 0 for t < A, since 
by hypothesis A; > 0. This proves the theorem. 

Theorem VIII. If 

(3.40) LFit) = gip) 
then 

(3.41) L-^^gip) =Fit + k) k>0 

provided that 

(3.42) Fit) =0 for 0 < < < A: 

Proof. Let 

(3.43) LFit + k) = <t>ip) 

Hence 

(3.44) ^(p) = P // e-^Fit + k) dt 

Now let us make the change in variable 

(3.45) it + k)^y 
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Hence 

(3.46) 4>ip) = “ e^p^Fiy) dy 

= Jq * e^^^Fiy) dy — pe^^ e^^F{y) dy 
= e^^gip) — pe^^ e~~^^F(y) dy 

Now if F(y) = 0 for 0 < 2/ < A:, then the second integral vanishes 
and we have 


(3.47) LFit + fc) = e^pgip) 

and the theorem is proved. 

4. Calculation of Direct Transforms. The computation of trans- 
forms is based on the Fourier-Mellin integral theorem. If the function 
F{t) is known, and the integral 

(4.1) gip) = P e-f‘Fit) dt 

can be computed, then the function g(p) may be determined and the 
direct Laplace transform 

(4.2) gip) - LF{t) 


obtained. 

If on the other hand, the function g{p) is known, then to obtain the 
function F{t) we must use the integral 


(4.3) 


Fit) 


= j_ 

2^./ J c—j 00 


e^^g{p) 


dp 


If this complex integral can be evaluated, then the inverse trans- 
form 


(4.4) Fit) - L-^gip) 

may be obtained. 

In Sec. 6 of Chap. VI, the direct transforms of certain functions were 
computed by evaluating the integral (4.1) for simple types of functions 
Fit). 

Fractional Powers of p. In the applications of his operational 
calculus to problems of physical importance, Oliver Heaviside, in the 
course of his heuristic processes, encountered fractional powers of p. 
Since his use of the operational method was based on the interpretation 
of p as the derivative operator and 1/p as the integral operator, there 
was some trepidation by the followers of Heaviside in interpreting 
fractional powers of p. 
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In Chap. XII, a discussion of the gamma function based on the 
Euler integral 

(4.5) r(n) = dx n > 0 


was given. This integral converges for n positive and defines the 
function r(n). 

By direct evaluation, we have 
(4.6) r(l) = 1 

and by an integration by parts, the recursion relation 


(4-7) 


r(n) = 


r(n + 1) 

V{n) 


The integral and the recursion formula taken together define the 
gamma function for all values of n. 

If we now place 


(4.8) X = pt 
in (4.5), we have 

(4.9) r(ra) = V" dt 

or 

(4.10) ^ Jo 

Comparing this with the basic Laplace transform integral (4.1), we 
have 

(4.11) = p? n > 0 

if we let 


(4.12) 
we have 

(4.13) 


n — 1 = m 



r 

Tim + 1 ) 


m > — 1 


It will be shown in a later section that this formula holds for any m. 
This equation is more symmetrically written in terms of Gauss’sir 
function 

(4.14) ir(m) == r(m + 1) 


in the form 
(4.16) 




ir 

T(m) 
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when m is a positive integer we have 
(4.16) Trim) = m! 

and when m is a negative integer Trim) is infinite. We thus have 


(4.17) 


JL = i!!. 

p”* ”” m\ 


m a positive integer 


By the use of Eq. (4.13) and a table of gamma functions, the trans- 
forms of fractional powers of p may be readily computed. As an 
example, since 

(4.18) r(^) = 


we have from (4.13) 
(4.19) 


L-^i = 


t-i 

y/r 


1 

y/^t 


5. Calculation of Inverse Transforms. The problem of computing 
the inverse transform of a function g{j>) by the use of the equation 



1 fo+i” g(p) 


will now be considered. 

The line integral for Fit) is usually 
evaluated by transforming it into a 
closed contour and applying the calculus 
of residues discussed in Chap. XIX. 
The contour usually chosen is shown in 
Fig. 6.1. 

Let us take as the closed contour s the straight line parallel to the 
axis of imagineries and at a distance c to the right of it and the infinite 
semicircle whose center is at (c,0). We then have 


(5.2) £2!^) 

where c is chosen great enough so that all the singularities of the 
integral lie to the left of the straight line along which the integral from 
c — j 00 to c + j 00 is taken. 

The evaluation of the contour integral along the contour s is 
greatly facilitated by the use of Jordan^s lemma (Sec. 15, Chap. XIX), 
which in this case may be stated in the following form: 

Let ^(p) be an integrable function of the complex variable p such 
that 

(5.3) 


dp 


Je-3^ 


e^^gip) dp 


+ 


/ 

y «0 


e^'g(j>) dp 
P 


lim |^(p)| =* 0 
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lim I f dp = 0 i > 0 

Jg— >00 


It usually happens in practice that the function 

(5.6) *(p) - 

has such properties that Jordan’s lemma is applicable, in such a case 
the integral around the infinite semicircle in (5.2) vanishes and we have 


(5.6) 


e^‘g(p) dp 
» P 


p ' 27rj. 

Now by Cauchy’s residue theorem (Sec. 9, Chap. XIX), we have 


(5.7) 

Hence by (5.6) we have 

(5.8) F(i) = ^ Res of inside s 

If the function e^^g{p)lp is not single-valued within the contour s 
and possesses branch points within s, it may be made single-valued by 
introducing suitable cuts and then applying the residue theorem. 

As an example of the computation of an inverse transform, let us 
consider the determination of the inverse transform of 


(5.9) M - (^rf^ - mt) 

This function clearly satisfies the condition imposed by Jordan’s 
lemma. Hence F{t) is given by (5.8) in the form 

(5.10) = 

gpt 

The poles of are at 

(5.11) p = ±ja 
By Sec. 12, Chap. XIX, we have 


(5.12) Resp-;. 
Similarly, we have 

(5.13) ReSjTMi— ja 


gPt ^iat 


(p* + o®) 2ja 

gv* _ — 

p* + 0* ~ 2jo 



532 MATHEMATICS FOR ENGINEERS AND PHYSICISTS [Chap. XXI 


Hence 

(6.14) 


(no-iM) 


As another example, consider 
(5.15) L-^g{v) - 7- 


-F{t) 


V—/ - - (p a)2 + 0)2 * 

This function also satisfies the condition of Jordan’s lemma. We 
must compute the sum of the residues of 


(5.16) 


4^kp) = 


sin ut = F{t) 


(p + ay + 0)2 

The poles of this function are at 

(5.17) p = —a ± jco 
The sum of the residues at these poles is 

p — atpjoat p — o,tp — 

(5.18) — = e-^ sin a>< = F(0 

' ' 2jw 2 j£o ' ' 

6. The Modified Integral. Let us consider the fundamental inte- 
gral of the inverse transform 

Now if we perform a formal differentiation under the integral sign 
with respect to we have 

and we see that differentiation introduces a factor of p before Sf(p). In 
many cases, however, the new integral does not converge uniformly. 

In such cases, the process of differentiation cannot be performed in 
this manner, since for the operation to be valid the new integral must 
converge uniformly. It is possible, however, to modify the original 

integral in such a way that the procedure is 
correct. This may be done provided that 
\ p-plane ^^(p) satisfies certain conditions. Thecon- 

ditions that are usually fulfilled in practice 

\ \ are the following: 

/ M Qiv)/v is analytic in the region to 

/ the right of the straight lines Li and Lj. 

^ X p « c + and p « c + where 

^ t/2 < 0 < V. 

Fig 61 ' 

■ ■ ’ (6) g{p)ip tendfl unifonniy to zero aa 

IpI -♦ 00 in this region, see Fig. 6.1. 


p- plane 


Fig. 6 . 1 . 
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It is possible, when these conditions hold, to complete the line 
integral by the way of an infinite semicircle convex to the left and with 
center at (c,0) as before. Then, since no singularities are traversed, 
the path of integration may be changed into two straight lines Li and 
Z/ 2 , as shown in Fig. 6.1. This integral along Li and La is called the 
modified integral. 

The modified integral is easily proved uniformly convergent for all 
positive values of t and also integrals of the type 

(6.3) 1-^f 

270 JlxM V 


where Q{p) is a function that in the region under consideration increases 
at most as a power of p when p tends to infinity may also be proved 
uniformly convergent. 

In Sec. 4, the relation 


(6.4) 



r(m + 1) 


m > — 1 


was derived. 

We shall now remove the above restriction on m and obtain a 
general formula of the form 


(6.5) 



r(r + 1 ) 


valid for all values of r. 

If we begin with the restricted result (6.4), we have 


( 6 . 6 ) 




ntn + 1) 
If m > —1, the function 
(6.7) 


= j- 

2rj Jc-j 


c-fj 
J V 


dp 

»m+l 


m > 


g(p) 

p 




tends to zero uniformly as |pl . Hence we are permitted to 
differentiate (6.6) with respect to ts times under the integral sign. 

We thus obtain: 


m(m — 1) 


( 6 . 8 ) 

Hence we have 
( 6 . 9 ) r-i PL 
where 


(ni — s + 


pm 


r(m + 1) 

m(m — 1 ) 


1)<*^* 1 €'‘0* , 
^3 Jc-i 


(m — e + I) 


r(m + 1) 


( 6 . 10 ) 


m > — 1 
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Now by the fundamental recursion formula of the Gamma func- 
tions, we have 


( 6 . 11 ) 


m(m — 1) • • • (m — s -f- 1) 


r(?» + 1) 

r(OT — s -H 1) 


Therefore, we may write (6.9) in the form 


( 6 . 12 ) 


L-i 


Now if we let 


r(m + !)<"“* 
r(m + l)r(TO - s -f- 1) 


(6.13) m — s — r 

we may write (6.12) in the form 


(6.14) 



t' 

nr + 1 ) 


for all values of r except negative integers. If r is a negative integer, 
let us place 


(6.15) r = -q 
We then have 

1 rc-h}*» 

(6.16) = o~- I er'pr-i dp = 0 for < > 0 

Jc—j» 

3 = 1 , 2 , • • • 

This TQSult follows from the fact that the integrand in (6.16) has no 
poles in the finite part of the p plane. Now since r(r + 1) is infinite 
when r is a negative integer, it is seen that we have 


(6.17) 



T{r + 1) 


if « > 0 


for all values of r. 

Although (6.17) holds for all values of r when t > 0, the inverse 
transforms of positive powers of p are not zero at i = 0, but are of the 
nature of impulsive functions. 

7. Impulsive Functions. The careful treatment of impulsive func- 
tions presents considerable difficulties and is beyond the scope of this 
discussion. However, many physical phenomena are of an impulsive 
nature. In electric-circuit theory, for example, we frequently encoun- 
ter electromotive forces that are impulsive in character, and we desire 
to study the behavior of the electric currents produced by the appli- 
cations of electromotive forces of this type to linear circuits. In 
mechanics, we frequently encounter problems in which a system is set 
in motion by the action of an impact or other impulsive force. Because 
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of the practical importance of forces of this type, a simple treatment 
of them will be given. 

One of the most frequently encountered functions is the Dirac 
function 8{t). This function is defined to be zero ii t ^ 0 and to be 
infinite at < = 0 in such a way that 

(7.1) P" S(t) dl = 1 

This is a concise manner of expressing a function that is very large 
in a very small region, zero outside this region, and has a unit area. 
Let us consider the function b{i) that has the following values: 


(7.2) 



t < 0 
0 < f < € 
t > e 


where € may be made as small as we please. This function possesses 
the property (7.1). 

We now prove the following: 

(7.3) IP Fit) 5(1 - a) dt = F(a) 

provided that F{t) is continuous. The proof of this follows from (7.2), 
so that we have 

/ +C0 .. ro + e 

/ F{t) dt 

— F{a + de) where 0 < ^ < 1 


Now since by hypothesis F(t) is continuous, we have 

(7.5) lim F{a + Oe) = F{a) 

€— >0 

Hence the result (7.3) follows. As an application of (7.3), let us 
compute the Laplacian transform of 8{i), We have 

(7.6) Lit) = V P e~^'Ki) dt = p 

so that the Laplace transform of the Dirac function is p. 

As an example of the use of the 5(0 function, let us consider the 
effect produced when a particle of mass m situated at the origin is 
acted upon by an impulse Fo applied to the mass at < = 0. If the 
impulse acts in the x direction, the equation of motion is 


(7.7) 
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Let 


(7.8) 


Lx = y 


Now if the mass is at a; = 0 at < = 0 and has no initial velocity, we 
have 


(7.9) 


d^x 

IP 


= p*2/ 


Hence Eq. (7.7) is transformed into 
(7.10) mp^y = FoV 

Therefore 


(7.11) 
and hence 


y = 


Fo 

mp 


(7.12) 


X = L-^y = t 

^ m 


As another example, consider a series circuit consisting of an 
inductance L in series with a capacitance c. Initially, the circuit has 
zero current and the condenser is discharged. At ^ = 0, an electro- 
motive force of very large voltage is applied for a very short time so 
that it may be expressed in the form Eod{t), It is required to deter- 
mine the subsequent current in the system. 

The differential equation of governing the current in the circuit is 


(7.13) 
where 

(7.14) 

Now let 




t = 


dt 


(7.15) Li = J, Lq^Q 
Therefore (7.14) transforms into 

(7.16) + 

Hence 


(7.17) 

where 

(7.18) 


T Eo p* 

^ “ L (p» + «?) 


Wo 


1 
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From the table of transforms, we have 

(7.19) L-i ^^7^) = cos «o« 
Hence 

(7.20) L->/ = i = ^ cos uo< 


8. Heaviside’s Rules. In Heaviside^s application of his oper- 
ational method to the solution of physical problems, he made frequent 
and skillful use of certain procedures in order to interpret his ^'resist- 
ance. operators.” These procedures were known as "Heaviside^s 
rules” in the early history of the subject. At that time there appears 
to have been much controversy over the justification of these rules. 
Viewed from the Laplacian transform point of view, the proof of these 
powerful rules is seen to be most simple. 

a. Heaviside^ s Expansion Theorem. Heaviside’s first rule is com- 
monly known as Heaviside’s expansion theorem or the "partial- 
fraction” rule. In its usual form, it may be stated as follows: 

If g{p) has the form 

(8-1) sW - Sr 


where N{p) and 4>{p) are polynomials in p and the degree of is 
at least as high as the degree of N{p) and, in addition, the polynomial 
0(p) has n distinct zeros, pi, P 2 , * * * Pn and p = 0 is not a zero of 
<^(p), we then have 


( 8 . 2 ) 




EM = M 

Hp) 2Ti Jc-j^ 
= ^ Res of 


N{p)e’’* dp 
P<l>{p) 
N(p)e^‘ 
P<^(P) 


by the Cauchy residue theorem since in this case the integrand satisfies 
the conditions of Jordan’s lemma and the contribution over the infinite 
semicircle to the left of the path of integration vanishes. 

We now compute the residues by the methods of Sec. 12, Chap. 
XIX. Now if pi, pt, p», • ' • Pn are n distinct zeros of ^(p), then the 
points p =» 0, p = pi, p = p 2 , • • • p = Pn are simple poles (rf the 
function N(p)e’“/p<l>(p). 

The residue at the simple pole p = 0 is 


pNip)e^* 

p«(p) m 


(8.3) 
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The residue at the simple pole p = p, is 


(8.4) 

where 


t:„ N(p)e»* _ N(pr)e»'‘ 

p™, P<t>'(p) ~ Pr4>'(Pr) 


(8.5) 


<t,'(pr) = 


d<l> 

dpp 


It follows from (8.2) that 

rsa'i iJV(p)_JV(0) Y 


N(p)eP^ 

Vr<l>'\Vr) 


This result is called the Heaviside expansion theorem and is 
frequently used to obtain inverse transforms of the ratios of two 
polynomials. As a simple application of the expansion theorem, let it 
be required to determine the inverse transform of 


(8.7) 




In this case the zeros of <j>{p) are 
(8.8) p = ±ja 

We also have 

A(0) 


.^JP) 

<^(P) 


0 ( 0 ) ^ 

and 

(8.10) 0'(p) = 2p 

Hence substituting in (8.6), we obtain 


( 8 . 11 ) 


p^ 






p“ + a* 


+ 


2p—iat 




~2a2 ‘ -2a2 

o COS {at) 


An Extension of Heavidde's Expandon Theorem, Heaviside^s 
expansion theorem as stated above is of use in evaluating the inverse 
transforms of ratios of polynomials in p. The expansion theorem is 
sometimes used to compute the inverse transforms of certain tran- 
scendental functions in p that have simple poles and that satisfy the 
conditions of Jordan^s lemma so that the path of integration may be 
closed to the left by an infinite semicircle. In this case the result 


( 8 . 12 ) L-^g{.p) * 2 ) 
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is applicable. If the poles of g{p) are simple poles at p = pi, p = pj, 
* • • p = Pr, • • • and p = 0 is not a pole, then Eq. (8.12) is very 
similar to the Heaviside expansion theorem (8.6). 

As an example of this, consider the function 


(8.13) 


g{p) = tanh 


12 = sinh Tp /2 
2 cosh Tp/2 


where T is real and positive. The poles of this function are : 


(8.14) 
or 

(8.15) 


cosh 


Tp 


= 0 


* = 0 , + 1 , ± 2 , 


The fact that these poles are simple poles follows from the fact that 
the derivative of cosh Tp/2 with respect to p does not have zeros 
at these points. The function 

(8.16) tanh ^ 

V 

satisfies the condition of Jordan’s lemma since 


(8.17) 

We thus have by (8.12) 


Tv 

lim tanh = 1 
2 


(8.18) 


L-^y{p) = 


e'^k‘ sinh 


2 


T . ,PkT 


This expression reduces to 
(8.19) L-V(P)=| 


2 v' 

Pk 


A:** — 00 

Substituting (8.15) into (8.19), we finally obtain 


(8.20) tanh ~ ^ ^ ^ ^ 

It is thus seen that the result (8.12) is more general than the 
Heaviside expansion theorem, but when applied to functions whose 
poles are simple and that have no singularity at the origin, then (8.13) 
has a close resemblance to the Heaviside expansion theorem. 
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b. Heaviside’s Second Rule. Heaviside made frequent use of the 
following result: 


( 8 . 21 ) 


= V 

P” Zy 


L-l ^ = 

n «0 n — 0 


an 


n\ 


where the series 


2 

n«*0 


pn 


is a convergent series of negative powers of p. 


This result is obtained by term by term substitution of 


( 8 . 22 ) 



n! 


forn a positive integer 


c. Heaviside^s Third Rule, This concerns the transform of the 
series 

QO 00 

(8.23) g{p) = 2) a«P” + P* X &»P" 

n—O n—O 


By making use 
(8.24) 

and the facts that 


of the fact that 


ir 


P' r(r + 1) 


(8.25) r(|) = 

and 


(8.26) = 0 for < > 0 s = 1, 2, 3, • • • 
we have directly 

(8.27) L-V(p) = Oo + + ^ + + • • • j 

for < > 0 


By arranging the transform of a function in the form (8.23), 
Heaviside was able to obtain the asymptotic expansion of certain 
functions valid for large values of t, 

9. The Transforms of Periodic Functions. Let F(t) be a periodic 
function with fundamental period T, that is, 

(9.1) F{t +T) ^ F(t) t>0 

If F(t) is sectionally continuous over a period 0 < t < T, then its 
direct Laplace transform is given by 
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(9.2) LF(<) = P // e-»‘F(0 dt 
If we now let 

(9.3) u = t -- nT 

and realize that as a consequence of the periodicity of the function 
F{t), we have 

(9.4) F(u + nT) = F(u) 

In view of this, we may write (9.2) in the form 


(9.5) LFit) =p f, e-"’’" r e-’”*F(w) du 

n-0 

We also have the well-known F(«f 
result 

n- 00 

(9.6) 

n -0 

Hence we may write (9.5) in the 
form 

(9.7) LF{t) = e-^nt) dt 

Let us apply this formula to obtain the transform of the “meander 
function” of Fig. 9.1. 

In this case we have 



■yi 



a 

2a 

3a 



(9.8) p jj F{t)e~’‘* dt = p dt — p er^ dt 

= 1 — e“i” — e~>’“ + c"®”® 

= 1 - 2e-P“ 4- = (1 — e-J»)* 

Hence substituting this into (9.7), we have 


LF(f) 


. <L: 
( 1 - 
po 




■ c-2®J>) 

po 
o” 2 


“) 


pa 


e* + e 


(1 - e-^) 

' (1 + e-P"] 

sinh ~ 
cosh^ 


■ tanh ^ 


( 9 . 9 ) 
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Using the results of (8.20), we have 


(9.10) F{t) = tanh ^ - V i sin — b odd 

Jj TT <S d 

This is the Fourier series expansion of the function meander function. 
As another example, consider the function Fif) defined by 


(9.11) 



0 < i < TT 
TT < t < 2w 


This function is given graphically by Fig. 9.2. 


Fit) 




Aw 6W 


This function is of importance in the theory of half-waveWet^fica- 
tion. In this case, the fundamental period is 2v. To obtain the 
transform of this function, we have 


(9.12) p e-p' sin i dt = (1 + er^^) 

Hence by Eq. (9.7), we obtain 


(9.13) 


LF{t) = 


p (1 + 

(p2 + 1) (1 


V 

(p2 + i)(i - 


10. Application of the Operational Calculus to the Solution of 
Partial Differential Equations. We have seen in Chap. VI the manner 
in which the Laplace transform may be used to obtain the solution of 
ordinary differential equations with constant coefficients. 

The basic principle of the method is to introduce a Laplacian 
Transformation with respect to the independent variable and in this 
manner obtain an algebraic equation for the transform of the dependent 
variable. The determination of the inverse transform either by a 
calculation of the complex Bromwich integral or by a consultation of 
a table of transforms then supplies the solution to the problem. 

The use of the Laplace transform in the solution of linear partial 
differential equations with constant coefficients will now be illustrated 
by some examples. 
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a. The Dissipationless Transmismon Line, As an example of the 
transform method of solution of partial differential equations, let us 
consider the following problem. Consider the short-circuited electrical 
transmission line of Fig. 10.1. 





H s 


Fig. 10.1. 

Let the line have a length of s, and let it be assumed that the con- 
ductors of the line are perfect and that the insulation between the 
conductors is perfect. In this case, the series resistance R of the line 
is zero and the leakage conductance G is also zero. Let L be the induc- 
tance per unit length of the line and C the capacitance per unit 
length. The equations governing the distribution of potential and 
current along the line are (see Chap. 16, Sec. 10) 


( 10 . 1 ^ 
( 10 . 2 ) ■ 


dx dt 
di __ pde 


At ^ = 0, the switch So is closed and it is desired to determine the 
subsequent distribution of current and potential along the line. 

In order to solve this problem by the Laplacian transform method, 
let us introduce the following transforms with respect to the inde- 
pendent variable U 

(10.3) jee(x,0 = E{xjP) 

(10.4) £,i\x,t) == I{x,p) 

Since the initial current and potential distribution of the line is 
assumed to be zero, we have 

(10.5) £ = pi 

dt 

( 10 . 6 ) = 


Now since in the transformations (10.3) and (10.4) re is a parameter, 
it follows that 
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aad 

( 10 . 8 ) 


di _ dl 
dx dx 


Therefore, the Eqs. (10. 1) and (10.2) transform into 
(10.9) - f - 


( 10 . 10 ) 


= CpE 


Eliminating I from these two equations, we obtain 


( 10 . 11 ) 

Eliminating E, we have 

( 10 . 12 ) 

If we let 

(10.13) 

Eq. (10.11) becomes 

(10.14) 


0 = 


LCp^I 


" vm 

d^E _ p* 


This is an ordinary differential equation with constant coeflScients, 
and its solution is 


(10.15) 


E = Aie ® + ^26 ® 


where Ai and A 2 are arbitrary constants. 

In order to determine Ai and 4 2 , we use the boundary conditions 


(10.16) 


E — Eq E ^ 0 
z = 0 z = s 


Using these conditions, we obtain the two simultaneous linear 
equations 

f Eq = Ai + A2 

(10.17) j _p9 p? 

[ 0 = Aie ’ + 

Hence 


(10.18) 


-P? E! 

Aie ’ +^2e» 


Eo 1 

JW 

0 e" 

JM 

Eoc' 

1 1 

p£ 


— e * 

e • 
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^10. 19) 


e® — e ® e® 


Hence with these values of the constants Ai and (10.15) 
becomes 

(10.20) E{x,v) = 

(e® — c ®) 

TTarcs along an Infinite Line, Before obtaining the inverse trans- 
form of (10.20), let us consider the solution for s — > oo so that the line 
is of infinite length. In that case we have 


( 10 . 21 ) 


lim E{XjP) — Eoc ® 


To calculate the inverse transform of this we make use of the 
following theorem: If 

(10.22) L~V(P) = h(t) 

then 

r-.i _ I 0 ^ 

^ ““ I /i(^ — fc) t > k A: > 0 


Hence we have 


(10.23) 




0 t < 


Eo t 7> 


This represents a potential wave traveling with velocity v to the 
right end of amplitude Eq as shown in Fig. 

10 . 2 . ^ I — ... 

Now in order to determine the inverse ' — * 

transform of (10.20), let us multiply the numer- 


ator and denominator of (10.20) by e ' , and we then obtain 

(10.24) Eix,p) = le"^ - 

(1 - e « ) 

Now we have 

1 — ES? —lEf By 

(10.26) = l+ « •+« ^ + e «+••• 

1-6 » 
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Hence we may write (10.21) in the form 


(10.26) E{x,p) — Ei,(c 


PA -5(xh-2.) , 

• + e ' + e ’ 


Eoie *^ + e 


-£( 6 .- 

+ e ® 


•a?) 


) - 
+ • 


We may interpret the various terms as traveling waves. The 
first group of terms represent waves traveling to the right with a 
velocity v, while the second group of terms represent waves that have 
been reflected at the short-circuited end and are traveling to the left 
with a velocity of v. 

The course of events is interpreted graphically in Fig. 10.3. 



Fig. 10.3. 


The system of reflected waves keeps the end at a; = s at potentia 
zero and the end a? = 0 at potential Eq. 

To obtain the current waves, we may use Eq. (10.9) and write it in 
the form 


(10.27) 


Lp dx 


Differentiating (10.23), we have 




Since 

(10.29) 


p* p, 

+e ' 


pEo ! , -J(*+4») 


+ • • • ) 

pEd , -£(2.-*) , -£(4.-*) -£(6.-*) 

(e ' + e ' 4- e * + 


+ e 

Pi. 


Lt) = L 


Vlc 


= Zo 


the characteristic impedance of the line, we have from (10.24) and 
(10.25) 

(10.30) 


I(x,p) = ^ (e 


px 


+ e 


-£( 2 »-*) 


+ e 


-S(»+2.) 


+ e 




+ 


It is interesting to compute the current at the short-circuited end 
X — 8. Racing a: = s in (10.26), we have 
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F —22 —Sat 

(10.31) 7(«,p) = g (e • + c » + c • + e • + • • • ) 

OTP P* 8p« 

+ e'~ + e . + •••)= £i( 8,0 
i&o 

The inverse transform of (10.31) is given graphically in Fig. 10.4, 


where 

(10.32) 


U8,t) 


T 


-J L. 

2T sr 

Fig. 10.4. 


-L. 

AT 



JL. 

6 r 



so that the current continues to increase in finite jumps of magnitude 

2iEo/Zo, 

6 . Linear Flow of Heat in a Semi--infinite 
Solid, As another example of the use of the 
Laplacian Transformation in the solution of 
partial differential equations, let us consider 
the determination of the flow of heat into a 
semi-infinite solid, a: > 0 (Fig. 10.5). Fio. lo.s. 

Initially, the solid is at temperature v = 0, and at ^ = 0 the bound- 
ary ;; = 0 is raised to a temperature Vo^ In order to determine the 
subsequent distribution of temperature in the solid, we must solve the 
heat-flow equation (Chap. XVIII) 



(10.33) 


dv ,5 d^v 


where is the thennometric conductivity of the solid and v the tem- 
perature, subject to the boundary conditions 


(10.34) 


V 

V 


= f‘o 
« 0 


a? = 0 < > 0 
x>0 t^O 

To do this, let us introduce the Laplacian transform 
(10.35) Lv(x,t) = u{x,p) 


Hence 

<10.36) L = p« 
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because of the second condition of ^10.34). 
We also have 


( 10 . 87 ) 


Hence Eq. (10.33) transforms to 
(10.38) 


or 

(10.39) 


d^u p 


This is a linear equation with constant coefficients in the inde- 
pendent variable x. The general solution of (10.39) is 

(10.40) Ae + Be^ 

Since the temperature cannot be infinite for infinite values of x, we 
must have 

(10.41) JS = 0 

Hence the solution reduces to 

* \JZx 

(10.42) w « Ae 

Now since v — vo at x = 0, we must have 

(10.43) Vo = A 

Therefore 

(10.44) u = VqC = Lv 

To determine the inverse Laplacian transform of this expression, 
let 

(10.45) 0 = 1 

We must therefore determine 

(10.46) = v(x,t) 

To do this, let us expand into a Maclaurin series of the form 


(10.47) 
Hence 

(10.48) 




1 — op* + 


a*p 

If 


<t*P* I 

3 ! ^ 


a*p* 

4 ! 


- g*P* I 

5 ! ^ 
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We now compute the inverse transforms of each individual term by 
the fundamental relation 

(10.49) l-f- - ( > 0 

The inverse transforms of all positive powers of p are zero for 
t > 0. Hence 

(10.50) + 

] 

Now in Chap. XII, sec. 8, we considered the function 

o rttf 

(10.51) erf (w) = — 7= / 

Jo 

where erf (w) is the well-known '‘error function. 

If we expand e”®* in (10.51) and integrate term by term, we obtain 


(10.52) erf (w) = -4= (w - 5-^, + 
if we now let 

(10.63) ^ 

2Vi 

we have on comparing (10.50) and (10.52) 

(10.64) I,-ie-«VP = 1 - erf 

Hence in view of (10.44), the temperature in the solid is given by 

(10.66) .(.,() - [l - erf (^)] 

This equation shows how the temperature diffuses into the solid. 
The time required to produce a given rise of temperature at a distance 
X from the surface is proportional to 
We notice the absence of wave phenomena 
in the increase in temperature. 

c. The OsdUaiiane of a Bar. As a 
further example of the m^hod, let us con- 
sider the following problem. A uniform 
bar of length s is at rest in its equilibrium 

position with the end a; « 0 fix^ as shown in Fig. 10.6. At < = 0, a 
constant force Fo per unit area is applied at the free end. It is required 






w* 


3-l!^5-2! 7-3! 


+ 


...) 


I 


- 


Pio. 10.6.' 


to determine the subsequent state of motion of tbe bar. 


f 
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If Fx is the stress at the point x of the bar, u{Xyt) the displacement, p 
the density of the bar, and E the Young^s modulus, we have 

(10.56) F. = S ^ 

and the equation of motion is 


(10.57) 

Hence we have 

(10.58) 
where 

(10.59) 


dF X __ __ jp d^u 


dhi _ 



Equation (10.58) determines the longitudinal displacement of the 
bar. The constant c is the velocity of sound in the bar. 

The initial conditions of the problem are 


(10.60) 


u(x,t) = 0 
du 
dt 


= 0 
= 0 


The boundary conditions are 
u = 0 


^10,61) 


X = 0 
t > 0 


and 


t = 0 


du _ Fq 
dx “ ^ 
X = s 
t > 0 


0 < X < s 


To solve Eq. (10.58) by the Laplacian transform method, let 

(10.62) Lu{x,t) = v(x,p) 

Then (10.58) transforms to 


(10.63) 


dh> _ 
dx® “ 



V 


The general solution of this equation is 


-£. I P t 

(10.64) V == Ae « + Be “ 

The boundary conditions of (10.64) are 

i n j dv Fo 
"-0 S-F 

«-o 
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Making use of the boundary ccmditions, we obtain 

. sinhH^ 

(10.66) 0 = ^ 


cosh - 
c 

px px 

Foc — e ® 

Ep E? -Ef 

(e^ + e 

2px 

Fqc 1 — e “ 

Ev _?££ 
l + e « 


Now we have 

1 2par 4px 

(10.67) = 1 - c «= + c « - 

l+e « 

Hence we may write (10.66) in the form 


2px 4px 6pa? 

= 1— c '+e e * + 


FnT -2E£ IEE 

(10.68) » = g (1 - 2e « + 2e" « 


6pg 

2e » + • • •) 


Let us determine the motion of the end x = s. Placing 3 ; = s in 
(10.68), we have 

ET 2ap ' 4gp 6ap 

/m £»n\ \ o- ^ I o- /• 0“ ... I \ 


(10.69) v(s,p) = g (1 - 2e « + 2e « - 2 « + 
The inverse transform of (10.69) has the value 


(10.70) 


u(s,t) = ~ t 


U{8,t) = ^t - 


Q <l< 




c c 


This is given graphically in lig. 10.7. 


«(«,0 









1 


1' . 

T ar 

ZT 

AT 

6 r 


Fx<j. 12 r. 
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where 

(10.71) T — 

c 

It is thus seen that the end moves by jerks as shown in the Fig. 10.7. 

The above examples illustrate the general procedure by which the 
solution of linear partial differential equations may be effected by the 
use of the Laplacian Transformation. For an extended discussion of 
the use of the method in this connection, the reader is referred to the 
references at the end of this chapter. ^ 

11. Evaluation of Integrals. The evaluation of certain definite 
integrals may be effected simply by the use of the Laplacian Trans- 
formation. 

In this section we shall consider certain examples that illustrate the 
general procedure. Many integrals may be evaluated by the use 
of the following theorem: 

If 


(11.1) . 

Lh(t) = g(j)) 

then 


(11.2) 

Jo P Jot 

This theorem may be proved in the following manner: 

By hypothesis, we have 

(11.3) 

ff(p) = p X" 

Therefore, 


(11.4) /; 

~ X /* dp dt 

provided that it is permissible to reverse the order of integration. 
But we have 

(11.5) 

Jo t 

Hence we obtam 


(11.6) 

rHt)dt 

yo p ^ /o t 
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' As an. example of the use of this theorem, let it be required to 
evaluate the integral 

inn at dt 


(11.7) 




t 


where a > 0 


We have from the table of transforms 


( 11 . 8 ) 


L sin at = 


op 


+ a2 


Hence by (11.6), we have 


V 

2 


As another example, consider the integral 


Le-« = 

P + 5 


From the table of transforms, we have 
(11.11) Lc-«‘ = -4- 

Hence by the use of (11.6) we have 

[ " (g~**^ dt _ / * / dp dp \ 

Jo t Jo\p + ap + h) 


( 11 . 12 ) 




■ Another method of evaluating definite integrals operationally 
depends on the introduction of a parameter in the integrand. As an 
example, consider the integral 


(11.13) 


I = g-*’ dx 


As was seen in Chap. XI, Sec. 11, this integral is usually evaluated 
by a trick. Now let us consider the transform 


(11.14) 

Hence we have 


-is* ^ P 


Le-*** * ^ 




p + X* 


C 
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Therefore 

(11.16) 

But 

(11.17) 

Hence we have 

(11.18) 


J c~‘** dx = L“* ^ \/p 


L-^Vp = 


/; 




Placing t — If we finally obtain 


(11.19) 


/; 


Virij 

2v^“2Vr 


0 2 
As another example, consider the integral 

cos X dx 


In this case we make use of the transform 


/; 


( 11 . 21 ) 

Hence we have 


L cos (te) = 




/-1100^ r /"“cos (te)<fe _ jf" 


2;^ 

do; 


= /■“( 1 - 1 U 

P ■“ 1 yo + 1 p* + a:*/ 


2p + 1 

Therefore, we have 

m - r-'"’ P - ’"r-‘ 

(11.23) 2^-2« 

If we now place i == 1, we finally obtain 

(11.24) 


f “ cos (x) dx _ TT 

jo (l+a;*) 


These examples are t3npical and illustrate the general procedure. 

A critical examination of the validity of the above procedure 
reveals that it is dependent on the possibility of reversing the order of 
integration of integrals involving infinite limits.^ 

discus&don of this will be found in H. S. Carslaw, 'Courier Series and 
Integrals.’’ 
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12. Solution of Volterra’s Integral Equation of the Second Kind. 

Let U8 consider the equation 

(12.1) F(t) = CG(t) + f^G{u)K(t - u) du 

where F{t) is a given known function, C is a constant parameter, K{j) 
is a known function called the nucleus, and G{i) is the unknown func- 
tion to be determined. This equation is known in the literature as 
Volterra^s integral equation of the second kind with the nucleus 
K{t — u). If C = 0, we have Volterra’s integral equation of the first 
kind. The problem in solving the integral equation (12.1) is to deter- 
mine the unknown function G{t) when F{t)y C and K{t) are given. 

To solve this equation, let us introduce the transforms 


(12.2) 

LG{1) = ff(p) 

(12.3) 

LFit) = /(p) 

and 


(12.4) 

LK{t) = m 


Now by the Faltung theorem, we have 


(12.5) L G{u)K{t -u)du = 


Hence the integral equation (12.1) is transformed to 

(12.6) /(p) = Cg{p) + 


Therefore, solving for </(p), we have 

(12.7) 


- ~Tm - 


and we have explicitly 

( 12 . 8 ) 

P 


As an example, consider the integral equation 

(12.9) o siH t = G{t) — j* mn (t — u)G{u) du 
This is a special case of (12.1) with 

(12.10) LF{t) = La an < = 
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( 12 . 11 ) 


LK{t) 




( 12 . 12 ) 

Hence we have by (12.8) 


(12.13) 


GW - L- t ‘ 

+ 1 P* 

= L-1 - = at 
V 


As another example, consider Abel’s integral equation 


(12.14) 


f‘ G(u) du 

Jo (t - u)" 


0 < n < 1 


This is a special case of (12.1) where c = 0 and 
(12.15) K(f) = 


Now we have 


(12.16) 


LK(t) = Li- 


ra - n) 


Hence in this case we have from (12.8) 
(12.17) 

Now we have the basic transform 


(12.18) 


Hence we have 


(12.19) 


2,-1 J _ = - 

p* r(s + 1) 


1 <*- 


•' p»-i ('(n) r(n)t*“* 

Therefore using the modified form of the Faltung theorem, we have 


r — 1 /(p) ^ f J'(m) du 

D -n)~ dt jo r(n)r(i - n)it - uy- 

But by a theorem on Gamma functions, we have 


( 12 . 21 ) 


r(l - n)r(n) 


sin (nir) 


0 < n < 1 
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( 12 . 22 ) 0<»<1 

This is the solution of Abel’s integral equation (12.14). 

13. Solution of Ordinary Differential Equations with Variable 
Coefficients. It is sometimes possible, by the introduction of a 
Laplacian Transformation, to transform certain linear differential 
equations with variable coefficients to other equations that may be 
integrated readily. By such a procedure, we are able to obtain the 
Laplace transforms of the solutions of the original equations, then by 
determining the inverses of these transforms we find the solutions of 
the original equations with variable coefficients. 

The procedure wiU be illustrated by the following example: 

Let us consider the Bessel differential equation of the nth order 
discussed in Chap. XIII 



In order to simplify the coefficients of the equation, let us change 
the variables by the equations 

(13.2) z = and = 4^ 

These changes in v^ariable transform the equation into the form 

(13.3) ,g + (I_„)| + „.0 ^ 


To transform this equation, let 


(13.4) 

i^(p) = «~'‘y(0 dt 

that is, 


(13.6) 

Lyif) = pF(p) = w(p) 

Now by 

an integration by parts, we have 

(13.6) 

jo = pF(p) - p(0) 

(13.7) 

jj p*F(p) - pp(0) - p'(0) 
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Differentiating (13.6) with respect to p, we obtain 




dt^ 


dt 


= ^[p*r(p) -pp(0) -p'(0)] 


We thus have the result 






y(t) = u”z = 2H"^^z 


(13.9) 

Now since 

(13.10) 
we see that 

(13.11) p(0) = 0 
Hence Eq. (13.3) transforms into 


(13.12) 

Therefore 

(13.13) 
or 

(13.14) 

if we now let 

(13.15) 


i (p^F) + (n - l)pr -7 = 0 


p7 + p^Y' + np7 -7 = 0 


w{p) ^ pY 
we may write (13.14) in the form 

dw 


(13.16) 
Hence 

(13.17) 
or 

(13.18) 




dw 

w 


(»-!),». 0 
.-(„-i)^ 

\ V/ V 


In to = — n In p f- c 

V 


where c is an arbitrary constant. Therefore, 
(13.19) to = Kp~*e P 
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where iC is a new arbitrary constant. Now by (13.5), we have 

(13.20) y{t) = 
or 

(13.21) 2H^'h{u) = p 

Now a linearly independent solution of (13.1) that is finite at 
w = 0 is 

(13.22) 2 = J,(m) = /„(2 Vi) 

Hence we have from (13.21) 

(13.23) L«»'V„(2 Vi) 
where K must be properly chosen. 

Expanding the right member of (13.23) in inverse powers of p, 
calculating the inverse transforms of the individual terms of the 
expansion, it can be seen by comparing with the series expansion of 
<”''Vn(2 V^) that K must have the value 

(13.24) = 2” 

Hence we have the result 

_i 

(13.25) Lt”'^J,i2 Vi) = p-e p 

If we now place n = 0, we obtain 

(13.26) LJo{2 Vi) = e p 

If we now make use of the theorem that if 

(13.27) Lh{t) = g{p) 

then 

(13.28) Lh{st) = g ^2) 

where s is a constant whose absolute value is greater than zero, we 
have from (13.26) 

(13.29) L/o(2 V8<) = e~p 
if we now let 

(13.30) s = -j 
we obtain 

(13.31) /o(2 V~^0 = Ber (2 Vi) + j Bei (2 Vi) = L-hP 
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Placing 

(13.32) s = +j 
in (13.29), we have 

(13.33) Jo(2 VTt) = Ber (2 Vt) - j Bei (2 Vi) 

= L-Vp 

Adding Eqs. (13.31) and (13.33), we obtain 

(13.34) L-‘ cos = Ber (2 Vt) 

Subtracting (13.33) from (13.31), we have 

(13.35) L-* sin fi) = Bei (2 Vi) 


These two transform pairs may be used to obtain many interesting 
properties of these functions. The procedure followed in this example 
on BessePs equation may be carried out in the case of several other 
linear differential equations with variable coefficients and the properties 
of their solutions thus studied. 


PROBLEMS 

Using the complex line integral of the Fourier-Mellin transformation, show 
that 


1 . 


L-i « m 


where 1(0 is the Heaviside “unit” function having the values 


2. 

8. 

4. 


6* 


6. 


fo 

t < 0 


1(0 =“ 1 i 

t » 0 
t > 0 


r-i - P 


t >0 

P+a 

L-i P* 

« cos at 

t > 0 

p* 4- a* 

r-i P 

sin at 

t > 0 

p* 4 a* 

a 




(p + a)^ 
Zj-1 V 


^ t > 0 

(n — 1)! n, a positive integer 
sin ol i cos at # v n 

2a» 2a* * ^ ” 


P 

\/p* 4* 


7. Show that L"! 
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Hint: expand the left member into a series of inverse powers of p, compute the 
inverse transform of the individual term®, and show that this gives the series 
expansion for Jo(aO. 

8 . Show that tanh where h(t) is the “meander function” 

given by Prob., Fig. 8, XXI. 





Pros. Fio. 8. 




9, \/— 

+ 2a 

10. Show that the solution of the differential equation 

d^y 


dt^ 


-f a^y » F{t) 


subject to the initial conditions 


is 


at « = 0 


y 

y' 


« 0 
= 0 


y 


1 

- / F{u) sin a{t — u) du 


11. Solve the integral equation 

F{i) ^ a ^ht c sin b{t — u)F{u) du h > c > 0 

Ans, F{t) » siu t \/b* -- bc 

Vb^ - be 


12. A particle of mese m can perform small oscillations about a position of 
equilibrium under a restoring force mn* times the displacement. It is started 
from rest by a constant force Fo which acts for a time T and then ceases. Show 
that the amplitude of the subsequent oscillation is 2FoJmn^ sin {nT/2). 

18. Three flywheels A, Bj C of moments of inertia 3/, 4/, 3J, respectively, are 
connected by equal shafts of stiffness k and negligible moment of inertia. At 
f « 0, when the system is at rest and unstrained, A is suddenly given an angular 
velocity w. Show that the subsequent angular velocity of c is 


10 


( 


3 — 6 cos n< 4- 2 cos ni 



where n* ■■ 

li. An electrical transmission Hne of resistance 12, capacitance C, inductance 
L, and leakage conductance 0 per unit length is short-circuited at the end x ^ a, 
and at 2 0 a constant electromotive force is impressed on the line at the end 

«« 0. If the parameters of the line satisfy the relation BC ^ W, determine the 
subsequent potential and current distribution along the line. 
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16. A uniform prismatic bar of density p and Young ^s modulus E is at rest with 
its end x * « free to move. At < « 0, a constant force Fo is applied to the rod at 
X 0. Find the subsequent displacement of the rod. 

16. A uniform prismatic bar is hung vertically, and its lower end is clamped so 
that its displacement is zero at all points. At ^ = 0 it is released so that it hangs 
from its upper point. Find the subsequent motion of the rod. 

17. An electrical cable of length s is short-circuited at x = s. The cable has a 
capacitance C and resistance R per unit length. Initially the current and potential 
along the cable are zero. At i *= 0 a constant electromotive force J?o is applied to 
the cable at x = 0. Find the subsequent current and potential distribution along 
the cable. 

18. Show that the transform of the full-wave rectification curve of a sine wave 
|sin /| is given by 

L |sin<| = p^coth^ 

19. A uniform rod has its sides thermally insulated and is initially at a tem- 
perature Vo. At time zero the end x = 0 is cooled to temperature zero and after- 
ward maintained at that temperature. The end x = s is kept at temperature Vo. 
Find the variation in temperature at other points of the rod. 

20 . Show that LSi(t) = cot""^ p where Si(t) is the sine integral Junction defined 
by 

^,•(0 « 

JO u 

21. Show that 

LEii^-t) = - In (p -h 1) 
where Eiiu) is the exponential integral defined by 

Em = /•” 

J — X 


Evaluate the following integrals operationally: 


22 . 

r * sin txdx ^ 

Jo Vi " '^2t 

i >0 

23 . 

J- « 0 * -h X* 

0 0 

A A 

24 . 
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APPENDIX 

The Laplacian Transfonnation;^ The modern theory of the operational calculus, 
a mathematical method that has proved to be such a powerful mathematical tool 
in the study of the transient behavior of electrical circuits, is based on the following 
integral, known in the mathematical literature as the Bromwich-Wagner integral ; 

( 1 ) 

Jc-joa p 

The integration is supposed to be performed in the complex p plane, and the 
integrand is assumed to converge. Following van der Pol,^** w'e introduce the 
notation 


(2) g ( p ) = h { l ) 

for the relationship betweer two functions which satisfy the equation (1). Under 
certain restrictions on the function p(p), the integral (i) possesses the inversion 

(3) ^ e - P ‘ h ( t ) di 

This integral is known in the operational literature as Carson’s integral. 
Mathematicians speak of the relation (3) as a Laplacian Transformation of h { i ) 
to the function g{p)/p. The relations (1) and (3) taken together are known in the 
mathematical literature as the Fourier-Mellin integral theor(3in.3 

The expressions (2) and (3) are valid if either one of the following two groups 
of conditions a or 6 are satisfied: 

a, 1. g{p)/p is an analytic function of the complex variable p, having no points 
of singularity in any finite region situated to the right of the straight line Re(p) = a 
parallel to the imaginary axis. 

2. There exists a positive number co such that 

lim \p*g{p)\ =0 for e < Co 

Ipl— » PO 

Re(v) >o 

L g{p)/p is an analytic function of the complex variable p, having no points 
of singularity in any finite region situated to the right of the two straight lines 
Li and Li defined by 

p “ a + re±J^ f \/— 1 ** > > g 

2, A positive number co exists so that 

lim 1-- ^— « 0 for c < Co 

\p\-*^ I P I 

p to the right of Li and La. 
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Operators satisfying either the conditions a or b are known as restricted oper- 
ators. The solution of problems concerning dissipative electrical networks is 
always expressed by restricted operators, but nonrestricted operators sometimes 
appear as a consequence of evaluating the complete solution by splitting it into 
parts. 

It frequently happens that the inverse of the transform p^g(p) must be found. 
That is hn{t) in the expression 

(4) hn(t) * p^^gip) 


where n is a positive integer, gip) is a restricted operator of class h, but the operator 
p^gip) is a nonrestricted operator, must be determined. However, it is easy to 
show that if the integral 


( 6 ) 


hit) 


1 f e^^gjp) dp 
2irj JLiLi p 


as defined by condition 6, converges, then the integral 

/gv ^ ^ JL f dp 

^ ' dt^ 2irj JlxM P 


will converge for i > <o, where is positive but arbitrarily smaU. 

Impvlae Functions. Placing gip) « 1 in (5), we obtain 

(7) A(0 - 1 

The function h(i), corresponding to the operator gip) = 1, may be shown by the 
theory of residues to have the followmg values: 

f 0 t <0 

(8) hit) ^ {i t^O 

I 1 t>0 


It is thus seen that hit) is in this case equal to the imit function 1 (<) of Heaviside, 
and we may place 

(9) 1(0 « 1 


Now if we place gip) ** p in the integral (5), we obtain the following values: 

f 0 t<0 

(10) P *5= < 00 « « 0 

[o ^ >0 

Following van der Pol,^'* we can place 

(11) m # p 

where Bit) is the impulse function which has been so extensively used by Dirac in 
quantum mechanics. The function Bit) has the property that 

(12) 

where fit) is a continuous function of and 
(13) *«) dt - 1 
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We may thus treat 5(0 as an ordinary lunction having the properties (12) and 

(13) . 5(0 can be formally differentiated unlimited number of times, and we 

write in general 

(14) p“ % 

where »s an impulse function of the nth order with the property that 

( 15 ) m 

and 

(16) «'»>(<) 


a) dt r. /I»l(a) 

{1 


t 9^ 0 
t « 0 


Table I. — The Basic Theorems of the Operational Calculus 
Starting from the fundamental formulas (1) and (3), it is possible to deduce 
some very powerful theorems which are of the utmost importance in the transient 
analysis of networks. For a proof of these theorems, the reader is referred to the 
work of van der Pol.^** 

If we have two functions satisfying the relations (1) and (3), so that 

( 2 ) g(p) w hit) 


then we have the following theorems ; 

g (f) 


» > 0 


pgip) - phiO) =¥ 


dt 


fc — n — 1 


P^gip) ~ ^ M*l(0)p^"~*^ 4 




d-hjt) 
' dt”^ 


k(t) cU+^ * hit) dt 

e^^'gip) ^ hit + a) 


-|^ff(p+a) 


t 

a > 0 
if hit) = 0 


, . > a > 0 

t > a ) 


(1) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 




n > 0 


w > 0 




/. 


g(p) <i p ^ 

p p 

p g{p) dp ^ 

P 

gip) dp 

p 


/. 


fp g{p) dp ^ f‘ 

Jo p ' Jt 




< h ju) du 
u 

» h^u) du 
u 

hit) dt 


lim gip) *- lim hit) an ordinary equality 

|p|— » CO ^-♦0 


0 < « < a (7) 
( 8 ) 
(9) 
( 10 ) 
( 11 ) 

an ordinary equality (12) 
(13) 
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a. If gip) has no points of singularity in any finite region situated to the right 
of the two straight lines Li, L 2 defined by 


«±3<t> 


^>0>l 


b. If gip) tends uniformly toward a finite value J7(0) when |p| — ♦ 0 on or to the 
right of the lines Li and L2, then 


lim g(p) = lim h(t) an ordinary equality 
IpI— » o « 

P f f * g(p)(dpy ^ 

Jp jp Jv 


If 

then 


giiv) ^ hi{t) and 


p ' 

ffj(p) =5= AsCO 


(14) 

(15) 


^ j*Ky{u)hS-u)dn 
# hi(:u)hi{i — u) du 


(16) 


If g(p) — N(p)/D(p)j whfire N(p) and D(p) arc polynomials in p, and the 
degree of the polynomial D{p) is at least as high as the degree of the polynomial 
Nip)y then, if the polynomial D(p) has the n distinct zeros (pi, P2, • * • p») and 
p = 0 is not a zero of D(p), it follows that 


N(v) ^ JV(0) , ’’v" N(pr)eP<* 


, V n’(y, \ - 

Mv) 1>(0) ^ ^^^PrD\p,) ^ - dp Up, 

Niq) 


If 


(17) 


gip) = 


IKq) 


where g is a function of p, 5^ * q{p ) ; 

D{q) and N{q) are rational polynomials of g; 

N{q) is of a lower degree than I>(g); 

D(q) has n distinct roots, gr, and zero is not a root of D{q)\ 

then 

r*»n 


where 


If 


JL V JiM^ 

D{q) • D(0) 4^g,i)'(g,) 

and 


b(t,qr) 




n't ^ 

dq ( 


(18) 


g(p) “ D arP’’ + pi ^ brp' 

r-0 r-0 

where both series are convergent series in p, then 

g(p) 4= Oo + ^ [^» ~ ^ + (2t)^' + • • • J for < > 0 (19) 



THE OPERATIONAL CALCULUS 


567 


These basic theorems are very powerful when used in connection with a table 
of transforms in the solution of transients in networks. Theorem 17 is the con- 
ventional Heaviside expansion formula, while theorem 18 is a generalization of the 
conventional Heaviside formula. Theorem 19 is known in the operational litera- 
ture as Heaviside^s third rule. 

Table II 

This table contains a list of transforms of great value for the solution of numer- 
ous special cases of the foregoing general theory. These transforms may be 
obtained by evaluating th(i basic integrals (1) or (3). The transforms given here 
are those most frequently occurring in the transient solution of electrical problems, 
and a collection of these results in one table should be of value. 

1 = 1(0 

where 1(0 is the Heaviside “unit function’^ having the values 

{ 00 i < 0 

\ / - 0 (1) 

1 i > 0 

V 4 = m 

where 5(0 is the delta fuiuition of Dirac. It satisfies the relations 

“ I 0 t 

t /.t,” -a)dt = f(a) (2) 

where f(t) is an integrable continuous function of the real variable t. 

<pn ^ (3) 

where n is a positive integer; 5i"“^J(0 is the Dirac impulse function of the nth order 
and has the properties that 

/_V - a) eft = /W(a) 




except for n a positive integer, where r(n)’’ is the Gamma function of the real 
argument n 

pj 4 — (6) 


wt 

(6) 

Vtt (203 

(6) 

2 1*3 
r (203 

(7) 

(20* 

(8) 
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p-i + sll (2<)J 

= 5 * 5(0 — ae^^* 


p + a 
V 

p + o 


4* 6”«* 


i (1 - 6-“) 

p -f a o 

p(p 4- a) * a a* a* 


(p + o)(p +6) ■ (o - 5) 

V A L_. 

(P +<»)(p +6) ■ (o - 6) 


4* sin wt 


(ac'"“* — he~^^) 
(e-w _ 


<ap 


(pa + «*) 

— — z 4= cos 
p* 4“ 


p* 4- «* * 

-g 4* sinh ci7< 


cos <at 


V* ^ 
02-0,2 • 


cosh wt 


7 — r ^Fr~ i — i 

(p + &)* 4- 

- 4: cos u)t 

— ^ 4 4“ e”*^* sinh a,f 

(p + by - «2 

po, cos 0 ± p2 sin 0 . . / . , 

- — (pqrsi) — ^ ± 

p* COS 4 4: «p sin 0 . / A , 

^ — (^r^) — - "S' cos (<-* ± 




cop 


pip + 6) cos 0 T «P sin ^ 
(p + 5)* + «» 


*{> e"** cos (w< ± <>) 


In the following three trsnsfonns, let 


«*“«* — o*, but ^ m — 

a 


( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 
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( — m) and ( — n) be the two roots of 


p* + 2ap 4- wj « 0 


j — ^ ^ sin {(d - 4>) if «? > o* 

p* + 2op 4" (Wo « I 

4 * — - — (ne'^ — Tne”"**) if a® > «J I 


== — a<) 

p . 

4t — sin (d 

p* 4 2ap 4 «o ^ 


if a* » wj ^ 
if coj > a* ) 


p* 4 2ap 4 «o ‘*’0 


4: — 6“^) if a* > a)J ( 

n — m I 

4= if a* « a>J / 

4= *4 1 — — sin (a)< 4 ‘^) if > a* 

<oo L " J 

4, 1 1 ^ if a* > 0,0* 

"oL n — m \ m w/J 


= ~ [1 - e-®*(l 4 ai)] 
<o5 


if a* « coq 




(p 4 a)* * 


where n > 0, 


(p + i)» • r(«) 






(p* 4 «*) (p i- o) * 0, Va* 4 


[e~®‘ sin jS 4 sin (d — /8)] 


^ » tan"*! - 

P* 4 2a>* , « . 

pTtp4— « ^ oos’ 

?2i * sin*" ft') 

(p« + 2*)(p« + 4*) • • • Ip« + (2n)»] • ““ 


(2n 4 l)!p 

(p» 4 l*)(p* 4 3») . . • [p» 4 {2n 4 1)*] 

p ^ 

(p + «)“ • (n-l)I 

where n is a positive integer. 

(p 4 a)* 

P 

Vp* 4 a* 


* sin^*®'^^^ (t) 


(31) 

(32) 

(33) 


(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 


* JoCat) 


(45) 
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where /o(j/) is the Bessel function of zeroth order. 


T J ofmO 


where 


a” 

where Jniy) is the Bessel function of order n. 


\/ p* — a* 

i — \/ —1 

4- a* — p)» == Jniat) 


where 


e ^ /o(2 Vo/) 

4= /o(2 \/^) 

== Ber (2 \/i) + i Bei (2 ■y/t) 


(46) 

(47) 

(48) 

(49) 


i — \/—i 
the Bessel r 

Jo(in y/ix) = Ber ny/x -ft Bei n y/x 


The Ber and Bei functions are the Bessel real and Bessel imaginary functions 
of Lord Kelvin, defined by 


cos 

sin 


log. 


1 


where 


vr+ 


6^4= Ber (2 y/t) — i Bei (2 y/i) 
4 J o(2 y/^) 

Q % Ber (2 Vi) 

Q + Bei (2 Vi) 

= Ci{t) 


} 


the integral cosine function, 
where 


the integral sine function. 


X fv cos u , 

Ct(.ij) = / -~--du 

J— eo U 

cot“^ p 4 Si{t) 

« . . X sin u 


du 




p + 2 a 


P. 


V(p + a)* — 

4 


e~®*/o(faO 
4 c““*/o(^60 


( 0 < < a 

i < * a a > 0 

1 f > a 




Vl + P* 


-aVTfpi 




0 i 

Ja(.Vt* ~ O*) < 

o >0. 


<aj 
> o i 


(60) 

(61) 

(62) 

(63) 


(64) 

(65) 
(56) 

(67) 

( 68 ) 
(69) 
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Vp + a ' 's/Hti 

,-v.. + 1 - »l (j^) 


where erf (y) is the error function defined by 




4= «“«[1 + erf (ati)] 

pu> 

^ [l+*.«,a)] 


p4^Zr^ # i cosh (oi<) + i cos (oJ<) 
g i ^ 

q — a * b — h — 


1 

^ dii, « > 0 

r(? + .)A 

^ (i) + (1) “• (-“ t) 


erf ( VH) - erf (a v^> 


=* (p 4” b)^ and 6 o* 




+ oe-'K/w/o + 


__£^^ g.»./(i-..) d«] ( 68 ) 

lere 

« ” (^y *“ ^ ^ 

/o(p) « Ji}(iy) » the modified Bessel function of the first kind. 

+ ***«"“' erf (»oirt) ( 69 ) 

lere 

i ■■ 

p4 - 3^. :j. 2 » I + ^cosh < V2 - cosh < (70) 

((d)S{(aHi V^Tir) + COS V^Tr)! (71) 
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where C(y) and S(]f) are the Fresnel integrals defined by 

” fo 

S(y) - ^‘'sin(2^)du 

s4nh^ + 6 + 2 V (riL%i„ (!i^) e-uw./.e. 
smh (apt) a T w n \ a / 


(72) 


sinh b(p + c)* jb ^ _l 
B inh a(p + c)i * a 


.^1 « + ^ « 


(73) 


i*c + n*r* 


y 


co8h(«VR^) . 1 , 4 y (-!)• 

(pCi sinh (x \/R€lp) 

VS cosh (/ \/RCp) 




H 


ff «■ V (i® + i^p)(P + pC) 

2 ■■ JK "i* Dp 


(74) 

(75) 

(76) 


g cosh ax ^fO cosh x VSg _ JS -& 
i? sinh cd ^ R nfnii i y/sO 


2l 

f-l 


where 




•V* + m* * 1 


1/R G\ 

'‘~2\L'*"e 

^ m« ■■ 


- -v— - ^ J 

sin /9,< — G cos /9,(]| (77) 


2 


cosh g(Z — z) . cosh s(l — z) 
cosh cd cosh $l 


^ I mi i/r g\ 
" VlC 4 \L c) 


nv* 


epf 


where 


n«l»8.5 


nyg (p sin 4- cos /9i.<) 
2 i ^»(p* +P,) 


A. - V 


fnW 

41* 


o - \/(B + Lp)((jf + pti), 

rsrz 


-1(1+?) 

-m-t) 

1 
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einh — x) ^ Q sinh b{1 — x) ^ 
3o cosh al 8 cosh al 




nvx [ Gfi sin + Gfin cos C sin 


n- 1,3,5 


/5n(p* + Pi) 


in pfjt 
Pn . 


where the constants are those defined for (78), and 


sinh a(l — x) sinh 8(1 — x) 


jR H-Lp 
W-hCp 


sinh al 


2t,v n sin — (p sin pj + /5« cos PJ) 

n- 1.2,3 /3n(p*+/3j) 


where the constants are those defined in (78). 


L c Jz/v "v — X* /r* ^ 

lere 

« - V'74> + «)(CP+G) '>-|(x+?) 

1 /« G\ 1 

'“2(l c) ""vie 

/i(y) is the Bessel function of the first kind. 


[ - ~ V(p -h p)* - <^*] r 0 


^(p + p)* - 


e"^*/o(<r Vt* - x*M) t > I 


pe”«* 4 « ^ e’-f**Ii(<rz) t > ^ 


), Z - -v/<* - (*»* 

I /R , G\ 


VLC 

1 /R G\ 
2\L C) 




- -.«»)] I>£j 

« - VW+«W+G), * - V- - 6)’ 


where 
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Vlc 


Z, 


\ jLp + R 

ycp+G 


p 

z 




2t v^t 


exp 


(-5-2^') 


1 (R G\ 
' 2 \L c) 


i > 0 


a ■» \/iB(Cp + (t), ^ =* y — X \^RC 


where 


u(y^ - 20 


exp 


a - VR(Cp + G), u - VcTB, y = o: y/W 


(85) 


/ > 0 (86) , 


R 


G + Cp 


. . 1 [,-,va.rf - V®) + ..v>. »( + v«)] 


where 


i > 0 (87) 


a = \/R{Cp -\-G)t y — X ^/RC, = 


2C 


e““* du 


0-ax 

'Z7 




2/ « X \/SC, erf (j/) = ^ 


\/ JT 


where 


V2^) - e»V^ erf (^^ + -y/^)] < > 0 (88) - 


a ■= VR(Cp + G), /S = 




pc“ 


« 0 < < - 


where 


y = *VSC' 

V 

' l(‘ ~ 0 + £ *■“ [7 ~ ^ , 

a = V{Lp + R)Cp, k - Z = V** - (0’ 

/L\-i ft 

•’“(c) ’ “ = ^ 


(89) 




e«* 

Zo 


0 t<- 

V 

i«-»«7o(oZ) i>| 


where the constants have the same value as in (89). 


4» a 


C-^') 


(90) 


(91) . 
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a « ‘s/iLp + R)(G -h Cp) and 
^ * 2L 2C 


e-«* 4 * 0 


R q 
L “ C 


where the constants have the values given in (91). 




P ? 1 P_L^V 5 ) = exp M ) 
1 + \^pla \ / 


o exp (y -x/o + at) erf (“^ + Va*) 

"iT^’ ♦ »< <» + “O »' + vs) 

p u Vp exp t-y Vp) ^ u{y - 2 / \/^) - , 

1 H- \^p/a 2 / \ 4i / 


^ > 0 (95) 
t > 0 (96) 


Va exp (y \/a -f oi) erf ^ > 0 


“ yg .e xp _i -p ^ ^ (y ^ ^ + va) f>0 (98) 

1 + V ??/a \2 Vt / 

4- -y/^ / 5(^) _ fljgat erf ^ >. q (99) 

1 4 . y/p/a I 


i + Vp/i * 

— 4 w Vac®* erf Vai 
1 + Vp/a 

p> exp (—y V^) . (y^ - 2yt Va -> 2^ 4- 4at^) ^[a 
" 1 4- yiTt 


^t^p(-if) - 


a‘ exp (y Vo + at) erf (— ^ + VS^ < > 0 


pexp (-vVp) -/o _ ^-y*\ 

r+V?7a 


a exp (y Vo + of) erf (^"^^ ~ Vof^ f > 0 
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® 7 == + — <*«" erf (y/ci) t > 0 

1 + Vp/i 


(104) 


where 


p2(2o)« f 
R 


V(p + a).jn7« + ( p+ a)]-^ ^ I (105) 

A; v(p + o)* + ^ 

. /L\i « G 

“-x-z? 

w «■ 2 n is a positive integer 


p (Vp + 2o -f Vp)-** 


❖ g - 2/.(o0 + /«+i(a/)l i > 0 (106) 


where a ■■ 2IRC^ n is a positive integer. 

-^n(p) is the modified Bessel function of the first kind and the nth order. 


2(2a) 


- Vplf 2a (Vp +2ffl + -v/p)"** =? J e-^Iniai) i > O"*" (107) 


•p -f- 2a 

where the constants are the same as in (106) 

(•y/l 4- g + Vo)-*» ^ 1 /■“«' “ 


1 /■“ 

kjo 


where n is a positive integer. 


Vd + a)ZiZt ' * ;o 
in 


(108) 


a-f^(p+6)i, ^-.C(p+6), 


- L(p + 6), 

We 


s 

«c -* 




Vlc 


k \/p 

where n is a positive integer 


1 /Vp’ + «! - p\** 1 /•»«* 

) n/o 


TP 

tanh -y + A(<) 


(110) 


where 


^<0 



t 


ti>Q 

e-<iP -- e-***- ♦ ^«) (111) • 

U > h 
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where 


where slope * m. 


where 




where idope 



where slope m 


- - 2mT 
V 





( 112 ). 


( 113 ) ' 


( 114 ) 


( 115 ) , 


( 11 «) 
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where; 

hit) 


T 2T ZT AT ST 6T “j*" 
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CHAPTER XXII 

THE ANALYSIS OF NONLINEAR OSCILLATORY SYSTEMS 


1. Introduction. The mathematical analysis of many of the oscil- 
latory phenomena that occur in nature and in technology leads to the 
solution of nonlinear differential equations. Such systems as a 
pendulum executing large oscillations, the flow of electrical current in a 
circuit consisting of a capacitance in series with an iron-cored induct- 
ance coil, the free oscillations of a regenerative triode oscillator, the 
motion of a mass restrained by a spring and undergoing dry or solid 
friction are typical examples of systems whose analysis leads to non- 
linear differential equations. 

The equations of these systems are well known in astronomy and 
have been investigated by such investigators as Liapounoff, Linstedt, 
and especially H. Poincar4. In the last few years, a number of 
Russian scientists have contributed greatly to the solution of these 
nonlinear problems. Two of the most active Russian workers in this 
field are N. Kryloff and N. Bogoliuboff. In the field of nonlinear 
electrical oscillations, van der Pol has made some notable contributions. 

In this chapter, some of the simpler analytical methods that have 
been devised to solve nonlinear oscillatory problems will be considered. 
The interested reader will find the references at the end of this chapter 
of value. 

2. Oscillator Damped by Solid 
Friction. Perhaps the simplest non- 
linear vibrating system is the oscillator 
of Fig. 2.1. 

This system consists of a mass m connected to rigid supports by 
means of springs of total effective spring constant k. The mass is 
supposed to slide on a rough surface and hence experience a frictional 
force F, which is directed in a direction opposite to the velocity. Let 
the motion start in such a manner that 

That is, the mass is pulled out a distance a from its eqmlibrium position 
and released at i = 0. The equation of motion is, by Newton’s law, 

(2.2) m£ + kx ±F 

679 
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If we let 

(2.3) 
then 

(2.4) 


m 


4 =^ 

m 


X + o)^x = 4-^ 0 < t < 


when the force is acting in the positive x direction. It is expressly 
understood that this is true provided that the initial position x == a is 
such that 

(2.5) o)^a > A 

so that the spring force is greater than the frictional force. This means 
that the initial displacement lies outside of the so-called ^‘dead 
region.^’ 

( 2 . 6 ) ..±A 

If motion is possible and the first swing to the left is of such magni- 
tude that it is still outside the “dead region/^ then 

2r 


(2.7) 




X + wH = —A 


- < < < — 
0 ) 0 ) 












2 

2T 3T 

* 


We can thus write the equation 
of motion in the form 


(2.8) X + = h{t) 

where h{t) is a discontinuous func- 
tion of the “meander type'' and 
whose graph is given by Fig. 2.2. 

This is provided that x 0, that 

is, the motion continues, and that 
successive swings are of such amplitude that they lie outside the dead 
region. 

Equation (2.8) may be solved by the Laplacian transform or 
operational method. To do this, let 


Fio. 2.2. 


(2.9) 


I Lx(t) = y(p) 

\ Lh(t) = g{p) ^ Ail- 2e-'> + 2e-^> - + 


Now as a consequence of the initial condition (2.1), we have 

(2.10) Li >“ — p*a 

Hence Eq. (2.8) transforms to 

(2.11) (p* + w*)p “ p*o + Ail - 2e-^f + 2tr”^ - 2tr”f + • 



Sac. 3] THE ANALYSIS OF NONLINEAR OSCILLATORY SYSTEMS S81 
Therefore we have 


(2.12) y 


_ p»a 


+ ■ 


p® + 0)® p® 4" w* 


(1 - 2e-®'»’ + 2e-®®''’ - 2e-®®’J> + 


Now from the table of transforms, we have 


(2.13) 


L-‘ 


L-i 


p® + 
1 


= cos at 
1 — cos ut 


p® + <0® «® 

Hence we have on calculating the inverse transforms of (2.12) 

A 


(2.14) 


X = a cos (*)t — 2 ““ o)t) 0 < t < T 


0 ) 


A 

(2.15) X — a cos <0^ + ^ (1 — cos oit) — [1 — os o){t — T)] 

for T <i <2T 

The solution for greater values of t may be written down in a 
similar manner. It is noted that at 


(2.16) 

(2.17) 


t - T 
t = 2T 


X == —a + 


2A 


X = a 


AA 


etc. 


That is, each successive swing is 2^/^^ shorter than the preceding one. 
The solution should be continued until one of the swings lies inside the 
dead region x ~ ± A /o)^. In such a case the mo- 
tion stops. 

3. The Free Oscillations of a Pendulum. 

As another simple example of a nonlinear dy- 
namical system, let us discuss the motion of the 
simple pendulum Fig. 3.1. 

Figure 3.1 represents a particle of mass m 
suspended from a fixed point 0 by a massless 
inextensible rod of length 5, free ^o oscillate in 
the plane of the paper under the influence of 
gravity. If the peiidulum is displaced by an angle 6 from its position 
of equilibrium as shown in the figure, then the potential energy of the 
system V is the work done against gravity to lift the mass of the 
pendulum a distance A, given by 

(3.1) A s(l — cos 0) 
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Hence the potential energy is 

(3.2) V = mgs(l — cos 6) 

The kinetic energy of motion of the pendulum is given by 

(3.3) T = 

where v is the linear velocity of the pendulum. In terms of the angle 6, 
we have 

(3.4) v = s^ = s6 
Hence 

(3.5) T - 

Now since there is no loss of energy from the system, we must have 

(3.6) r + F = C 

where C is a constant representing the total energy. Hence substi- 
tuting (3.2) and (3.3) into (3.6), we have 

(3.7) mgs{l - cos 0) + = C 

To determine the constant C, let us assume that 0 = 0o is the 
maximum amplitude of swing so that 

(3.8) ^ = 0 when 6 = So 

Substituting this condition into (3.7), we have 

(3.9) C = mgs(l — cos ^o) 

Hence we have 

(3.10) g(l — cos ^) + I (^)^ = gO^ — cos So) 
or 

(3.11) ^2 ^ (cos 6 — cos ^o) 

s 

To obtain the equation of motion, we differentiate (3.11) with 
respect to time and obtain 

(3.12) 269 - ^sme6 

or 

(3.13) . ^ + |sintf = 0 

This is the equation of motion, and Eq. (3.11) is its first integral. 
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Equation (3.13) is a nonlinear differential equation because of 
the presence of the trigonometric function sin $, In the theory of 
small oscillations of a pendulum, we expand sin $ into a Maclaurin 
series of the form 

(3.14) sin e = « - ll + Ij - |-j + • • • 

If 6 is always small, the approximation 

(3.15) sin 0 - ^ 

is a very good one, and in this case (3.15) becomes 

(3.16) S + = 0 

This is a linear equation with constant coefficients whose general 
solution is of the form 

(3.17) 0 = ^ sin (o>t + 0) 
where 

(3.18) 



and A and 0 are arbitrary constants that depend on the initial condi- 
tions of the motion. The period of the motion Po is given by 

(3.19) 

We thus see that the period is independent of the amplitude of 
oscillation in this c;ise. By measuring s and Fo, the acceleration g due 
to gravity may be determined by (3.19) to a high degree of accuracy. 

To determine the period of oscillation for large amplitudes, we 
return to Eq. (3.11) and write it in the form 


(3.20) 
or 

(3.21) 


de 

dt 

dt 


■Ji 


cos $ — cos Oo 


de 


y / cos e — cos Bo 


Now the period Pt, is twice the time taken by the pendulum to 
swing from 0 = — tfo to ® = do. Therefore 

de 


2fif J Vcos — cos 00 


(3.22) 


P». = 2 
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If we use the trigonometric identities 


(3.23) cos ^ — 1 — 2 sin^ ^ cos ^2 =* 1 — 2 sin^ 


then we may write (3.22) in the form 

* - 4-00 

(3.24) 


P.. = J- 


de 




• 2^ 


Let us now introduce the two new variables k and by the equations 

(3.25) k = sin^ 
and 

(3.26) 

Hence 

(3.27) de = 


sin 2 == « sin 

2k cos 0 d<t> 2k cos (jy d<l> 


cos : 




1 — k^ sin^ <t> 


In terms of these two new variables, the integral of (3.24) becomes 

d<l> 


Vi 


W2 


- k^ sin^ <t> 
dfjy 


<3.28, 

Now the integral 

(3.29) K{k) = r 

Jo VI — k^ sin^ 0 

is called the complete elliptic integral of the first kind and is tabulated.* 
We therefore may write 

(3.30) P», = 4^K(k) 


Equation (3.25) determines k in terms of the maximum angle of 
swing ^ 0 * From the tables of the function K(k) and Eq. (3.30), we 
may determine the period Pe„. We thus find that for 60 = 60®, we 
have 


(3.31) P 60 » - 1.07Po 
and for $0 ®= 2®, we have 

(3.32) P 20 * l,000076Po 
where Po is given by (3.19). 

* See, for example, B. O. Peirce, Short Table of Integrals,^' p. 121, Oiim and 
Company, Boston, 1929. 
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We thus see that the period of a pendulum depends on its amplitude 
of oscillation. 

4. Restoring Force a General Function of the Displacement. Let 

us consider the motion of a particle of mass m. Let the mass be sub- 
jected to a restoring force F{x) of an elastic nature tending to restore 
the mass m to the position of equilibrium x = 0. 

The equation of motion of this system is, by Newton's law, 


(4.1) 



+ F(x) = 0 


If we let 
(4.2) 

the velocity, then we have 


V 


dx 

dt 


(4.3) 


di^ dt dx dt ^ dx 


Hence Eq. (4.1) may be written in the form 
(4.4) mv dv + F{x) dx — 0 

Now the potential energy of the system is, at any instant, 

(4.6) V(x) = Jj F(u) du 

The kinetic energy is 

(4.6) T = 

Let us suppose that the motion is started such that the mass is 
pulled out a certain distance x = a and then released. We then have 

(4.7) X == a 

X = t; = 0 


In this case the total energy E imparted to the system is 

(4.8) E = j>{u) du == V{a) 

Now integrating Eq. (4.4), we obtain 

(4.9) ^ F(u) du ^ C 

where C is a ooiistant of integration. To determine C, we use the 
eonchtion (4.7) and we have 

j^F{u)du = E 


(4.10) 
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Equation (4.9) may therefore be written in the form 


(4.11) 


’^=^E-V(x) 


(4.12) 


2(E - V) 


Hence 


Ve -V 


(4.14) 


/ = f 4 - 

^2 J ww-irvCx)^ 


VF^=rT(i) ' - 

where U is an arbitrary constant. If we measure t so that 
(4.15) i = 0 at X = 0 

then we have from Eq. (4.14) 


(4.16) 


" 2)0 


= N{x) 


2 Jo VE- V{u) 

If it is possible to integrate this expression, we obtain 

(4.17) t = N(x) 
or, inversely, 

(4.18) X = F{t) 

In some cases it is possible to integrate the expression (4.16) 
explicitly, but usually the integration leads to elliptic integrals and 
Eq. (4.18) leads to elliptic functions. 

The period of the motion is given by the equation 


(4.19) 


P = 4 


^/i/oV 


, du 


A special case of this general theory is the motion of a pendulum 
with large amplitude discussed in Sec. 3. In the case of the pendulum, 
the kinetic energy is 

(4.20) T = 

The potential energy is 

(4.21) V (0) = mgail — cos 0) 
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The total energy is 

(4.22) E = mg8(l — cos do) 
Substituting these expressions into (4.16), we have 

(4.23) ^ ~ ^ Jo V mgrs(cos u — cos do 


(4.24) 




du 

\/ cos w — cos ^0 


The period of the pendulum P is given by 


(4.25) 


-Vi/: 


' cos u — cos 


Equation (4.19) enables one to calculate the natural frequency of a 
conservative oscillatory system whose restoring force is nonlinear. If 
the integration cannot be performed, numerical or graphical integration 
may be resorted to in order to obtain the period P. 

6. An Operational Analysis of Nonlinear Dynamical Systems. A 
powerful method of determining the free oscillations of certain non- 
linear systems will be given in this section. The method presented 
here is an operational adaptation of the one developed by Linsted and 
Liapounoff.^ 

The method may be illustrated by a consideration of a mechanical 
oscillating system consisting of a mass attached to a spring. The 
equation of the free vibration of such a system is 


(5.1) 


m d^x 

~W 


+ F{x) = 0 


Ttt d^x * 

where • is the inertia force of the mass, F(x) is the spring force, 

and X is measured from the position of equilibrium of the mass when 
the spring is not stressed. Let us consider the symmetrical case 
where 

(6.2) F(x) = to + 

Hence (5.1) becomes 

(5.3) ^ + kx + bx»=0 

^ Sec A. M. Kbilofp: Bulletin of the Russian Academy of Sciences, No. 1, p. 1, 
1938. 
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or 


5.4) 

+ CD^X + OX® = 0 

where 

(5.5) 

-ay 

(5.6) 

b 

a = — 
m 


Equation (5.4) occurs in the theory of nonlinear vibrating systems 
and certain types of nonlinear electrical systems and serves to illus- 
trate the general method of analysis. Let us consider the solution of 
the Eq. (5.4) subject to the initial conditions 

(6-.7) *;jj .U-O 

That is, the mass is displaced a distance a and allowed to oscillate 
freely. We are interested in studying the subsequent behavior of the 
motion. 

Let us now multiply the Eq. (5.4) by dt and integrate from 
0 to 00 . We thus obtain 


(5.8) 




d^x 


+ o)^x + ax 


dt = 


Let us now use the notation of Chap. XXT and write 
(5.9) Lxit) - y(p) 

Now by an integration by parts, it may easily be shown that 


(5.10) 


L d^x 
~di^ ^ 


= — pxo — + V^y 


where Xo and xo are the initial velocity and displacement of the particle 
at ^ = 0. 

In view of the initial conditions (6.7) and the transform (5.10), the 
Eq. (6.8) may be written in the form 

(6.11) (p® + i^^)y = p2a - Lx» 

Now let 


(6.12) X *= Xo + OtXi + CpX 2 + a*X8 + • • • 

(5.13) «= wj + c\a + C 2 cc^ + Cbo* -f. . . . 

(5.14) y ^ yo + ayi + + (x% + • • • 

(6.16) y,(p) « Lx,(0 
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In these expressions the quantities Xr(t) are functions of time to be 
determined, wo is the frequency which will be determined later. The 
Ci quantities are constants which are chosen to eliminate resonance 
conditions in a manner that will become clear as we proceed. The 
yr{v) quantities are the Laplace transforms of the Xr{t) quantities. 

In most nonlinear dynamical systems, the quantity a is small 
compared with and the series (5.12) may be shown to converge. In 
the following discussion, let us limit our calculations by omitting all the 
terms containing a to a power higher than the third. Substituting 
the above expressions into (5.11), we obtain 

(5.16) + cL^y^) + 

(ojJ + C\a + + Csa^) X ( 2/0 + ayi + + a^y^) 

== — L{X{i + otxi — 0^X2 + 

If we now neglect all terms containing a to powers higher than the 
third, we obtain 

(5.17) (p^i/o + co§yo) + otip^yi + (alyi + Cii/o + Lxl) + 

cc^(V^y2 + Wo2/2 + ^22/0 + Ciyi + Lixlxi) + 

«®[p^t /8 + wo 2 /'i + <^ 3^0 + C2yi + Ci 2/2 + L{ZxIx 2 + Zx^\)] = 

This equation must hold for any value of the quantity a. This 
means that each factor for each of the three powers of a must be zero. 
Hence the Eq. (5,17) splits up into the following system of equations: 

(5.18) + (^lyo = 

(5.19) p2yi + u)lyi = -ci^/o - Lxl 

(5.20) p2y2 + wgy2 = —C2^o — Ciyi — IJixlxi 

(5.21) p^z + "0^3 = -“C82/0 — CiVi — Ciy2 — L(34x2 + Zx(^D 

Using the notation 
(6-22) TM . 

then the Eq. (5.18) may be written in the form 

(5.23) 2/0 = p’iTir(wo) = Lxo 

From the table ot ti ansforms, see Appendix to Sec. 5, we have 

(5.24) I“*p*or(«o) = a cos <ooi = Xo 

This represents the first approximation to the solution of the Eq. 
(5.4) subject to the initial conditions (5.7). The transform of the 
second approximation as given by (5.19) may be written in the form 

(6.25) yi =» -CiyoT(«o) - T(m)Lxl 
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From the table of transforms, we have 
(5.26) Lxl = La> cos’ ^ [3p’r(«o) + p’r(3to„)] 


Substituting (5.23) and (5.26) into (5.25), we obtain 

(5.27) Pi = -p’7’’(<oo) (cia + ^ p^T(<co)T(^o,o) 

Now from the table of transforms, it is seen that 

(5.28) L-ip’r’(<oo) = ^ sin 


Hence the first term of the right member of (5.27) corresponds to 
a condition of resonance. We may eliminate this condition of reso- 
nance by placing the coefficient of this term equal to zero. Then 


(5.29) 
or 

(5.30) 


Cia + 


3a3 

4 


0 


Cl = 


3a2 

4 


This determines the constant Ci. ‘With the resonance condition 
eliminated, (5.27) reduces to 


(5.31) 


yi = -j p’r(coo)r(3to„) 


Making use of the table of transforms, we obtain the second 
approximation 

(5.32) xi — ~ p^T{o)o)T{3o)o) = (cos 3c»)ot — cos mi) 

If we limit our calculations to the second approximation, we 
obtain from (16) 

OtCL^ 

(5.33) X = a cos mt + (cos 3mt — cos mi) 

The angular frequency is obtained by substituting the value of Cx 
given by (34) into (17). This gives 

(5.34) CO? = 0^2 + 

From this we see that the presence of the term x^ in the equation 
introduces a higher harmonic term cos 3mi and the fundamental 
frequency is not constant but depends on the amplitude a and it 
increases with a provided that the quantity a is positive. 
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The third approximation is obtained by substituting the above 
values of yo, yi, Xo, and Xi into (5.20). This gives 

(5.35) y2 = -C2p^aT^(o>o) + T(o>o)p^r(wo)T(3o,o) - T(wo)L{3xlxi) 
We must now compute 


(5.36) L{3xlxi) 


^4 


32«2 


cos® cos 3<Ooi — cos Wo< 




By using the table of transforms, we easily obtain 

(5.37) L(3xgxx) = [T(5«o) + r(3«„) + T(3a,o) - 2r(«o)] 

Substituting this value of L{3xlxi) and making use of the identity 

(5.38) r(a)T(b) = Vm - T(b)] 

we write (5.35) in the form 


(5.39) + ^ + i,^) + 

P>7’(„.)7’(3».) (- Ig - j£-.) - 


To eliminate the condition of resonance, we eciuate the coefficient 
of the p^T^(o)q) term to zero, substituting the value of Ci into the 
coefficient. We thus obtain 


(5.40) 


3a^ 

12Scol 


On substituting the value of Ci into the second member of (5.39), 
we see that this term vanishes and we have 


(5.41) 2/2= -^2P^r(o,o)r(5co2) 

Using the table of transforms to obtain the inverse transform of yt, 
we have the third approximation 

a ^ 

(5.42) Xi - Jq24^ (c®** ~ 

From (5.12) we tlius have the third approximation 

OtCL^ 

(5.43) X = o cos («oO + (cos 3woi — cos «o<) + 



592 MATHEMATICS FOB ENGINEERS AND PHYSICISTS [Chap. XXII 


where now the fundamental frequency is given by (5.13) to be 

/eiAA\ 2 2 1^2 

(6.44) 

The fourth approximation is obtained in the same manner from 
(5.21). We compute 

(5.45) L(3xlx, + 3a;ox?) = [27’(7«„) + r(5«„) - 3T(3u,o)] 


by using the table of transforms. Substituting the values of the 
quantities 2/0, and 2/2 as given above into Eq. (6.21) and making use 
of the relation (5.45), we obtain 


(6.46) y, = -cp^aT^M - [r(3a,o) - r(«„)] - 

CiT(a>o)a‘p’‘ 


1024a)i 


32«§ 

' [r(5«„) - r(a,„)] - 




3r(3«o)] 


The condition for no resonance leads to 


(5.47) 


_ Cjo’ , CiO* 

32«g 1024coJ 


Substituting the value of Ci and C2 given by (5.30) and (5.40) into 
(5.47), we obtain 


(5.48) C3 = 0 

Suppressing the resonance terms, the Eq. (5.46) reduces to 

(6.49) 9 . - p’TMTCS..) ( 5 ^) + p-TMr(7..) (- 

Computing the inverse transform by the use of the tables of trans- 
form, we obtain 

a’' 

(6.50) Xs = ^ (5 cos (i>oi — 18 cos 3u>oi + cos 7woO 

04&, / OOOfQ 

Substituting xo, Xi, X2, ^3 into (5.12), we obtain the fourth approxi- 
mation 

(5.51) a: = o cos («oO + gjr-* (cos 3uot — cos wo<) + 

O^u 0 )q 

jq24Z* ~ 

a*a' 

32 768<i>* ~ 
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To this approximation, the fundamental frequency «o is given by 
(5.13) and is 

(6.62) + 

Now in all the calculations, terms to higher power than the third 
have been omitted. We may simplify Eq. (5.52) by substituting on 
the right side the value of wo given by (5.34). We thus obtain 

(6.63) + 

Expanding the bracket term in powers of a and retaining only 
powers of a up to the third, we have 


(5.54) 


cog 


f aa* 
4 


9o£®a® 


Further approximations may be carried out by the same general 
procedure. 

a. The Vibrations of a Pendulum, The above analysis may be 
applied to the stuc^;' of a theoretical pendulum. The equation of 
motion of such a pendulum is 


(5.56) d + sin ^ = 0 

where Z is the length of the pendulum and g is the gravitational con- 
stant. If we develop sin ^ in a power series in 6 and retain only the 
first two terms of the series, we obtain 

(5.66) ^ + 

If we stipulate the initial condition that att = 0, 6 = 0o, we may 
make use of the preceding analysis by letting 

(6.67) 9o = a 

(6.68) «* = I 

(5.69) « = - #i 


Using the first approximation for the angular frequency as given 
by (5.34), we have 




r 8z 


(5.60) 
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To this approximation, the period of the oscillations is given by 


(5.61) 



For small amplitude ^o, the radical may be expanded in powers of 6o 
and we may write 


(5.62) 



This formula gives excellent results for small amplitudes of 
oscillation. 

b. Nonlinear Electrical Circuit. As another example of the method, 
let us consider the free oscillations of an electrical circuit consisting of 
an inductance and a condenser in series. The equation of such a 
circuit may be written in the form 


(5.63) 


dt^ C 


where is the total flux linking the circuit, Q is the charge on the 
condenser, and C is the capacitance of the system. For simplicity we 
assume that the circuit is devoid of resistance. If the inductance of 
the system consists of a coil of wire wound on an iron core, we have in 
general 

(5.64) i = F{<t>) 

where i is the current flowing in the circuit. The functional depend- 
ence between the current in the circuit and the flux <j> depends on the 
functional variation of the flux density B of the material of the induct- 
ance coil with the magnetizing force, which is proportional to the 
current i. This function is many-valued in general. However, it 
may be taken to be single-valued at large magnetizing forces for 
Nicalloy, Permalloy, and low-loss steels. 

Several analytical expressions have been suggested to express 
approximately the relation between the magnetizing current i and the 
total flux ^ in a ferromagnetic material. Some of the expressions are 


m 


(5.66) 

t ^ an<t>^ 

(5.66) 

fl 1 

i = A sinh ^ 

«» oe 

(5.67) 

i = Ao + ^ il, cos + y sin n4> 

1 n«» 1 
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and other forms may be derived. In ordinary circuit theory, the 
linear relation 


( 6 . 68 ) 


* 


is assumed. The coefficient L is then the inductance of the system. 
In our analysis, we shall assume that the relation between i and 4> is 
given by 


(6.69) 




where the coefficient 1/6 is a measure of the nonlinearity of the system. 
This expression may be regarded as the first two terms of the power 
series of the relation (5.66) and by a proper choice of the coefficients 
may be made to approximate the actual i — curve of a material 
quite accurately. If we differentiate Eq. (5.63), we obtain 


(5.70) 

in view of the relation 

(5.71) 


^ + i = 0 


Substituting the value of i given by (5.69) into (6.70) gives 


(5.72) 


4. 1 d _L 1 


If we now let 


(5.73) i 

(5.74) „ - ^ 

(5.75) = * 

Then the Eq. (5.72) is identical with Eq. (5.4). Let us now con- 
adei the case in which a,tt — 0 there is no current flowing in the system 
and the condenser has an initial charge of Qo- In view of Eqs. (6.63) 
and (5.69), we theref».'re have the following initial conditions of the 
independent variable x: 

X = 0 ^ 


(5.76) 


at i = 0 


In this case, therefore, we have to solve the Eq. (5.4) subject to the 
initial conditions (5.76). As before, we let y be the transform of x. 
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The transformed equation is in this case 

(5.77) (p» + = pvo-Lx» 

To treat this case, we again establish the sequences of (5.16) to 
(5.21) and by equating like powers of a we obtain the set of equations 

(5.78) pVo + «oJ/o = pfo 

(6.79) p®pi + = —ctyo — Lxl 

(5.80) p*y* + «oy* = — CaJ/o — Cipi — L{3xlxi) 

(5.81) p*y» + wjps = — CsPo — ctyi — Cij/* — L(3a;?Xs + 3xoa:f) 

This set of equations is the same as the set (5.18) to (5.21) with 
the exception of the first one because of the different boundary con- 
ditions. The first approximation is obtained from (5.78) by writing 

(5.82) yo = pvoT{(i>o) = Lxo 

From the table of transforms this gives the first approximation 

(5.83) Xo = »o ^ — 

(OQ 

We now write (6.79) in the form 


(6.84) yi = T(fi)o){-Ciyo - Lxl) 

From the table of transforms, we have 

.3«» 

(5.85) Lxo = g \pT(m) - p7’(3«o)] 
Substituting (5.82) and (5.85) into (5.84), we obtain 

(5.86) (-«. - H) + Q 

p7’(«o)7’(3«o) = Lxi 


The term pT\wo) leads to resonance, as may be seen from the table 
of transforms; hence its coefficient must be set equal to zero. This 
yields 


(5.87) 


Cl = 


3p? 

4«? 


By means of the table of transforms (Appendix), we then obtain 


xi = L-^i = 


ZM 


(an Wot 


sin Swol) 


(5.88) 
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To this approxiination we obtain the angular frequency wo from 
(5.13) to be 

(6.89) «? = «* + 


The second approximation is therefore 


(5.90) 


Vo sin (copt) , Zvla 
coo 32co§ 


!«l \ 


sin (apt — 


sin 3coo^ 1 


The variation of the charge on the condenser may be obtained from 
(5.63) in the form 

(lx 30 * 

(5.91) Q ~ ^ ~ 32co^&c* ~ 3coo<) 

In view of (5.89) the natural frequency of the system may be 
written in the form 


(5.92) 


1/1 3 QIL^ \ 

2t \LC 4: bC ) 


to the second approximation. We see that the frequency varies with 
the initial charge on the condenser Qp. 

c. Oscillator Nonliaearly Damped. As another application of the 
method in the study of free oscillations, let us apply it to the study of 
a freely vibrating system whose damping force is proportional to the 
square of the velocity. The equation of motion of this system is 
given by 


(5.93) 


X + ± = 0 


The minus sign must be taken when the velocity is in the direction 
of the negative x axis and the plus sign when the velocity is in the 
direction of the positive x axis. Let us assume the initial conditions 


(5.94) 


at ^ 0 


{ X == a 
X = 0 


We thus have to consider the equation 

(5.95) i + «*x - ox* * 0 

for the first half of the oscillation. As before, we set up the sequences 
(5.12) to (5.15), and if we limit our calculations to the terms containing 
we obtain the following set of equations: 

(5.96) p^o + 0)53/0 *= p*a 

(5.97) p*3/i + <*>0^1 “ -Ciyp + L±l 

(6.98) pV* 4* 0)53/8 « -Ci3/i - c^p + L(2xoiO 
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From (5.96) we obtain 

(5.99) yo == p^aT(o)o) = La cos <cot = Lxo 
Substituting this into (5.96), we get 

(5.100) 2/1 = -cxV^aT^m) + ^ [r(co„) - p=r(«o)7’(2«o)] 


In order to eliminate resonance, we must choose 

(5.101) Cl = 0 
Hence 

(6.102) - sp [r(„.) - g n«) + 3^ r(2».)] 

By means of the table of transforms, we obtain 
^2 2 

(5.103) xi = ~ *2 ~~ 3 IT 


Substituting the various transforms involved into (5.98) gives 


(5.104) 2/2 = ( -C2a + 


(- 


2a*cc§\ 2a’<o?p* 


- 7^ 7’(ai„)7’(3a,o) + 

4a®co? 


p 27 >(„„)y( 2 «„) _ Z-Y-S r(«o) 


The condition that there be no resonance in this case gives 


(5.105) 


C2 


_ a^oil 


From the table of transforms, we obtain 


(5.106) X2 = = 



a® 

T2 


(61 cos u)Qt — 16 cos 2wo< + 

3 cos 3wo0 


Substituting the above values of Xo, a:i, and X 2 into (5.12), we 
obtain 

ota^ 

(5.107) X ^ a cos ooot + -g- (3 — 4 cos o)ot + cos 2woO ”” 

(48 — 61 cos + 16 cos 2«o^ — 3 cos 3w(rf) 


Substituting the above values of Ci and C 2 into (5.13) gives 
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or 


(5.109) 


COo ~ 


Of 

(1 + 


If we let Ti/2 be the time required for the oscillation to reach its 
maximum negative displacement to the left, we have 


(5.110) 


li = £. = ”•(! + I A + 1 

2 0)0 0 ) 0 ) \ {} / 


To determine the maximum negative displacement +ai, we place 
(aot = TT in (5.107) and we obtain 


(5.111) "bUi = — U "h 

Now to determine the motion for the next half cycle we must solve 
the equation 

(5.112) x + o)^x + ax^ =-0 


subject to the initial conditions 

(6.113) * ; j at I - 0 

However, if we make the charge in variable 


(5.114) X = -y 

we see that we must then solve the equation 


(5.115) y + o)^y — ay^ = 0 


subject to 
(5J16) 


y == ai 
2 / = 0 


at ^ = 0 


However, this is the same equation whose solution we have just 
obtained. The only difference is that we have ai instead of a in the 
initial conditions. We thus obtain 


( 6 . 117 ) + 

for the time required for the second half cycle and 

(5.118) d2 ^ —“01 + iotal — 

for the displacement of the system at the end of the second half cycle. 
It is thus evident that the oscillation has a gradually decreasing 
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ADiplitudo. Its HniplitudG after the {ji -f- l)th half cycle is given by 
(5.119) On+i = —an + 4aaJ — 


Let T{cS) 


1 

p’ + w* 


Table op Transfokms 


1. Zi sin ut = upT(<a) 

2. L sin* o,t = Ml - P*T(2<-)] 

3. L sin* wt - il3pa.r(«) - 3o.p7’(3«)l 

4. L cos wt = p^T(o>) 

6. L cos* ut = Ml + P*T(2w)] 

6. L cos* id »= M3p*7’(u) + p*2’(3<o)] 

7. L sin At cos Bt = M(^ + B)pT{A + B) + (A - B)pT(A - B)\ 

8. L cos At cos Bt =» 1- [r(A + 2?) + T{A - B)] 

9. L sin At sin Bt = [T{A - B) - T{A + B)] 


10. L sin At sin Bt sin ci | [(A + B — c)2’(A + B — c) + 

(B + c - A)T{B + c-^)+(c + 4- B)T{c + A - B) - 

(A + B + c)T{A + B + e)] 

11. L sin At cos Bt cos c< = | [(A + B — c)T{A + B — c) — 

(B + c - A)T{.B + c-A)+{c + A- Byr{c + 4 - B) + 

(A + B + c)nA + B -I c)] 

12. L sin At sin Bt cos c« = ^ [r(B + c - A) - 2’(A +B-c) + 

^(c + A - B) - r(A + B + c)] 

13. L cos At cos Bt cos c< = ^ [^(A + B - c) + T{B + c - A) + 


14. L-*p*r(a)r(6) 


COS at — cos bt 


{b^ - a») 


15. L-^p^TKo>) 

16. L-ipTHto) 

17. ^ 

18. na)T(Jb) « 


t sin wt 

2u> « 

__ sin ojt t cos ut 
2w« 2w* 

1 — cos ut 


1 


5* - a* 


[r(a) - Tib)] 


T(c + A - B) + 2’(A + B + c)] 


6. Forced Vibrations of Nonlinear Systems. In the last section, 
the free vibrations of oscillating systems with nonlinear restoring forces 
were considered. In this section the /orced oscillations of systems with 
nonlinear restoring forces will be considered. 

As a typical example of such a system, let us consider the mechani- 
cal case of an osciUatdr of mass m acted upon by a nonlinear elastic 
restoring force F{x) and by a periodic external force Fc cos td. 
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The equation of motion of such a system is 

( 6 . 1 ) ^ ^ 

Let us first discuss the case in which the restoring force is symmetric, 
that is, it has equal magnitude at corresponding points on both sides 
of the position of equilibrium or position of rest. In this case, only 
odd powers may occur in the law of force. Otherwise we have an 
unsymmetrical law of force and hence an uns 3 unmetric vibration. 
This is expressed mathematically by the condition 

(6.2) F{-x) = F{x) 

Since the methods of analysis and the qualitative results do not 
depend greatly upon the special form of F{x), we shall choose the 
following form for the restoring force F{x ) : 

(6.3) F{x) — kx — 8x^ 
where A; > 0. 

If 5 > 0, it is said that the restoring force corresponds to a soft 
spring, while if 5 < 0, the restoring force is said to correspond to a hard 
spring. In the case that 5 > 0, the restoring force decreases with the 
amplitude of oscillation as in the case of a pendulum. In this case 
the natural frequency decreases with increasing amplitude. 

Inserting (6.3) into (6.1), we have the equation of motion 

d^x 

(6.4) m + te — 8x^ = Fo cos ojt 

This equation is known in the literature as Duffing^s equation.^ 
Experiments performed on dynamical systems whose equations of 
motion are of the form (6.4) show that as the time t increases the 
motion of the system becomes periodic after some transient motions 
have died out. The period of the resulting oscillations is found to 
have a fundamental frequency of o}/2w and may therefore be repre- 
sented by a Fourier series in multiples of «. 

The amplitude of the steady state (as t oo) may be calculated 
by the following approximate method. 

As a first approximation, let us assume 

(6.6) xi = a cos cjt 

where the amplitude a is to be determined. If we substitute this 

. * DtrUiPiNO, G. : '‘Erzwungene Schwingungen bei veranderlicher Eigenfrequenz/* 
E^edridi Vieweg & Sohn, Brunswick, Germany, 1918. 
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expression for x in (6.4) and make use of the trigonometric identity 


(6.6) 

cos® == i cos 

we obtain the equation 

(6.7) 

-f- A:a ~ 1 5a®^ - 

. If the 

fundamental vibration is 

(6.8) 

j ~ a® + (w- — 
4 m 

where 


(6.9) 

0)0 = 


i’ cos Zwt = F(i cos w< 


Fo 





Fig, 6 . 1 . 


This is the natural angular frequency 
of the system in the absence of the non- 
linear term. 

Equation (6.8) determines the am- 
plitude of the oscillation. If we divide 
equation (6.8) by col, we obtain 




oolm 


The roots of this cubic equation in 
a may be obtained graphically by con- 
structing — a coordinate system as 
shown in Fig. 6.1. 

This figure represents the cubical parabola 


( 6 . 11 ) 

and the straight line 

( 6 . 12 ) 


== 



The possible values of a are the abscissa of the points of intersection 
of these curves. 

If « is large, the slope of the straight line is negative and there is 
only one point of intersection, Pa, There is also only one point of 
intersection for w = m. If now « decreases, the straight line rotates 
until it intersects the cubical parabola at three points, Pi, P 2 , and Pa. 
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The abscissa of these points correspond to three possible amplitudes. 
The amplitude versus frequency curve has the form shown in Fig. 6.2. 

A more precise analysis^ shows that if we approach from the low- 
frequency side, the amplitude corresponding to the lower branch is the 
stable one. As a> increases, we arrive at the limiting point, G. As a 
continues to increase, beyond this 
point, only the upper branch yields a 
real point of intersection in Fig. 6.1. 

It is then seen that with a continuous 
increase of w, the amplitude a will 
suddenly jump from the lower branch 
to the upper one at (?. 

These discontinuities or jumps in amplitude are frequently observed 
in nonlinear vibration processes both electrical and mechanical.^ 

The Higher Approximations. It will now be shown how the next 
approximations of the motion are obtained. If Eq. (6.4) is solved for 
d^x 

^ and if the first approximation (6.5) is substituted in the right 
member for x, we obtain 

/a io\ . ka ^ , 3 6a® ^ o * 

(6.13) j-o = — cos oif cos 0 )^ + T — cos o>t + -z — cos Scat 

^ ' dt^ m m Am Am 



Making use of (6.8), this reduces to 


(6.14) 


d^x 

dt^ 


“co^a cos <at + 7 ^ cos Scat 
Am 


Integration gives 
(6.15) X 2 = 6 cos cat 


6a® 

SQimca'^ 


cos Scat = a cos cat — 


6a®<o5 

36fc^® 


cos Scat 


This second approximation may then be substituted into (6.4) to 
obtain the third approximation. In this manner, any number of terms 
of the Fourier series solution may be obtained. The investigation 
of the convergence of the process shows that the series obtained con- 
verges if 6 is small. 

The Case of an Unsymmetric Restoring Force. If we add a quadratic 
term to the elastic restoring force so that 


(6.16) 


F{x) = fcr + 


then the vibration becomes unsymmetric since changing the sign of x 

^ Appleton, E. V, ; On the Anomolous Behaviour of a Galvanometer, Philo- 
sophical Magazine^ Ser. 6, vol. 47, p. 609, 1924. 

®See O. Martienssen: Tiber neue Resonanzer-scheinungen in Wechselstrom- 
kreisen, Physikalische ZeitunQy vol. 11, p. 448, 1910. 
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does not change that of the quadratic term, and hence the restoring 
force has different values at two points that are symmetric with 
respect to the origin. The equation of motion is now 

(6.17) m + kx + bx^ = Fq cos co< 

In this case we assume 


(6.18) xi — a cos o)t + b 

as the first approximation. The constant h is introduced to allow 
for the lack of symmetry. We insert this approximation into (G.17) 
and determine a and h in such a way so that the constant term and the 
fundamental vibration satisfy the differential equation. 

Using the trigonometric identity 


(6.19) 


COS^ (Jit 


1 + cos 2(j}t 
2 


we obtain the two equations 


( 6 . 20 ) 

and 

( 6 . 21 ) 




a(w2 — oj^) 


2bah , ^ _ Q 
m m 


If b is small, we have from (G.20) 



If we now substitute this into (G.21), we have 

(6.23) + 

This is a cubic equation for the amplitude a. It may be solved 
graphically, and it is found that under certain conditions it has three 
roots so that the ^‘jump^^ phenomena occurs here as in the case of the 
symmetrical vibrations. The higher approximations are obtained in 
the same manner as in the symmetrical case. 

Subharmonic Response. Periodic solutions of the Duffing equation 
(6.4) have been considered. These solutions have a fundamental 
period P = %r/(a equal to the period of the external exciting force. 
Experiments show that permanent oscillations with a frequency of 
i, i, • • • 1/n of that of the applied force can occur in nonlinear 
systems. This phenomenon is called subharmonic resonance. 
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It is known that in linear systems having damping the permanent 
oscillations of the system have a frequency exactly equal to that 
of the exciting force, and hence subharmonic resonance is impossible 
in linear systems. In nonlinear systems, however, even with damping 
present, the phenomenon of subharmonic resonance is exhibited. 

The usual explanation offered of the phenomenon of subharmonic 
resonance is that the oscillations of a nonlinear system contain higher 
harmonics in profusion. It is therefore possible that an external force 
with a frequency the same as one of the higher harmonics may be able 
to sustain and excite harmonics of lower frequency. This of course 
requires certain conditions to be true of the system. The mathe- 
matical discussion of the problem of subharmonic resonance is a 
matter of some difficulty. An interesting discussion of the question 
will be found in the works of Karman and Friedricks and Stoker given 
in the references at the end of this chapter.. 

7. Auto-oscillations. Relaxation Oscillations. In studying the 
free oscillations of a linear damped vibrating system of one degree of 
freedom, we encounter the linear differential equation 

(7.1) m^,- + c^ + fe = 0 

where m is the mass of the system, c the damping coefficient, and k the 
spring constant. The general solution of this differential equation is 
given by 

(7.2) X = cos {oit + 0) 
where 



where A v^rid <l> are arbitrary constants. We see that if the damping 
coefficient c ii positive, then the oscillations of the system given by 
(^7.2) will decrease in amplitude exponentially. 

However, if c < 0, then the oscillations will increase exponentially. 
Now it sometimes happens that a vibrating system is acted upon by a 
source of energy w^hose action on the oscillating system appears to 
introduce into the system an effective negative dissipation. Oscil- 
lations of this type are called auto-oscillations. Oscillations of this 
type are of great importance in physics and engineering. 

A great many of the oscillations of this type are governed by the 
equation 
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(7.6) 


m ^ + [—.4 + B(i)*]x + Ax = 0 


where A and B are positive constants. This equation has been dis- 
cussed by Lord Rayleigh.^ This equation governs the motion of a 
system whose dissipation is negative for small values of the velocity 
X and positive for large values of the velocity. 

It may be seen qualitatively that small oscillations will increase in 
amplitude and large ones will decrease. 

If we make the change of variables 


(7.6) 
and 

(7.7) 
and let 

(7.8) 


t t 

dt ^Am 
A 

^ ~ vm, 


then Eq. (7.5) is transformed into 

(7.9) , .0 

This equation has been the subject of considerable investigation 
by Balth van der Pol. It is known in the literature as the van der Pol 
equation. Oscillations whose equation of motion is Eq. (7.9) have 
been termed by van der Pol relaxation oscillations.'^ Oscillations 
of this type are of considerable importance in radio engineering.? 

An approximate solution of (7.9) may be obtained for the case 

(7.10) 5<<1 
in the following manner. 

First we notice that if 5 == 0 in (7.9), then the equation reduces to 

(7.11) § + ‘-0 

a particular solution of this equation is 

(7.12) X = a cos t 

where a is an arbitrary constant. This suggests the possibility of 
trying a solution of the form 

1 Sec his paper, On Maintained Vibrations, Philosophical Magazincy Series 6, 
vol. 15, 1883. 

* See B. van der Pol: The Nonlinear Theory of Electric Oscillations, Proceedings 
of the Institute of Radio EngineerSy vol. 22, No. 9, September, 1934. 
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(7.13) z = a(t) cos t 

for Eq. (7.9). This is a cosmusoidal oscillation whose amplitude 
varies with time. In view of the assumed smallness of the parameter 
5, let us assume that the percentage change in the amplitude a(t) per 
cycle is small. That is, 

(7.14) i*«l 

This means that higher derivatives of a with respect to t will be 
neglected. Hence we have 

_ dx ... da . 

(7-15) -asm< + ^co8< 

fpm -I \ d!^z da . , , 


2 ^ ~ 1 ^ 
Z o TT 


(7.18) z^ = a* cos* t — a*(f cos i + i cos 30 

Hence, if we neglect the higher order harmonic cos 3<, we have 

^ 5? = 3dr = -4® 

Since this term occurs only multiplied by the small quantity in 

da^ 

(7.9), we are justified in neglecting the term ^ in (7.19). 
Substituting these various expressions into (7.9), we obtain 


(7.20) ^—2 ^ sin ^ — a cos ^ + (^5a sin ^ | a® sin ^ + 


a cos t — 0 


If we multiply Eq. (7.20) by a, we may write it in the form 


(7.21) 

Hence 


^ ~ j ^ + (a* — a^) cos < = 0 




(7.23) 


0 
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This is the required differential equation for the undetermined 
amplitude a(t). To integrate this equation, let 


(7.24) 

This transforms (7.23) into 
dy 


i = o* 

y 


dt 


+ i 


(x-i)- 


0 


(7.26) 
or 

(7.26) y =^i[l + 

where to is an arbitrary constant of integration. 
(7.24), we obtain 

(7.27) 


Hence in view of 




(7.28) 


1 + 

Substituting this into (7.13), we finally obtain 

2 cos t 


X = 




for the approximate solution of (7.9) subject to the condition (7.10). 
If we let 

(7.29) a = ao at ^ = 0 

it is easy to show that the integral of (7.23) may be written in the form 


(7.30) 


o(0 




M/2 


4 


1 + ^ (e“ - 1) 


This equation shows clearly the growth of the amplitude of the 
oscillation with time. Clearly if ao = 0, we obtain the solution 

(7.31) x = 0 

This corresponds to a static condition without oscillations. This 
condition is, however, an unstable one, and it is clear from (7.30) that 
no matter how small the initial amplitude ao may be, the amplitude 
a(t) will increase to 2 as a limit. That is, no matter what magnitude 
ao has, (7.30) shows that 

(7.32) lim a(t) » 2 

The solution of (7.9) for large values of time may be written in the 
form 


(7.33) 


lim x(t) 
<—►00 


2 cos (t + 6) 
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where B is a phase angle that depends on the origin of the time, 
nature of the oscillations is illustrated in Fig. 7.1. 


x(t) 




Fig. 7 . 1 . 


The 


The Case 5 > > 1. If 5 is not small, the above analysis is not 
applicable, and we must resort to a graphical solution. To do this, we 
first let 


(7.34) 

Hence 


dt 


= V 


(7.35) 


d^x _dv ^ dv dx ^ dv 
dt^ dt'^ dxdt ^ ^ dx 


Therefore (7.9) may be written in the form 
(7.36) ^ + a; « 0 


This equation may be integrated graphically by means of the 

dx • 

isocline method, and a relation between ^ x is obtained. A 

further integration gives the required relation between x and t. Figure 
(7.2) shows the results for three different values of 5, 0.1, 1, and 10. 

^ 

t ► 






The type i)f oscillation represented by 8 > > 1 has been termed by 
van der Pol, “relaxation oscillations.'' Figure (7.2) shows the gradual 
»ttd continuous transition between the solution for 5 < <; 1 to 5 > > 1. 
The case < < 1 represents the sinusoidal oscillations studied above. 
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The case 6 > > 1, however, proceeds in a jerky fashion from an 
amplitude +2 to —2. This type of oscillation contains many higher 
harmonics of considerable amplitude. 


PROBLEMS 

1 . Let a particle of mass m move in a restraining field of force whose potential 

is ^ Show that for a small value of the total energy the motion is oscil- 

latory, but for larger energy, the motion is nonperiodic and extends to infinity. 
Find the energy that forms the dividing line between the two cases. Compute 
the limiting frequency of the oscillation as the amplitude gets smaller and smaller. 

2 . Devise a graphical method for the solution of the equation mx ’\’F{x) « 0 
subject to the initial conditions x ^ a and i = 0 at < — 0.‘ 

8. Determine the oscillations of a system whose equation of motion is 
mi -h F{x) « 0, where F(x) has the form 



PaoB. Fig. 3. 


subject to the initial conditions x ^ a and i 0 at < =* 0. 

4 . The same as Prob. 3, but with a restoring force F(x) given by 



6. The same as Prob. 3 with a restoring force F^x) given by 



* See S. Timoshenko: ^‘Vibration Problems in Engineering,” D. Van Nostrand 
Company, Inc., New York, 1937. 
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A 

Algebra, fundamental laws of, 110 
fundamental theorem of, 467 
matrix, 191 
of operators, 239 
Alternating currents, 161 
Analogues, table of, 165 

B 

Beam, clamped, deflection of, 218 
deflection of, by transverse forces, 217 
on elastic foundation, deflection of, 
220 

vibration of, 224 
Beats, 63, 177 
Ber and Bei functions, 318 
Bessel functions, expansion in series of, 
318 

of half an odd integer order, 314 
modified, 317 

recurrence formulas for, 313 
for small values of argument, 312 
of second kind, 31 1 
of third kind, 316 
Bessel’s differential equation, 307 
equivalent forms of, 316 
solution of, by series, 308 
Beta function, 302 
connection of, with gamma function, 
303 

C 

Calculus of variations, 292 
Cartesian coordinates, 187 
Cauchy-Blemann Equations, 448 
Cauchy’s integral formula, 455 
Cauchy’s integral test, 7 
Caudiy’s integral theorem, 452 
Cauchy^s ratio test, 8, 12 
Cauchy’s residue theorem, 460 


Channel, flow out of, 608 
Charged plate, field of, 496 
Chio, F., 74 

Circuits, coupled by a condenser, 154 
electrical, 141 

electrical forced oscillations of, 146 
filter, 256 

with mutual inductance, 151 
Coefficients, elastance, 158 
inductance, 158 
resistance, 158 
Collar, A. R., 191, 197 
Column, buckling of, 223 
Comparison test, 5 
Complex conjugate, 166 
Complex numbers (see Numbers) 
Components, symmetrical, 89 
Composite functions, differentiation of, 
272 

Condenser, charge on, 488 
charging of, 150 
cylindrical, 486 
circuits coupled by, 164 
elliptical, 492 
parallel plate, 508 
Conductor, charge on, 488 
Conformal representation, 480 
Conjugate, complex, 166, 205 
Conjugate functions, 479 
application of, to hydrodynamics, 515 
solution of potential prolidems by 
method of, 478 
Conjugate imaginary, 53 
Conservative systems, 186, 204 
small oscillations of, 188 
Contour, indentation of, 472 
Convergence, absolute, 10 
of Fourier series, 58 
interval of, 12 
uniform, IS 

Coordinates, Cartesiaii, 187 
curvilinear, 353-355 
cylindrical, 357 
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Coordinates, normal, 176, 180, 195 
polar, 187 
spherical, 357 
Cord, deflection of, 209 
elastic, 214 
infinite, 215 

stretched with elastic support, 214 
Cramer^s rule, 86, 152 
Curl of a vector field, 349 
Currents, alternating, 161 
Curvilinear coordiuates, curl in, 355 
divergence in, 354 
gradient in, 354 
Laplacian in, 355 
orthogonal, 353 

Cylinder, eccentric, capacitance of, 498 
in uniform field, 409 
Cylindrical coordinates, 356 
Cylindrical harmonics, general, 411 

D 

d’Alembert^s principle, 141 
d^Alembert’s solution of wave equation, 
372 

Damping matrix, 203 
Dandelin, 98 
de Moivre’s theorem, 42 
Del operator, V, successive applica- 
tions of, 352 

Derivative of tabulated function, 242 
Descartes’ rule of signs, 98 
Determinants, 69 
cofactors, 71 
evaluation of, 73 
minors, 70 
properties of, 72 
rank of, 87 
Diagram, vector, 51 
Difference equations, 245 
Difference tables, 241 
Differential, 275 

Differential equations with variable 
coefficients, operational solution of, 
557 

Differentiation, of composite functions, 
272 

of a definite integral, 284 
of implicit functions, 277 
partial, 270 


Diffusion, 425 
Diffusion equation, 367 
Dirichlet conditions, 52, 59 
Distortion, 171 
Divergence, test for, 6 
of a vector field, 343 
Dimcan, W. J., 191, 197 
Dynamical matrix, 189, 192, 196-201 
Dynamical system, 188 

E 

Electrical circuit, 141 
energy of, 143 
forced oscillations of, 146 
free oscillations of, 145 
nonlinear, 594 

Electrical line with leaks, 253 
Electrostatics, basic principles of, 483 
and magnetostatics, 365 
Encke roots, 98-104 
Equations, Bessel, 307-318 
cubic, 95 
difference, 245 
diffusion, 367 
frequency, 191 

homogeneous, 70, 87, 173, 189, 204 
integral, 555 

Lagrange, 177, 187, 188, 204 
proof of, 183 
Legendre, 322-331 
linear algebraic, 69 
linear differential, 106, 205 
Maxwell, 364 ^ 

Poisson, 362 
quadratic, 166 
satisfied by operators, 240 
telegraphist’s, 390 
transcendental, 92 
transmission line, 390, 393, 395, 543 
wave, 63, 366, 370 
Elliptic integral, 27 . 

Error function, 305 
Euler formula, 40, 50, 54, 167 
Expansion 
Fourier, 55, 57 

Heaviside, extension of, 537, 538 
Laplace, 71 
Taylor’s, 24, 26, 31 



INDEX 


615 


Factorial, 301 
Faltung theorem, 213, 525 
Filter circuits, 255 
Finite difference operators, 238 
Flexibility matrix, 197 
Force, high-frequency effect of, 171 
periodic external, 169 
static, 197 

Forced oscillations, 168 
Four terminal networks, 261 
Fourier integral, 65 
Fourier series, expansion, 55, 57 
convergence of, 58 
Fourier-Mollin theorem, 521 
Frequency, angular, 194, 200 
high, in 

Frequency equation, 191 
Functions, analytic derivatives of, 456 
analytic singular points of, 461 
average value of a product of, 62 
Ber and Bei, 318 
Bessel, 307-318 
Beta, 303 
complex, 447 

complex derivative of, 449 
complex line integrals of, 451 
composite differentiation of, 272 
effective values of, 60 
error, 305 

evaluation of indeterminate form, 31 
Gamma, 301 
Hankel, 316 

harmonic general properties of, 418 

hyperbolic, 44 

impulse, 125, 534 

inverse hyperbolic, 46 

inverse trigonometric, 46 

Legendre, 322 

logarithmic, 45 

meromorphic, 463 

stream, 516 

O . 

Gamma function, 300 
graph of, 301 

Gauss’s law of gravitation, 364 
Gauss’s theorem, 343 


Gradient, 342 

Graeffe’s root-squaring method, 97, 155, 
161, 206 

Gravitational field, 363 
Green’s theorem, 346 

H 

Hankel functions, 316 
Harmonic, general properties of surface, 
414 

spherical, 412 
Harmonic cylindrical, 406 
Harmonic functions, general properties 
of, 418 

Harmonic oscillations, 167, 175, 180, 
190 

Harmonic vibrations, 49 
Heat conduction, 425 
in circular plate, 436 
general theorems of, 443 
in infinite bar, 435 
two-dimensional, 432 
Heat flow, electrical analogy of, 429 
operational treatment of, 547 
in semi-infinite solid, 430 
in solids, 358 ' 

two-dimensional, 402 
variable linear, 426 
Heaviside’s expansion theorem, 537 
Heaviside’s rules, 537 
Homogeneous equations, 70, 87, 173, 
189, 204 

Hydrodynamics, 357 
Hyperbolic functions, 44 
Hyperbolic pole pieces, 493 

I 

Implicit function, differentiation of, 277 
Impulsive functions, 534 
Indeterminate forms in functions, 31, 35 
Infinity, 463 

Integral, differentiation of, 284 
elliptic, 27 

evaluation of, 26, 288, 467, 552 
Fourier, 49, 65 

involving multiple functions, 473 
line, 347 

of complex functions, 461 
probability, 305 
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Integral, differentiation of, surface, 345 
of tabulated function, 243 
Integral equations, 555 
Integral test, Cauchy^s, 7 
Integration under the integral sign, 286 
Inverse hyperbolic and trigonometric 
functions, 46 

J 

Jordan’s lemma, 470 
Joukowski transformation, 517 

K 

Kinetic energy, 177, 185 
Kirchhoff laws, 141, 149, 151, 164, 172 

L 

Lagrange, 177, 183 
Lagrangian form, 23 
Laplace transformation, 119, 128, 144, 
210 

Laplace transforms, table of, 130, 567 
use of, in nonlinear systems, 600 
Laplace’s differential equation, 401 
in Cartesian, cylindrical, and spher- 
ical coordinate, 401 
Laplacian transformation, 563 
Laurent’s series, 458 
Legendre coefficients, 328 
Legendre polynomials, 323 
associated, 331 
expansion in series of, 330 
as generating function, 326 
orthogonality of, 329 
Kodriguez’ formula for, 324 
Legrendre’s differential equation, 322 
Legrendre’s function of the second kind, 
325 

L’Hospital’s rule, 31 
Line integral, 347 ^ 

Linear algebraic equations, 69 
Linear differential equations, 106 
method of undetermined coefficients 
in, 115 

Linear transformations, 88 
Liouville’s theorem, 466 
Load, arbitrary, 213 
concentrated, 212 
uniform, 210 

Logaiithmic decrement^ 167 


Logarithmic function, 45 
Logarithmic transformation, 496 
Logarithms, computation of, 29 

M 

Maclaurin (see Series) 

Magnetostatics and electrostatics, 365 
Matrix, 159 
column, 160 
damping, 203 

dynamical, 189, 197, 199, 201 
flexibility, 197 
inverse, 80 
modal, 194 
special, 77, 84 
submatrices, 83 
transposition of, 77 
Matrix algebra, 76, 191 
Maxima and minima, 279 
Maxwell’s equations, 364 
Membrane, circular vibrations of, 388 
rectangular vibrations of, 384 
Mermomorphic functions, 463 
Modal columns, 190, 192, 201 
Modes, normal, 191 

N 

Networks, four terminal, 261 
Newton-Raphson method, 34 
Newton’s second law of motion, 142, 
164, 177, 183 

Nonconservative systems, forced oscil- 
lations of, 206 
free oscillations of, 203 
Nonlinear dynamical systems, opera- 
tional analysis of, 587 
Nonlinear electrical circmt, analyaiB of, 
594 

Nonlinear oscillations, 579 
Nonlinear oscillatory system, restoring 
force, a general function of the dis-' 
placement, 585 

Nonlinear systems, forced oscillations 
of, 600 

Normal coordinates, 176, 180, 195 
Normal modes, 191 
Numbers, complex, 38 
conjugate imaginary, 39 
exponential and trigonometrm fune^ 
tions of, 43 
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^ Numbers, multiplication and division 
of, 41 

polar form of, 40, 148, 168, 170 
powers and roots of, 42 

O 

Operational analysis of nonlinear dy- 
namical systems, 587 
Operational calculus, basic theorems of, 
565 

Faltung theorem of, 213, 525 
fundamental rules of, 523 
historical introduction to, 519 
Operational evaluation of integrals, 552 
Operational solution, of differential 
equations with variable coefficients, 
557 

of integral equations, 555 
Operators, algebra of, 239 
equations satisfied by, 240 
Orthogonality, 191, 379 
Oscillation, of electrical systems, 143 
harmonic, 175, 190 
longitudinal, of ba **, 549 
of mechanical systems, 164 
principal, 175 

principal orthogonality of, 190 
with one degree of freedom, 164 
Oscillation chain of particles, 249 
Oscillations, 188 
damped, 167 
forced, 168 ^ 

of hanging chain, 3^ 
relaxation, 605 
of triple pendulum, 197 
with two degrees of freedom, 172 

P 

Partial differential equations, opera- 
tional solution of, 542 
Partial differentiation, 270 
Particles, oscillation ol chain, 249 
Pendulum, osciUatiohs of, 581 
Periodic functiois, 1^0 
Pi function^ 301 
Pivotal dement# 70 
Bane wave, 64 

edoMkctiiig, 493 
Poisson’s equation, 362 


Polar coordinates, 187 
Polar form, 40, 148, 168, 170 
Polygon with one angle, 505 
Polynomials, summation formula for, 
244 

Potential, gravitational, 360 
of a ring, 415 
of spherical surface, 417 
Potential velocity, 515 
Principal oscillations, orthogonality of, 
190 

Probability integral, 305 
R 

Ratio test, Cauchy, 8, 12 
Rayleigh^s method of calculating natural 
frequencies, 231 
Reciprocity relations, 159 
Relaxation oscillations, 605 
Residues, 460 
evaluation of, 464 
Resonance phenomena, 171 
Ring, potential of, 415 
Rodrigues’ formula for Legendre’s poly- 
nomials, 324 

S 

t 

Schwarz’s transformation, 502 
Series, alternating, 10 
binomial, 24 
convergent, 3 
divergent, 3 
Fourier, 49, 51, 170 
of fimctions, 18 
geometric, 2, 4 
infinite, 1 

integration and differentiation of, 20 
Maclaurin’s 23, 29, 43 
approximate formulas derived 
from, 28 
oscillating, 3 
power, 12, 28 
theorems of, 13 
Taylor’s, 21, 457 

use of, for computation of functions. 

29 

Skin effect, in a circular wire, 440 
on^ plane surface, 438 
Skin-effeot or diffusion equation, 367 
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Solid friction damping, 579 
Spherical coordinates, 367 
Steady state, 147, 161, 169, 170, 206, 
395 

Stoke’s theorem, 347 
Stream function, 516 
String, waves on, 372 
String vibrating, in Fourier series, solu- 
tion of, 374 

orthogonal functions of, 378 
Structures, theory of, 209 
Surface integral, 345 
Symmetrical components, 89 
Systems, conservative, 186, 204 
dynamical, 188 
nonconservative, 203, 206 

T 

Table, of analogues, 165 
difference, 241 
Laplace transforms, 130 
Tabulated functions, derivatives of, 242 
integral of, 243 
Tangent, hyperbolic, 47 
Taylor’s expansion, 24, 26, 31, 210, 272 
Taylor’s formula, 23 
Taylor’s series, 21, 457 
Telegraphist’s equations, 390 
Theorem, binomial, 24 
of convergence of series, 3 
de Moivre’s, 42 
expansion, 537 
expansion of, 538 
Theorem, Faltung, 213, 525 
Fourier-Mellin, 521 
Gauss, 343 
Green, 346 
Stokes, 347 

Transcendental equations, 92 
Transform, direct, calculation of, 628 
Transform, inverse, calculation of, 530 
direct computation of, 124 
Laplace {pee Laplace) 
the modified integral of, 532 
' of periodic functions, 540 
of unit function, 12A 
Transformation, boundaries expressible 
in parametric form, 500 
of hyperbolic cosine, 489 


Transformation, logarithmic, 496 
Schwarz’s, 602 

Transformations, successive, 506 
involving powers of «, 493 
Transmission line, distortionless, 393 
and steady-state solution, 395 
Transmission line equations, 390 
operational solution of, 543 

V 

Variable, change of, 275 
Variations, calculus of, 292 
Vector, addition and subtraction of, 
multiplication of, by scalars, 333 
concept of, 333 
diagram, 51 
of a matrix, 76 

Vectors, differentiation of, 340 
multiple products of, 338 ' 

scalar product of, 335 
vector product of, 336 
Velocity potential, 515 
Vibrations of beams, 224 
and beats, 63 
carrier wave of, 62 

of, 188 

elastic, 164 
free, 165 
harmonic, 49 

mechanical effect of periodic forces 
on, 169 ^ 

modulated, 62 

nonlinear systems of, forced, 600 
with one degree of freedom, 164 
rectanir ilflir, 
of a string, 370 
trains, of, 265 

with two degrees of freedom, 172 

W 

Wall in a uniform field, 513 

Wallis’ formula, 27 

Wave equations, 63, 366, 370 

Wave harmonic, 373 

Waves on transmission lines, 545 

Wedge, field inside of, 494 

Weierstrass M test, 19, 27 


dynamical system 






